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Abstract

For positive integers N, M € N, let g,,, g, € L*(R) with supp(Dyg,)Usupp(Dypgy,) C [0, M],
where Dyg(t) := b=/2g(t/b), b > 0 and n = 1,2,...,N. We give another set of necessary
and sufficient conditions for the multiwindow Gabor system (Gn;a,b) := {gnk,1(t) := gn(t —
ka)e%“bt}n:17,,_,N; k,iez and the corresponding Gabor system (éN; a,b) to form a pair of dual
frames for the rational sampling ab = P/Q with P, @ € N, in addition to the Zibulski-Zeevi and
Janssen conditions. The conditions come from the back transform of Zibulski-Zeevi condition
to the time domain but are more informative for the applications. As applications, we show
that a multiwindow Gabor system (Gy;1,1) forms an orthonormal basis if and only if N =1
and |g1(t)| = Z%;()l Xm+E,, (t) a.e. where {E;,}m=o,.. -1 forms a Lebesgue measurable
partition of the unit interval [0,1). Our criteria also provide a rich family of multiwindow
dual Gabor frames and multiwindow tight Gabor frames for L?(R) for the particular choices
of P,Q,N,M € N.

1 Introduction

We are concerned with multiwindow Gabor systems with compact support of rational sampling
in L?(R). Throughout the paper we assume ab = P/Q, P,Q € N, gcd(P,Q) = 1, and N, M € N.
Let Gy == {gn € L*(R) | n = 1,...N}, Gy := {Gn € L2(R) | n = 1,...,N} and consider
the multiwindow Gabor system (Gn;a,b) := {gnki(t) = gn(t — ka)e?™ ! | k1 € Z} and the
corresponding multiwindow Gabor system (G a, b). We recall that the Gabor systems (G x; a, b)
and (CNrY ~N;a,b) form a pair of dual frames if and only if they are Bessel sequences and

N
< f,h>= Z Z < £, Gnkaip >< Gnkain, b >, T f,Y h € LA(R), (1.1)
kJl€eZ n=1

and that the Gabor system (Gn;a,b) is a tight frame with bound B if and only if

N
Z Z ’< f)gn;ka,lb >|2 = B‘|f|’2> vf € L2(R) (12)

kleZ n=1

We only consider compactly supported generators in order to avoid cumbersome infinite di-
mensional matrices and to construct concrete examples of Gabor frames with compact support.
We also restrict ourselves to the rational sampling because we rely on the characterizations of



Zibulski-Zeevi [15] in terms of Zak transform, which is only applicable to the rational sampling.
The Zak transform is defined as

Zg(t,w) =Y g(t+k)e >, (1.3)
kEZ

For functions f € C.(R), it is defined pointwise, but for general functions in L?(R), the series
defining Zf converges in L?(I?) where I := [0,1) for all f € L*(R). It is well known that the
Zak transform Z is a unitary operator from L?(R) onto L?(I?). For the basic facts about the Zak
transform we refer to [4, 10, 15]. We define the dilation operator D.f(t) := ¢ Y2f(t/c), ¢ > 0,
which is also a unitary operator on L?(R).

The main interest in the Gabor system has been to find the criteria on a single window Gabor
system or a multiwindow Gabor system to form a tight frame [8, 9, 10, 11, 12, 14, 15], and to
construct dual pairs of Gabor systems [5, 6, 7].

In this paper, we derive another set of necessary and sufficient conditions (Theorem 2.1) for
the Gabor systems (Gy;a,b) and (é N;a,b) to form a pair of dual frames in addition to the
Zibulski-Zeevi condition and Janssen condition. Our criteria have many interesting consequences
and provide a rich family of multiwindow dual Gabor frames and multiwindow tight frames
(Examples 4.1 ~ 4.4) In Section 2, we state the main theorem and its consequences. The proof
of the main theorem will be given in Section 3. The illustrations and examples will be given in
Section 4.

2 DMain result and consequences

In this section, we transform back the characterization of Zibulski-Zeevi in the Zak transform
domain to the time domain and obtain the following main theorem, whose proof will be given in
Section 3. Before stating the main theorem, we note from Proposition 8.2.4 in [4] that the multi-
window Gabor systems (Gy;a,b) and (Gy;a,b) are dual to each other if and only if the dilated
systems (D.Gn; ac, g) and (DCCNJN; ac, %) are dual to each other, where D.Gxn := {D.gn | gn € GN}
for a given ¢ > 0.

Theorem 2.1 Let ab= P/Q, P,Q € N, gcd(P,Q) = 1 and let g,, gn € L*(R) with supp(Dpgy) U
supp(ﬁbgn) C [0,M], n=1,2,...,N. Then the followings are equivalent.

(a) The Gabor systems (Gn;a,b) and (Gn;a,b) are dual to each other.

(b) (Zibulski-Zeevi condition [15]) For p,p € {0, ..., P — 1},

1 L= qP P qP p
FZZZDbg’; <t—Q,w+P)ZDbgn <t—Q,w+P> = 05, (2.1)
n=1 ¢q=0

for a.e (t,w) € I x 1.
(c) For p,p € {0,...,P — 1} and for m € {0,41,+2, ..., M} with M := |M + (Q — 1)P/Q],

1
5 > dbP(t) = Sppbom, ae te, (2.2)

k—j=m



where

=~ @1 —~ % qP
[az’ﬁ(t)] AP = M; M, <t — Q> , forp,p=0,...P—1, (2.3)

M, := (gb(t% gyt + 1)e 2P L gy(t + M)e_zmM%)

gu(t) == (Dygu(t), ..., Dogn (1),

and Mﬁ is defined in the same way with gb(vt) = (Dpg1(t), ..., Dygn ()T
(d) Forpe{0,...,P—1}, me {0,%1,...., £ M},

NxM’

[A1/P] Q-1 P P
> 28 (t— o (uP+p+m)> -8 <t— ot (uP+p)> =m0, (2.4)

for a.e. tel.
(e) Forpe {0,....,P -1}, m € {0,£1, ..., =M},

M/PIQ-1 p  qP p q¢P
& (t+ =+t uP+m) g (t+= + +uP) =dno, 2.5
> Zgb< o gt > gb< o g tH > 0 (2.5)

u=0 ¢=0

for a.e. t € é[.
(f) (Jassen condition [3])

1 A 2
b;égn (t+%+ka)'gn(t+k’a):5m7o a.e. teR. (2.6)

Remark 2.2 The condition (b) is the dual form of the Zibulski-Zeevi condition for the tight
Gabor system in [15]. The condition (¢) means, in the block matirx

Q-1
> MiM, : (2.7)
qzo ﬁvp:()??P_l

that the diagonal blocks have the trace P and off-diagonals sum to 0 and that the off-diagonal
blocks have on-and-off diagonals sum to 0. Condition (d) and (e) mean the biorthogonality of
certain “block” vectors. Condition(e) is not a restriction of condition (d) in a short interval and
is very useful to construct examples (See section 4). The Janssen condition (f) is true even for
irrational sampling rate ab < 1.

Some particular cases of Theorem 2.1 are also of interest and will be stated as corollaries
without proof, where the corresponding conditions for (c) and (e) of Theorem 2.1 are given.

Corollary 2.3 (Q = 1) Let ab= P € N. Then the followings are equivalent.
(a) (Gn;a,b) and (Gn;a,b) are dual to each other.
(b) For p,p € {0,...,P — 1} and for m € {0, 41,42, ..., +M},
1
- > akP(t) = dpplom ae. tel (2.8)

k—j=m



with corresponding notation as in Theorem 2.1.

(¢c) Forpe{0,...,P—1}, me{0,£1,+2,..., £ M},
M/ P]
Z gy(t+p+puP+m)-g(t+p+ uP)=0mo, ae tel.
n=0

Corollary 2.4 (P = 1) Let ab=1/Q with Q € N. Then the followings are equivalent.
(a) (Gn;a,b) and (Gy;a,b) are dual to each other.
(b) For m € {0,+1,+2,.... £ M},

Z ak,j(t) = (50,m ae. tel. (2.9)

k—j=m

J
with the matriz [aiﬁj (t) := ag’;)(t)} as in Theorem 2.1.

(M+1)x(M+1)
(c) Form € {0,+£1,...,£M},

M Q-1 p 7 1
Zng <t+Q+M+m> - 8p (t—i-Q-i-M) =m0, a.e. teal.

pn=0 q=0
Corollary 2.5 (Tight frame) Let ab = P/Q with P,Q € N, and gcd(P,Q) = 1. Then the

followings are equivalent.

(a) (Gn;a,b) is a tight frame for L?(R) with bound B.

(b) For p,p € {0,..., P — 1} and for m € {0,%1,+2,...,. =M},
1
5 > akP(t) = Bopplom ae. tel (2.10)

k—j=m

with corresponding notation as in Theorem 2.1.
(c) Forpe{0,....,P —1}, m € {0,+1, ..., =M},

LM/P| Q-1 P R
> Zgb<t+Q+Q+uP+m>-gb<t+Q+Q—I—,uP)zBémp,
n=0 ¢=0

1
for a.e. t € QI.

Corollary 2.6 (Tight frame for the case a=b=1) The followings are equivalent.
(a) (GN;1,1) is a tight frame for L*(R) with bound B.
(b) For m € {0,£1,+2,....£(M — 1)},

> apj(t) = Boom ae. tel (2.11)
k—j=m
with the matriz [a;w‘(t) = ag’g(t) = M M (t) e % in Theorem 2.1.
> X
(¢) For m € {0,+1,+2,...,+(M — 1)},

M-1

Zg(tﬂ—,u%—m)-g(t-i—,u):B(Sm,o, ae. tel.
pn=0

where g := g;1.



As an application of Corollary 2.6, we completely determine when a multiwindow Gabor
system (Gy;1,1) forms an orthonormal basis for L?(R).

Theorem 2.7 (Orthonormal basis for the case a=b=1) Let g, € L*(R) with supp(g,) C [0, M]
forn =1,...,N. Then Gabor system (Gn;1,1) is an orthonormal basis for L?(R) if and only
if N =1 and |gi(t)] = M2 0 Xm+Epn, (t) a.e. where {Epy}m—o,.. .m—1 is a Lebesque measurable
partition of [0, 1].

Proof. Suppose {gn.k1 := gn(t—k)e%“t}n:lw’N; k,lcz is an orthonormal basis for L?(R). Then, in
addition to the condition (2.11), we need two more conditions; ||gn|[z2(ry =1 for alln =1,..., N
and the frame bound B = 1. Setting £ — j = 0 in (2.11), we have for a.e. t € I,

N M-1
L=B= ) alt ZHgHm I? = ZZ\gnHm (2.12)
k—j=0 n=1m'=
which implies
1 N M—-1
1:/ D lgnlt+m))Pdt = Z/ |gn (t)2dt =
n=1m/=0
Since P =@ =1 and N = 1, the matrix in (2.11) has the form
g(t)
g(t+1)
: (9(®), gt+1), -, glt+M—1)) (2.13)
GET M=)

with
Z ay,;(t) = Bog py for a.e. t € 1.

k—j=m'

First, we take m’ =1 — M then
a1,M :Mg(t—i—M— 1) =0 forae. tel,

which is equivalent to |Ey N Ep—1| = 0, where E,, := supp(g) N [m,m + 1) —m and | - | denote
the Lebesgue measure. Next, we take m’ =2 — M then

a1 -1+ agn = gt)g(t + M —2) +g(t + 1)g(t + M —1) =0 for ae. t €1,

which, together with |Eg N Ep—1| = 0, implies |Fy N Ep—2| = 0 and |Ey N Ey—1] = 0. By
continuing this process until m’ = —1, we see

|Ep N Eq| =0, if m# m. (2.14)

Now, we take m’ = 0 (i.e.,k = j) then

M-—1 M-1
Z Qg = Z lg(t + k)\2 =B, ae tel, (2.15)
k= k=0



which means

M-1
lg(t +m)|* xE,,(t) = Bxs(t), ae. tel. (2.16)
m=0
Hence
M—-1
U Ena1|=0, (2.17)
m=0

where AAB is the symmetric difference. From (2.14) and (2.17), we see {Ey, }m=o,... m—1 forms a
Lebesgue measurable partition of [0,1]. Therefore, (2.16) means that

M—-1
lg(t)| = VB Z Xm+E,, (t) ae. tel.
m=0

where {Ey, }m=0,...m—1 a Lebesgue measurable partition of [0, 1].
The converse is trivial.
3 Proof of the main theorem

For the proof of the main theorem, we need several lemmas which are of interest in itself.

Lemma 3.1 Let 2 < P € N and w := e2™/F be the P-th primitive root of unity. For the
Vandemonde matrix

1 1 1 .
| WP-D) 2P L (PP

PxP

let Ayy be the (P — 1) x (P — 1) matriz obtained from A by removing l-th row and k-th column.
Then
det (Al k) — (_1)(1—1/)+(k7k/) w(lfz/)Jr(kfk/),(lk—l/k/) det (Al/ k/) .

Proof. 1t suffice to show that

det (Arg) = (=1)FR) GER=kqet (Ap 1 p 1), Y1, k. (3.1)
The determinant det (A; ) has the form
1 1 1 1 1
1 w w(k_2) wk w(P—l)
det (Arg) = | 1wl . =202 k=2 P2 | (3.2)
’ 1 o w(E=2)L WH (P
i LU(PA) ;u(k72)(P71) ;Uk(Pq) (:U(Pfl)(Pfl)




We factor out all the factors in the k-th column of A;j to have T in the column and then replace
all negative powers to the equivalent positive powers of w to have det(A; ;) =

1 1 1 1 1

WPk W (P=k+1) P—2 1 W(P—k=1)

w T k= (-1)k ;J(P—k)(l72) (P—k41)(i-2) @(sz)(zfz) 1 ;J(Pfkfl)(l72) (3.3)

(

w

PRl W P—E+D) W(P-2) 1 WP—E=DI
(.U(P—k)(P—l) LU(P—k—&—l)(P—l) (IU(P—2)(P—1) 1 (.U(P—k—l)(P—l)

By interchanging columns to have increasing powers of w in each row, (3.3) can be made to be

11 1
1 w wP=2)

(—1)F=DP=R) w R k= (-1)k 1 @(1—2) . LU(P—2)(1—2) . (3.4)
1 o W(P-2)
1 wP-D) W(P—2)(P—1)

We repeat the process with rows as in columns to have
det (Ap) = (~)EDP) IR0k ()00 FER et (A poa)
(P-1)P _
_ ((_1)P(l+k) W (k+l)) w(kJrl) lkdet (AP—l,P—l) ' (35)

We observe that if P is odd then w?®~1/2 = 1; hence
(P—1)P
(_1)P(l+k) w3 (k+0) (_1)P(l+k) _ (_1)(l+k)'
and if P is even then w@/2(P=1 = (_1)P=1 = _1: hence
(—1) P w2 ety (—1)E+R),
Therefore we have

det (Ar) = (1)U GEFD=tkqet (Ap 1 p ). (3.6)

Lemma 3.2 Let PeEN, r, €R forp=0,...,P—1, and let w be the P-th primitive root of unity.
If

v

P-1 -1
rp=c€R, Z rpw? =0, -, 'rpwp(P_l) =0.
p=0

i
o



Proof. We can rewrite the given condition in the matrix form as follows.

1 1 1 e 1 To (&
1 w <'()2 . w(P_l) 1 0
1 wP-1  L2P-1) wE—D-(P-1) Tp_1 0

By the Cramer’s rule and Lemma 3.1, for k =1,..., P — 1,

rp = (1) det (Ay py1) /det (A)
= (=) (<1) det (A1) /det (A)
= ¢(—1)""F det (A1) /det (A)

= Tkg-1,

where A and A, are defined as in Theorem 3.1. Since 25:_01 rp = ¢, the conclusion follows.

Lemma 3.3 Let P,Q € N, ged(P,Q) = 1. Fort € [0,P/Q) NI, define T := t%% and t, =
(t —i—p)%g forp=0,...,P—1, where a%p := a — |5]B for o, 3 > 0. Then

1
(a) ‘tm - tp2|%@ =0,

(b) tpl 7& tp2 if Y41 75]?2, and

(¢) {tp : p=0,..,P—-1} = {g—i—T : sz,...,P—l}.
Proof. We note 7 € [0,1/Q) and t, € [0, P/Q). For (a), we observe that

bV~ — {(t—l—p)%P} %t — (b p)%hs =7, Yp=0,.. P—1.

Q Q) @ Q

This implies that there exists ni,n2 € {0, ..., P — 1} such that

ni no
t,, = —+7and t, = — +T.
P1 Q P2 Q
Therefore,
1 ni n9g 1
‘tp1_tp2’%§: 6—6 %a_o

For (b), suppose t,, = t,, for some p; # pp. Then we have
P P
0=|t+p1—t—p2|%5 = |p1—p2|%,
| % = b palo

and this is equivalent to

0= |p1 — p2|Q%P.



That is, [p1 — p2|@ is a multiple of P. Since ged(P,Q) = 1, |[p1 — p2| is a multiple of P. This
contradicts to |p; — p2| < P. The contradiction shows (b). Then (c) follows from (a) and (b).
Now we present the proof of Theorem 2.1.

Proof of Theorem 2.1.

(a) <= (b) is the dual form of the Zibulski-Zeevi characterization for the tight Gabor frame with
rational sampling given in [15].

(b) = (c) : We observe that for a.e. t € I and ¢ € {0,...,Q — 1},

Dygn <t - qcl; —i—m) =0= Dygn <t — q;; +m) if m ¢ {0, ..., M}, (3.7)

where M = |[M + (Q — 1)P/Q].
For a.e. (t,w) € I x +1,

=33 2o (1 L
bgn - —,Ww + P ZDbgn — 7,’(1} + F (38)
n=1 ¢g=0 Q
N -1 M
el WLt qP L
= Z Dygn, < -+ k *27T2k (w+3B) Z Dbgn - 4 k’) e~ 2mik(wt)
n=1 ¢=0 \%—go Q Q

M qP qP § FB=kp) (T
ZZ <Dbgn <t - 6 =+ k) Dbgn < a >> R 727”(]6716)10

n=1 q=0 3 —g k=0
Q-1 M M-k N F ]
P P T - (kp—(k+m)p X
S0 3035 3 B = (2w PN (R v | R
=0 g=om=—k \ =1
Q-1 M M N o
P P 7 y cp— v m)p .
- Z Z Z Dygn < - 7t k) Dygn, < - + (k’ + m)) 62W1M19+))6727r1mw
q= n=1 Q Q
0 k=0m
]\/

v P ~ m )
= Z gb t - — + k) 2mikE | (t - % + (k+ m)) _27”(k+>p> e~ Zmimuw, (3.9)

m—f]V[k 0 g=0

For the second last equality, we use (3.7). We observe that

=T
gb(t)T i
r gy(t+1) e2mip ' ) -
M%Mp (t) = : ( gb(t> gb(t + 1)6—27m% . gb(t+ M)e—szM% ) ,
—
gp(t + M) e2miM 5
and that
Q-1 4P
> MM, <t - Q) kel N +1}
q=0

k?j



10

Defining ag’g(t) =0 for k,j & {1,..., M +1}, (3.9) becomes

M M+1 -

Z Z ZMfM < P> 6—27rimw
—-M k=1 [q=0 Q k.k+m

— Z Z ag’p(t) 6727rim'w

: (3.10)
meZ \j—k=m
Combining (3.10) and the left hand side of (3.8), we have

Pé;, = Z Z ai”;(t) e 2mimw,

meZ \j—k=m

Therefore, by the uniqueness of Fourier series expansion

P p0mo= Y ak¥(t).

j—k=m

(¢) = (d) : The (p1,p2)-th block of (2.7) is the the following matrix with trace Pd,, p, and
off-diagonal sum 0.
i g - g(0,0) g-g(0,1) e2™i=p2)/P ... F.g(0, M) e2mi(-Mp2)/P ]
= ( = - ( )
g-g(1,0) ™7 gog(l1) 2 HFE L g1, M) 2
(3.11)
| -8(M,0) 2mMP/P g (M, 1) miMpp)/P g g(01, 41) 27|
where g - g(m1,ms) = Y & (t -+ ml) gyt — &+ ma).
First, the trace (i.e., mi; = my) of each block is
> g glm,m)e?™ /P = Poy . pl = 0,41, £(P - 1), (3.12)
m=0
where p’ = p; — pa. We note that we may assume p’ € {0,..., P — 1} in (3.12).
We write m = uP + p where p := [m/P] and p := m%P, and then rearrange the summation to
have
P—1|M/P|
g-g(uP +p, pP +p)e®™P?/P = pg, .. P =0,.,P—1. (3.13)
p=0 p=0

We define §
LM/ P]

> g-gWP+p pP+p) and  wi= E,
n=0



11

for each p € {0, ..., P — 1}, then (3.13) reduces to

P—

—_

prp.p/ :P(So’p/, p’:O,..,P—l.
=0

S

By Lemma 3.2 with ¢ = P, we have for p=0,..., P — 1,

La1/P)
1 = r,= > g-guP+p, pP+p)
n=0
LM/P] Q-1

= ) Zgb( —+(uP+p)>-gb(t—qP+(uP+p)). (3.14)

n=0 ¢q=0 Q

Now, let us consider the off-diagonal (i.e., m; # mg) sum of each block. We define m’ :=
m1 — ms and then choose m’ and fix it. Since

g g(m17m2) = 07 if my or ma g {07 "'7M}7

we can write the m/-th off diagonal sum of each (p1, p2)-th block as

0 = Z E : g(ml, m2)627ri(m1p1—m2p2)/]3

mi—mo=m'

I
)=
o1l

- g(mg + m’, mg)e2™i(m2tm) (p2tp')—map2) /P

g
I

[
[]=
o1l

- g(mag +m/, mg)ezﬂi(m?p/+ml(p2+p/))/P, p=0,%1,...,£(P —1),

g
Il
o

which is equivalent to

M
> g glm+m! m)e™ ™ Py =0, 41, £(P - 1). (3.15)

m=0

Again, we note that we may assume p’ € {0,..., P—1} in (3.15). Using the similar argument used
in the diagonal case, we write m = uP + p and rearrange the summation to have

"U

N1/P)
Z g(uP +p+m/, uP + p)e*™ P/ =, (3.16)

i
o)

for p’ =0,..., P — 1. We redefine

[M/P]

Z E-g(uPerer’, uP + p) and w::e%’%,
pn=0



12
for each p € {0, ..., P — 1}. Then (3.16) reduces to

P-1
erwp'p =0, p'=0,..,P—1.
0

i)

By Lemma 3.2 again with ¢ = 0, we have

Lit/P)
0 = rp= Y g-guP+p+m, uP+p)
pn=0
[41/P) Q-1

- ZZgb<t—+(uP+p+m)> <t—q§+(uP+p)>, (3.17)

n=0 ¢=0

for p=0,...,P — 1, and m’ = £1,..., =M. In fact, (3.17) holds for all |m’| # 0 since

g-g(mi,my) =0, if |my —mo =m’'| > M.

Therefore, the condition (d) follows from (3.14) and (3.17).
(d) = (e): Fort € I and p € {0,1,..., P — 1}, we can write

t+p=qo= -+t
p QOQ
P

where ¢qp = L(t—i—p)/%j and t, = (t + p)%g. We define a P-periodic discrete set Q(t) :=
{t+ pP | u € Z} and observe that

We recall from Lemma 3.3 (c), defining 7 := t%é,

qP p qP
t+;p=0,---,P—1}={r+ + = p= O,...,P—l}.
{p Q Q Q

Hence

UUQ(thquJ;) = UL_J <+Q+q§). (3.18)



13

Summing according to the above partition in the following, we see, for ¢t € I satisfying the
condition (d),

[M/P] Q-1 P 4P
Smo = Y, Z§b<t+p—Q+uP+m>-gb<t+p—Q—i—,uP)
n=0 q=0

40 qP qP
= > > 8 (t+p—Q—|—,uP+m> g <t+p—Q+uP>

MEZq—O
—(g0+1)
P P
+Z > gb<t+p++( —1)P+m>-gb<t+p+q+(u—1)P>
neZ  q=1 Q Q

90 P 4P
= > 38 (tp+Q+uP+m> g <tp+Q+uP)

,uGZq—O
qP
+Z Z g |ty + Q +uP+m - g8 tp—i-a—l—uP
KEZ q=qo+1
[M/P] Q-1 P
= ) Zgb<tp +uP+m>-gb<tp+Q+uP>. (3.19)
pn=0 ¢g=0

By the same reasoning with (3.18), we see (3.19) for whole 0 < p < P —1 with ¢, € [0, P/Q), is
equivalent to the following (3.20) for whole 0 < p < P — 1 with 7 € [0,1/Q).

[A1/P] Q-1 e P
= > Zgb<T+Q T +uP+m)-gb<T+Q+Q+ P> (3.20)

pn=0 ¢q=0

which is the condition (e).
(e) = (f) : We define t := 7 + p/Q for each 7 € [0,1/Q) and p satisfying the condition (e);

/P Q- p  qP P qP
dmo = + =4+ 4+ uP+ ) < +— + P)
0 Z Z&(T 00 H mJ-8b 0" 0

pn=0 q=0
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Then ¢ is defined for a.e. [0, P/Q) and satisfies the following

[M/P] Q-1 P p
Omo = Z Zgb<t++uP+m>-gb<t+Q+uP>, a.e.te[O,Q>,

n=0 ¢q=0

- Zéb <t+kg+m> - g <t+l<:g>, a.e. t € [0,2),

keZ

~ P P

kEZ
t+7+ P t P ae. teR
;; b ab) I Qb €. :

N
gZ
1 ( m ) P
= *Z gn (t+ — +ka) g, (t+ka), ae. teR, where ab= —,
btz b Q

which is the condition (f).
(f) <= (a) : The condition (f) is the dual form of Theorem 3.2 in [3] with ab € Q, which is a
characterization for the tight Gabor frame.

4 Illustrations and examples

We illustrate the use of Theorem 2.1 for the construction of multiwindow dual Gabor frames
in Example 4.1 and give more examples for the particular choices of P,Q, N and M. We only
consider real window functions and the case b = 1 for simplicity. First, we exploit the condition
(2.5) in Theorem 2.1.

Example 4.1 (Tight or dual pair, P=2,Q=3,M=2, and N=2) We consider tight Gabor frame

1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.5 1 1.5 2 0.5 1 1.5 2
(a) g1 (b) g2

Figure 1: g1 and g2 in (4.2). (G2,2/3,1) forms a tight Gabor frame with bound 1.



15

Figure 2: g1, g1 in (4.3) with a = 1/4, and g2, g2 in

Gabor frames.

[}

(d) g2

(4.4). (G2,2/3,1) and (G2,2/3,1) form dual

Figure 3: ¢1,92 in (4.5),(4.6). (G2,2/3,1) forms a tight Gabor frame with bound 1.

with bound 1. In this case, the condition (2.5) means that, for a.e. t € [0,1/3),

eI + & (++3)

1 2
t —
(+5)

2
+

44@@+DW+MgQ+5>

2
=1,

(+3)

2

=1,
3

g(t—&-l)-g(t)—i—g(t—i-g) -g(t—i—g) =0,

g<t+§>.g<t+§> 0.

Therefore, any Ga = {g1, g2} satisfying the following two conditions forms a tight Gabor frame
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(G2;2/3,1) with bound 1.

22:‘91 (t+%>’2:%, te[O,é), (4.1)

For example, we can take

01(1) = /5 Bs30) and ga(1) = g1t — 1), (4.2)

where Bjs is the B-spline of order 3 with support [0,3]. Then (Ga2,2/3,1) forms a tight Gabor
frame with bound 1 (Figure 1). By splitting the B-spline function as a product of two function
g1 and ¢, as

gl(t) = (%33(375))& and §1(t) = (%33(323))17&, (4.3)
where a € (0, 1), and taking g» and g2 as
92(t) =g1(t —1) and gao(t) = g1(t — 1), (4.4)

we get a dual pair of Gabor frames (G2;2/3,1) and (G2;2/3,1) (Figure 2). This kind of construc-
tion can be easily extended to the cases with general P, Q.
For another example of g1 and gs satisfying (4.1), we can take

(1) = \/ 3O+ 330+ (-5 ) xan® ad (45)
92(t) = q1(t — 1), (4.6)

so that (G2,2/3,1) forms a tight Gabor frame with bound 1 (Figure 3).

In the following examples, we consider tight Gabor frames (Gn; P/Q,1) in the cases (P, Q) €
{(2,1),(1,1),(1,2)}. We note M = M in these cases. We use the following notation for the block

matrix
([, = (0], )

Example 4.2 (M=1) For P =2 and @) = 1, the block matrix in (2.10) has the form

p:ﬁzlv"yNQ

(Jbre],), = e F’ % F’ % . (4.7)
0 0 0 0

Hence the condition (2.10) can never be satisfied. This result reveals that there is no tight Gabor
frame (Gn;2,1) with supp(g,) C [0, 1].
For P =1 and @ = 1, the matrix in (2.11) has the form

(lazg (1), = le®I*.
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Hence the condition (2.11) is satisfied if and only if

N
Z lgn(t)|* = B for a.e. t € I.
n=1

For example, we can take

gn(t) :== 4/ <JZ> (Cosonrt)N*"(sinaﬂt)”x[()’l)(t),

for n =0, ..., N with real a # 0, then (2.10) is satisfied with B = 1 since

N

M*M = Z<]Z>(COS2a7Tt)N_n(SiHQOﬂTt)nX[O,l)(t)
n=0

= (cos’armt + sin2a7rt)NX[O,1)(t) =1.

Therefore, (Gn41;1,1) forms a tight Gabor frame with bound 1.
For P =1 and @ = 2, the matrix in (2.10) has the form

(50L), = ([”g“)” Flst =2l 0 D

0 le(t + 1)1 + || + D]

Hence (2.10) is satisfied if and only if

2 2

=B, ae. tel.

et = 3| + e + e+ 5

Or equivalently,

el + e (¢4 )

For example, we can take

gn(t) = <2N> (cosmﬁ)QN_”(simrt)"X[o,l)(t), n=0,.,N—-1,
n
and take
1/2N )
() =[5 %y ) (eost)¥sinmt) Vo 0,

so that (2.10) is satisfied with B = 1. Then (Gn+1;1/2,1) forms a tight Gabor frame with bound
1.

Example 4.3 (N =2 and M =2) For P =2 and @ = 1, the block matrix in (2.10) has the
form
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lg®® &) -gt+1) 0 lg®l>  —g(t)-gt+1) 0
g)-g(t+1) [gt+D* 0 gt)-g(t+1) —llgt+D1> 0

B 0 0 0 0 0 0
lg®I> gt -gt+1) 0 le®>  —g) glt+1) 0
—g(t)-glt+1) —lgt+DI° 0| | —g®)-gt+1) Jgt+DI> o0

0 0 0 0 0 0

Hence (2.10) is satisfied if and only if, for a.e. t € I,

lg(®)|I* = llg(t+ 1)||* = B, and
g(t)-gt+1)=0.

For example, we can take
s
gi(t) = COS5EX[0,2) (t), and
LT
g2(t) = smEtX[O,Q) (t)

so that (2.10) is satisfied with B = 2. Then (G2;2,1) forms a tight Gabor frame with bound 2.
For P =1 and @ = 1, the matrix in (2.11) has the form

o ([ I e s
AR (At et

Hence the condition (2.11) is satisfied if and only if, for a.e. t € I,

le(®)1” + lg(t +1)|* = B, and
g(t)-glt+1) =0.
For example, we can take
g1(t) = oqcosgtxm) (t), and
g2(t) = 042Singt><[o,2) (t),
with real ay # 0 # ag, so that (2.10) is satisfied with B = a2 + a3. Then (G2;1,1) forms a tight

Gabor frame with bound o2 + a3.
For P =1 and @ = 2, then the matrix in (2.10) has the form

(laig(®)]3), =
”g(tff) I*+lle @ 11? ) g(tff) g(tJr%) Y-g(t+1) 0 '
g(t+3): (t—l)+g(t+1) gt) IIg(Jr%)H2 +lg( t+1)||2 Cog(t+l)g(t+ ) '
0 ; g(t+35)-g(t+3) C e (t+ )
Hence (2.10) is satisfied if and only if, for a.e. t € [0,1/2),

2 2

= B,

el + e ¢+ )

g(t)-g(t+1)+g<t+;> -g<t+§) = 0.

3
e+ DI + [ (14 5)
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The second condition means the orthogonality of two vectors (g(t), g (¢ + %))T and (g(t+1),g (¢t + %))T
Hence we can take

g1(t) = cosmﬁx[o,%)(t) — COSTEX[3 o) (t), and
g2(t) = simrtx[og)(t) — sinmex(s ) (1),
so that (2.10) is satisfied with B = 4. Then (G2;1/2,1) forms a tight Gabor frame with bound 4.

0.75 0.75
0.5 0.5
0.25 0.25
025 0.5 2 4 a5 0.5 1 :
-0.5 0.5
~0.75 ~0.75
-1 -1
(a) go (b) g1
1 1

0.75 0.75

0.5 0.5
0.25 0.25
_0.25 0. 1 4.5 2 _p.25 0.5 1 2

-0.5 -0.5

-0.75 -0.75
-1 -1

(c) g2 (d) g3

Figure 4: UEP type example; g, = 4/ (2) (cosmt)® " (sinmt)"x[o,2)(£), n = 0,...,3. (G4,1,1) forms

a tight Gabor frame with bound 2.

The following example is interesting since the masks satisfying the condition for unitary ex-
tension principle(UEP) generates a tight Gabor system [13].

Example 4.4 (M = 2) Suppose mg(t),...,mn(t) are 2m-periodic L™ functions satisfying the
following UEP condition ([13], Chapter 14 in [4]):

mp(t)
my(t+ )

( mo(t) ma(t)
mo(t+m) ma(t + )

Then multiwindow Gabor system (Gy41;1,1) with

gn(t) == mu(mt)xp2)(t), n=0,...,N,

forms a tight Gabor frame with bound 2. For example, we can take

gn(t) == (Z) (coswt)N_”(sinﬂ't)”X[ng) (t), n=0,..,N.
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