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Abstract

We introduce the pseudo-Butterworth refinable functions with order (n;m,¥¢) which is
defined by the pseudo-Butterworth masks
cos?"™ (w/2) (Zﬁ:o (m;'é) sin®" (w/2) coszn(z*j)(w/2)>
(cos?n(w/2) + sin®" (w/2))m+¢

Mn;m,f(w) =

with positive integers n, m and nonnegative integer £ < m — 1. This family contains pseudo-
splines (when n = 1) and provide a rich family of refinable functions. The pseudo-Butterworth
refinable functions are not compactly supported (if » > 1) but have exponential decay to
compensate for the lack of compact support. This paper gives a comprehensive analysis of the
pseudo-Butterworth refinable functions, such as regularity, asymptotic analysis, approximation
order, asymptotic behavior as a parameter grows to the infinity and wavelet constructions,
etc, comparable to the analysis of pseudo-splines of Dong and Shen [8] and to the asymptotic
behavior of Battle-Lemarie refinable function of Kim, Kim and Ku [12].

1 Introduction

Pseudo-Butterworth refinable functions will be defined as an extension of pseudo-splines. Starting
from the simple identity,
L= (cosQ”(w/Q) + sin2”(w/2)>m+£ (11)
cos2(w/2) + sin®"(w/2) ’ '
the pseudo-Butterworth masks with order (n; m, £) for given positive integers n, m and nonnegative

integer £ < m — 1, are defined by the sum of the first £ + 1 terms of the binomial expansion of
numerator of (1.1) for the numerator of the mask as follows:

N B cos?"™ (w/2) (Z?:o (mjg) sin®™ (w/2) cos?(¢=7) (w/Q))
mim (1) = (cos2(w/2) + sin?" (w/2))m+¢ ’ (1.2)

It reduces to the mask of pseudo-spline of type II [8] when n = 1 and to the Butterworth mask
when m = 1. The case ¢ = 0 was used in [13] to construct tight wavelet frames by the unitary
extension principle. The pseudo-Butterworth refinable function @, with order (n;m,¥¢) is
defined, via Fourier transform, as

A

o0
Py (W) = H Mim o(w/27),
j=1



and can be regarded as an extension of pseudo-spline of type II (n = 1) with order (m,1).
Pseudo-splines are first introduced in [5, 8] in order to construct tight framelets with required
approximation order of the truncated frame series. They are refinable and compactly supported
and provide large flexibilities in wavelet and framelet constructions and filter designs. The sys-
tematic analysis of pseudo-splines is given in [8]. Pseudo-Butterworth refinable functions provide
more variety by introducing one more parameter in wavelet constructions, framelet constructions
and filter designs. The lack of compact support of pseudo-Butterworth refinable functions can
be compensated by the exponential decay. We remark that ®,.1 ¢ is the Butterworth refinable
function corresponding to the Butterworth mask My.1 o and ®,., 0 is the mth
the Butterworth refinable function ®,.10, which becomes to the B-spline B,, of order m when
n = 1. We also remark that ®,,.,,, ,,—1 is an interpolatory refinable function which reduces to the
D-D(Deslauriers-Dubuc) interpolatory refinable function of order m when n =1 [6, 14].

In this paper, we make a comprehensive analysis of the pseudo-Butterworth refinable functions,
such as regularity, asymptotic analysis, approximation order, asymptotic behavior as a parameter
grows to the infinity and wavelet constructions, etc, comparable to the analysis of pseudo-splines
of Dong and Shen [8] and to the asymptotic behavior of Battle-Lemarie refinable functions of
Kim, Kim and Ku [12]. In section 2, the technical lemmas are collected for the subsequent
computations. In section 3, the Sobolev exponent so.(®y.m ) is computed in terms of parameters
and its dependance on the parameters are analyzed (Theorem 3.3 and Proposition 3.4). The
asymptotic analysis of the Sobolev exponent soo(®Pp:m.¢) as n — 0o or as m — oo are given in
Section 4 (Theorem 4.1 ~ 4.3). In section 5, we show that the pseudo-Butterworth refinable
function ®,,.,, ¢ can generate a Riesz wavelet ¥,,.,,,  whose dilation and translation forms a Riesz
basis for L?(R) (Theorem 5.3) and compute its approximation order for the proper projection
(Theorem 5.5). In section 6, we show that ®,.,, converges to Shannon refinable function in
LIR)(2 < ¢ < o0) asn — oo or as m — oo with £ = m — 1 (Theorem 6.5). Finally, in
section 7, we consider another class of pseudo-Butterworth refinable function coming from the
Riesz factorization of pseudo-Butterworth masks and give some relevant examples of pseudo-
Butterworth refinable functions and their graphs.

convolution of

2 Technical Lemmas

For the notational simplicity we will use the following notations throughout the paper:

14

Pomsly) i= Z(mﬂ)y"ju—y)“(“) / (1= + 47,

J=0

Myne(y) = (1= 9)" Prigne(9)/ (1 = )" + y™)™ = My e(w),
with y = sin?(w/2). We also introduce an auxiliary function

n

Ay) == An(y) == @*Z/y)—"+y"

and note that ,

Pume(y) = > (m N Z) N ()AL - y), (2.1)

J=0



and
My, o(y) = A™ (1 = y) Prgm,e(y) (2.2)

The computations here are more complicated by the additional parameter n but are analoguous
to those in [8] with A(y) in place of y and A(1 — y) in place of 1 —y.

Lemma 2.1 For given positive integer m and nonnegative integers j, £, we have:
+1y _ ~ ~ +i\ _ o (m—1+j
(1) (mj ) = (T) + (jTl) for j =1 and (j +1)(7;L+1]) = (m+5)(" j 7).

(2) 2(m+1) 2520 (") =350 (") 20 form>1 and 1 <L <m— 1.

2
(3) 22(™fh < (Z;zo (m;re)) forallm>1and 0 <{<m—1.
Proof. [8, Lemma 2.1]. O

Lemma 2.2 For positive integers n,m and nonnegative integer £ < m — 1, let Py, be the
rational function defined in (2.1). Then

(1) Pn;m,f+1(y) = Pn;m,f(y) + (TZZZ)AEJA (y) for 0 <€ <m—2.
(2) Prame(y) = > ("7 )N (y).
(3) M., (y) = —(m+ 0" YA (A1 = y) A (y).

(4) For T(y):==(1—y)" +y",

(5) For S(y) == M2, ,(y) + M2, ,(1-y),

l
1 m+ /¢
min 5 =5 (3) 2



Proof. (1): By use of Lemma 2.1 (1), we note that

/+1
Pamen) =3 ("I it )
=0
/41
=AFH(1—y) + i: (m Tt 1) N(y) AT (1 —y)
j=1 J
=\ (1 —y)
/+1 V4
+3 (m]* g) V@A + Y (mj g) AT (A (1 - y)
j= j=
=M1~ y)Pome(y) + (?:f) AT (y) + AY) Prgme(y)
Pamel)+ ()7

(2): We induct on ¢. It is obviously true for £ = 0. Assume that (2) holds for ¢ = £y,. Then (1)
with induction hypothesis for £ = £y implies

£o .
m—1+ ; m+ ¢
Prim.to+1 = ) < . J)A?(y) + ( 00+ f)AfoH(y)

=0 J
lo+1

-y (”” ?“)AJ( )
=0 J

(3): We induct on ¢ again. It is obviously true for £ = 0. Assume that (3) holds for ¢ = {y, i.e.,

m+£6y—1

D) =~ ) ("

)Afo WA™ (1~ A ().

and consider the case £ = £y + 1 < m — 1. Using (1) and the definition of M,,., ((y) in (2.2), we
have

Mn;m,ﬁo+1(y) = Am(l - y)Pn;m,foJrl (y>
oamg m+Lo\ \go41
a1 9) (Pamant) + ()20 0)
m + £y

= Mp:m, Ly (y) + <€0 +1

>A£°“(y)/\m(1 —y).



Since A'(1 —y) = A'(y), we have

- m—+ £ m—
N o2 () = — (m + £o) ( 0= )Af% JATI(1 — )N ()
(m”‘)) (fo + DAD () A™ (1 — )N (1)
m + é() Y) 1 1
- AL+ (y)Am= A
(35 )m (1-9)NW)

=A% (y) A1 = y) A (y )( (m+£0)<m+500_1>

m—i—ﬁo m +€0
1 Al—-y)— A .
s+ (3 A= - (7 ) aw)
Since A(1 —y) =1 — A(y), by using Lemma 2.1 (1), we obtain

Bimaaa(0) = ~m -+ + 1) (4 ) AN 11— )N ),

(4): Since T'(y) = n(y" ' — (1 —y)" 1), T'(y) < 0 on [0, 3] and T'(y) > 0 on [3,1]. Therefore,

2
T(y) attains its minimum value at the point y = % That is,

1
min T'(y) =T () = ol
y€[0,1] 2
(5): We compute S'(y):
S'(Y) = 2M i, 0(9) My (y) + 2M i, e(1 = ) (Myin,e(1 = ).
Using the identities

Mn;m,é(y) = Am(l - y)Pn;m,Z(y)a

T R ] (i FU T IV

and
(a1 =) = G (" [T DA A - )N ),

we obtain

S'(y)
2(m + 0) (™)

L fm—14 2m—1—l—j 2m—1—l—j 5 (o N AL /
-y ) (A2t = A ) AT AL - A )

|\

()P 2 (A= )P o e (5],

For each 0 < j </ <m — 1, we note

N[ =

(M) < (A1 —)>™ 1 for ye {o,



0 on [0,4] and S'(y) > 0 on [3,1], and so S(y) attains its minimum value at

Therefore, S’(y) 3
1
2

<
the point y = 5. That is,

l
1 ~ 1 g m—+/
in S(y)=5(=)=2M2,,(=) =22 ( >
i S(y) (2> n,m,e<2> 2\

J

3 Regularity

The regularity of a function ¢ € L?(R) can be measured by the Sobolev exponent defined by
Soo(p) 1= sup{s : sup [p(w)[(1 + |w])* < oo}

For example, it gives the regularity of ¢ € C* for any s < soo(¢) — 1. The following proposition
is [4, Lemma 7.1.7] adapted for our purpose and is used to compute the Sobolev exponents.

Proposition 3.1 Let ¢ be the refinable function with the refinement mask m(w) of the form
|m(w)| := cos® (w/2)|P(sin®(w/2))|, w €T :=[-m,x],
for P € CY(R). Suppose that
(1) |P(y)] < [P(3/4)] for 0 <y < 3/4;
(2) [P(y)P(4y(1 —y))| < [P(B3/4)P for3/4<y < 1.

Then s00(9) = 2N — k with k = logy(|P(3/4)|). Consequently, ¢ € C*N=r=1=¢ for any e > 0.

In this section, we compute the Sobolev exponent so(®p.m ¢) of the pseudo-Butterworth re-
finable function ®,,.,, , and investigate its dependance on the parameters n,m and ¢. The compu-
tational technique is largely the same as in [8] but more complicated because of three parameters
instead of two.

Lemma 3.2 Let Py, ¢ be defined as in (2.2), where n,m are positive integers and ¢ is nonnegative
integer < m — 1. Then

(1) Paime(y) < Puim,e(3/4) fory € [0,3/4];
(2) Pn;m,f(y)Pn;m,€(4y(1 - y)) < (Pn,m,€(3/4))2 fOT’ Yy € [3/47 1} .



Proof. From Lemma, 2.2 (2), P,.;;, ¢(y) is positive and monotonically increasing on [0, 1]. Hence (1)
is satisfied. Next, fix n,m € N. For the proof of (2), we will show that, for any £ =0,...,m — 2,

Wome11(y) = Waime(y) <0,y € [3/4,1], (3.1)
where
Waine(¥) = Pagne(y) Pame(4y(L = ) = (Pgme(3/4)) (3.2)
Note that Py 0(y) = 1, and hence Wy, 0(y) = 0. Then (2) follows immediately from (3.1). Let
us observe from (3.2) and Lemma 2.2 (1) that
Wom,e+1(y) = Waim,e(y)

~(Pamet) + (3 ) A% 0)) Pramesa(au1 =)

- Pn;m,f(y)Pn;m,€(4y(l - y)) - (Pn;m,€+1(3/4))2 + (Pn;m7£(3/4))2
= n;m,f(y) (Pn;m,f+1(4y(1 - y)) - Pn;m,€(4y(1 - y)))

m+ /¢
+ (3 A 0 Pty = )

- (Pn;m,13+1(3/4))2 + (Pn;m,€(3/4))2

- (?j 1€> <AZH(49(1 — ) Pt (y) + AN (Y) P g1 (4y(1 — y)))

— (Pusm.+1(3/4))” + (P e(3/4))°.
Since Wiym r41(3/4) — Wim 0(3/4) = 0, in order to show the relation (3.1), it suffices to show

that Wy 041(y) — Wham e(y) decreases monotonically on [3/4,1]. Since Py r41(y) > Pom,e(y)
for any y € [0, 1], it suffices to show that

G(y) == A (4y(1 — 9)) Posme(y) + A (Y) Prsme1 (4y(1 — 1))
decreases monotonically on [3/4,1], i.e., G'(y) <0, y € [3/4,1]. We compute G:
G'(y) =(£+ 1) (4 — 8y) A (4y(1 — y)) A (4y(1 — 1)) Pum.e(y)
+ AT dy(1 = ) Pl o)
+ (€ 4+ DA (Y)A (y) P, o1 (4y(1 — 9))
+ AT (y) (4 = 8Y) Pl o (dy(1 = y)).

From Lemma 2.2 (1), we have the identity

ot ) = P = (7 1) 0+ 040N )

This together with Lemma 2.2 (1) implies that
G'(y) =(£ + 1)(4 — 8y) A" (4y(1 — y))N (4y(1 — y)) Pagme(y)
+ AT 4y (1= )Pl i1 ()
+ (€4 DA (Y)A (y) Prgm e (4y (1 — y))
+ AT () (4 = 8Y) Pl o (dy(1 = y)).



Using (2.1) and Lemma 2.1 (1), we have

=i( ) wen )

(£+1)(4 —8y)A“ 7 (4y(1 — )N (4y(1 — y))
+ (m+ )N (dy(1 — )N (y) + (C+ AT (y)N ()
+(m + j)(4 = 8y AT ()N (4y(1 — p)) ).
For 0 < j </ <m — 2, consider
90,j(y) =0+ 1)(4 — 8y) A" (dy(1 — y)) N (4y(1 — y))
+ (m4 J)AT (dy(1 = )N (y) + (C+ AT (y)N ()
+ (m+ §)(4 = 8y) AT (y) N (4y(1 — y))
=(+ 1A (4y(1 = y)ha(y) + (L + DA (Y)ha(y) + (m+ j — (€ + 1)ha(y),

/—\

where hi, hy and hg are given by

hi(y) == —(8y — 4N (4y(1 — y)) + Ady(1 — y))AN'(y);
ha(y) == N (y) — By — ) A(y)A (4y(1 —y));
ha(y) == A9 (4y (1 — y) A (y) — By — AT (y) N (4y(1 — y)).

Since 3/4 < A(y) < 1, 2 < 8y —4 for y € [3/4,1] and A(y) > 0, A'(y) > 0 for y € [0, 1], we obtain
hi(y) < =20 (4y(1 - y)) + A'(y);
ha(y) < N(5) — 2N (4y(1 — ) < M) — SN (4y(1 —)):
ha(y) < AT (y) A (y) — 20 ()N (dy (1 — ) = AT (y) (A (y) — 20" (dy(1 —y)) -
Hence, in order to show G'(y) < 0, we prove
AN(dy(1—y) > N(y), y € [3/4,1].
A direct calculation shows that

Ny) = ny" (1 —y)" !

S Ay
increases on [0,1/2] and decreases on [1/2,1]. If y > 3/4 and 4y(1 —y) > 1/2, i.e., 3/4 <y <
(24 /2)/4, then A'(4y(1—1y)) > A'(y) since 1/2 < 4y(1—y) <y. Ify > 3/4 and 4y(1 —y) < 1/2,
ie., (2++2)/4 <y <1, then A'(y) < A(4y(1 —y)) since 1 —y < 4y(1 —y) < 1/2 and
AN (y) = A'(1 —y) by (3.3). This completes the proof. O

(3.3)

The following main theorem in this section now follows from Proposition 3.1 ; Lemma 3.2 and
[11, Theorem 3|. The case n = 1 was given in [8, Theorem 3.4] and the case m = 1 was given in
[11, Thoerem 3].



Theorem 3.3 Let ®,,.,, ¢ be the pseudo-Butterworth refinable function with order (n;m,£). Then
Soo(Prym,e) = mlogy(1+ 3™) —logy Prim e(3/4).

Proof. The pseudo-Butterworth mask with order (n;m,¢) is
My (W) = cos®™™(w/2) (L (sin®(w/2))" Py e(sin®(w/2)),
where Lp(y) := 1/((1 —y)" +y"). By Proposition 3.1, Lemma 3.2 and [11, Theorem 3|, the
Sobolev exponent Soo(Py.m. ) is
Soo(q)n;m,f) =2nm — log2 |Ln(3/4)’m - 10g2 |Pn;m,€(3/4)|
= IOgZ(l + 3n)m - 10g2 Pn;m,Z(3/4)'
O

We now analyze the dependance of the Sobolev exponent so(®p;m ¢) of pseudo-Butterworth
refinable functions ®,,,, , on parameters n, m and ¢ in the following proposition. (1)~(3) in the
following for the case n = 1 was given in [8, Proposition 3.5].

Proposition 3.4 Let B0 = Soo(Prim,e). Then
(1) For fized n,m, By.m ¢ decreases as { increases.

2

(2) For fizred n,l, Bp.me increases as m increases.
(3) For fized n, when £ =m — 1, By.m ¢ increases as m increases.
(4) For fized m,{, Bp.m e increases as n increases.

Proof. (1) follows directly from Lemma 2.2 (2), which shows that P, (3/4) increases as ¢
increases for fixed n, m.
(2): Note that

Brim,e = logy(1 +3™)™ —logy(Pp.m,e(3/4)), i.e.,
(1+ 37)m 1

2/8n;m,l —
Pomo(3) (14 3") 7" Pan,o(3)

(2) is equivalent to the claim that

3
Iy = (1 + 3n)—m n;m, ¢ <4>

decreases as m increases for fixed n,#, which is again equivalent to the claim that for fixed
0<l<m-—1,
L1 — Iy, < 0. (3.4)

Note that

3 3
I = I = (143" 7" Prny <4> 33 P <4)

e B() o) ()




Inequality (3.4) follows from the fact that for 0 < j <m —1,n>1,

()5 )0 )
< 2<m_j1+]> < (1+3")(m _jlﬂ).

This completes the proof of (2).
(3): Using a similar argument as in the proof of (2), (3) follows if we show that

T = (143" ™ P <i>
decreases as m increases for fixed n, which is equivalent to showing that for fixed n > 1,
Im+1 — Im < 0. (3.5)
Note that, similarly to the proof of (2), we have

i1 — Jm = (L +3") "™ 1M,

where
m . i m—1 . i
m—+ 3" J m—14j 3n J
M = - (1+3" :
Z( j ><1+3n> (+3)Z< j T3 0
7=0 7=0
m—1 . 1 m m—1 . 1
") ) G () e S () 7))
j_0< j 143 m ) \1+3 = J 143
1

_|_
T m—1+ 3n j_3nm‘1 m—1+ 3n j+ om 3 \"™
_:1 j—1 1+ 3n — j 14 3n m 143n) 7

J

where the last identity follows from Lemma 2.1 (1). Now, (3.5) is equivalent to M < 0 for m > 1.
It is easy to check that M < 0 for m = 1. We now consider the case m > 2. Substituting j for
j — 1 in the first term of the last expression in (3.6), one obtains that

B Y AR A YO SR o AW (A KO
_1+3nj:0 j 1+ 3 ; j 1+43n ’
N 2m 3\
m 1+37) °
Splitting the second term in (3.7), one obtains

v () ) RO ) e

( )(1in3n> 3"(3?_‘12) (&)m—l.

10

3

Il
=)




For the last two terms of (3.8), we have

() (5 () (5
n
. i) (277:_12) — (143" <27Z”L—12>>

Therefore,

n m—2 . n 7 m—2 . . n 7
M < 3 m4‘-] 3 _an m '1-|-] 3
1+3" — J 143" — J 1437

(7))
° J J 143"
=0
Inequality (3.5) now follows from the fact that, for 0 < j <m —2 and n > 1,
<m+j>_m+j<m—1+j>_(1+j>(m—1+j>
J m J m J
Ry {4
<2<m ‘+j><3n<m ‘-i-j)
J J

This completes the proof of (3).
(4) follows if we show that

Ky e (14 37) " Py (i) =1 +3“)‘m§: <m_‘1+j> <1 in3n>j

=~

decreases as n increases for fixed m, £. Define

= ey (M) (L)

j=0 J

for £ > 0. Note that

F(@) = (143" log3 ﬁ(m?”)@—mw( & )j—me

i=1 J

Since j — m3* < 0 for > 0, f'(z) < 0 for z > 0. Hence, f(z) is decreasing for x > 0, which
shows that K, decreases as n increases for fixed m, ¢. This completes the proof of (4). (]

11



4 Asymptotic analysis of Sobolev exponents

In this section, we give an asymptotic analysis of the Sobolev exponent so(®p.m ¢) of pseudo-
Butterworth refinable function ®,,,, , as m — oo or as n — oo. The case n = 1 of the following
theorem is given in [8, theorem 3.6]. We follow the technique in [8] but we include the proof for
the sake of completeness.

Theorem 4.1 Let @, ¢ be the pseudo-Butterworth refinable function with order (n;m,(). For
0 <A<, let € = | m], the largest integer smaller than or equal to Am. Then

lim Soo\Bmim,t) _ =1lo 71+3n o i '
e R A S 3n)

This implies that Oy has the optimal decay |®p.m o(w)| < C(1 4 |w])~HrAm,
Proof. We first note that, for 0 <z <y <1,

A (2) Pagnt(2) = A~ (9) Prcn s (0): (4.1)
In fact, the fact A(z) < A(y) for 0 < z <y <1 and Lemma 2.2 (2) imply that, for 0 < x <y <1,

¢ .
A (@) Prme(z) = (m _jl * ‘7>Aje(l‘)

J=0
14

Vv

<m—1+j

J )m—f(y) = A (Y) Pt (1).

=]

<.

The key step to compute the asymptotic rate of soo(®p.m ¢) is to estimate the upper and lower
bounds of Py, ¢ (3) in terms of n,m and ¢. Take z = 3 and y = 1 in (4.1) and note that A(1) = 1.
We have

Prm s (i) > A <i> Prme(1) = A (i) (mz €>. (4.2)

With z = } and y = 2 in (4.1), we have

3 (1 3 1
Pune (5) =47 (5) 2 (5) e ().

Since A (%) = % and

we obtain

12



since for f <m —1

("))

Putting (4.2) and (4.3) together, we obtain the following estimates of P, ¢ (3):

(QCI) e e ()T

Next, we will use this estimate to compute the limit in the theorem. The upper bound of P,.,, ¢ (%)
in (4.4) implies

3 5 .
logy(1+3")™ —logy Prim,e <4> > log, (1 +3™)™ — log, <m/\€ <4> <mz )) '

Recall the Stirling’s formula, i.e., m! ~ Ime(m+3)logm—m [9]

as m — o0, or

, where a,, ~ b, meaning % —1

log m! ~ log v/ ome(mtz)logm=m mlogm — m. (4.5)
Applying (4.5), we obtain

14
log <mz— ) = log(m + £)! — logm! — log ¢!

~ (m+{)log(m+{) — (m+¢) — (mlogm —m) — (Llogl — {)
~ (m+{)log(m+{¢) —mlogm — (log¥,

or

log, (mz— 6) ~ (m 4+ £)logy(m + ¢) — mlogym — £logy ¢.

Therefore, we have

l
logy(1 +3™)™ — log, <mAe <i> <m2— )) (4.6)
n 3" m+ £
:m10g2<1+3 )—lome—elogQ (1_+_3n> —10g2 ( E )

n

1+3n

1 1 1
~m (log2(1 +3") — - log, < ) - <1 + m> logy(m + £) + logy m + ElogQ E)

3" 1
~m (10g2(1 +3™) — Alog, (1 n 3n> —logy(1 4+ A) — Alogy <)\ + 1>>

g 1 _— _

mows (T35) ()

~ X\ as m — oo. From (4.4) and (4.6), we have
> lim

nym __ 0 (3\ (m+L
o i 10820+ 3™ — 108 P (§) - Toga(L 3™ — log, (ma* (3) (")

m—o0 m m—00 m
T8\ T 3n )

13
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By a similar argument as above we note

log,(1 +3")™ — log, <Af <i> <mZ E)) (4.8)

14 n 14 14
~m <log2(1 +3") — - log, ( ) - (1 + m) logy(m + £) + logy m + - log, E)

1+ 3"
143\ M/

From (4.4) and (4.8), we have

logy (1 + 3")™ — 1ogy Paam,¢ (3) log, (1 +3")™ — logy (A (3) ("))

lim sup < lim (4.9)
: 14 3n A+1 A A
=1lo — — ] .
82\ T+ A 3n
Combining (4.7) and (4.9), we conclude that
 logy(1+3")™ — logy P s 3 o (LF3" MO
m—00 m — 082 14+ A 3n )

This complete the proof. O

We can expect that the asymptotic behavior of the Sobolev exponent Soo(®p.m ) as m — 0o
for fixed n and £ must be the same as in Theorem 4.1 with A = 0 and can prove that it is true in
the next theorem. The proof is a modification of that of Theorem 4.1 and is omitted.

Theorem 4.2 Let ®,,., ¢ be the pseudo-Butterworth refinable function with order (nym,f). Fiz
£ eN. Then

lim Soo (q)n;m,€>

m— oo m

This implies that <i>mm¢ has the optimal decay |<i>n;m7g(w)| < C(1 4 |w|)=Hnm.

= iy, = logy (1 + 3").

The following theorem gives the asymptotic analysis of the Sobolev exponent soq(®p.m.¢) as
n — oo for fixed m and ¢. We remark that the limit does not depend on /.

Theorem 4.3 Let @, ¢ be the pseudo-Butterworth refinable function with order (n;m, ). Then
for fixed m and £,
1i Soo((I)n;m,E)
im ————=

n—oo n

= lm = mlogy 3.

This implies that Oy ¢ has the optimal decay |®p.pm o(w)| < C(1 4 |w])~Hm™,

14



Proof. From the proof of Theorem 4.1, we have

logy(1 4 3")™ — log, (mAE (i) (méM))

14
< Soo(Prym,e) < logy(l+3")™ —log, (AE (i) (mz )) .

Since .
—logy(1+3™)" = mlog2(1 +3") — mlogy,3 as n— oo
n n
and
1 3 m+ £ Y4 3m 1 m—+ /£
~1 A(Z =-1 ~1
con (3 (3) (")) = om () + o ()
/¢ 1 /
= (logy 3 — —logy(1 4+ 3") + — logy <m+ > —0 as n— oo,
n n 4
we obtain o
lim sup M < mlogs 3.
We also obtain o
lim inf M > mlogy 3,
n—oo n
since
1 3 m+ £ 1 1 3 m—+ 0
wlows (ma (1) ()71)) = s 1o ( () (7))
—0 as n — oo.
This completes the proof. O

5 Wavelet construction and approximation order

For a large class of refinable functions ¢ with mask m(w), we can associate a wavelet 1), via

A~

d(w) = e Pm(w/2 + m)d(w/2),

for which ;1 (z) := 29/2¢(27x — k), j,k € Z form a Riesz basis for L?(R). In this section, we
can also associate the pseudo-Butterworth wavelet to the pseudo-Butterworth refinable function
(Theorem 5.3) and compute their approximation order (Theorem 5.5).

We first quote the following proposition which gives a sufficient condition for the associated
wavelet 1) to generate a Riesz basis for L2(R).

15



Proposition 5.1 [10, Corollarty 3.3] Let m be a refinement mask of a refinable function ¢ €
L?(R) with m(0) = 1 and m(w) = 0, so that m can be factorized into the form

m(w)] = \(”jm)naw\ — o (w/D|Lw),  we [, (5.1)

where L has the Fourier series expansion of polynomial decay satisfying L(m) # 0. Suppose that
|m(w)|?* + |m(w + 7)|* # 0, w € [—m, .
Define ¢ € L*(R) via R '
P(2w) == e "m(w + m)p(w)

and let
3 L(w)

A= )P+ mw + mP

Assume that ) )
[L(w)llpeemy <2772 and  ||L(w)||lpeo(m) < 2"

Then v is a Riesz wavelet for L*(R), i.e., ;. j,k € Z generate a Riesz basis for L*(R).
Proof. A special case of [10, Corollary 3.3]. O

As we will show, the key step in the application of the above proposition is to estimate the
upper bounds of |[£(w)| and |L(w)]. Recall that the refinement mask of pseudo-Butterworth
refinable function ®,,., ¢ is, for w € [—m, 7],

052 (1w/2) (2 (") sin2" (1/2) cos? (¢ (w/2)
(cos2(w/2) + sin?"(w/2))m+t '

Mn;m,f(w) =

Hence, the corresponding £ function in (5.1) for the pseudo-Butterworth refinable function ®,,.,,, ¢
is

Z?:O (m;.rf) sin?™ (w/2) cos?¢=9) (w/2)

L) s = s (w)2) + s (w)2))
= (Ln(y))m Pn;m,é(y)a
with y = sin®(w/2) and Ly,(y) = 1/ ((1 —y)" 4+ y"). We note the corresponding £(w) has the
form
~ _ (L’n(y))m Pn;m,@(y)
) W 0) 4 102, .

Now we have following estimate of ||£|| Lo(R):

Proposition 5.2 Let n,m be positive integers and let ¢ be a nonnegative integer < m —1 and L
be defined in (5.2). Then

( ( )) P ( ) < 2nm+m71'
(y )+Mn =y

L pom = sup —
L] £oo (m) sup N

nmf

16



Proof. Note from Lemma 2.2 (2) that
CimA o . L im— 145\
Pane) =3 (" T Y- =35 ("1 ), ve
j=0 Jj=0

hence P, ¢(y) attains its maximum value P, ¢(1) = (mjz) on [0,1] at y = 1. By (4) and (5) of
Lemma 2.2, we obtain

~ m an@(y)
L) Loer) = sup (Ln(y)™ —= =
B e M2, (y) + M2, (1= )

m+ /¢ m 1
max_ (Lp(y))" max — s
¢ ) yelo] velo, ] M2 (y) + M7, (1 —y)

2

l
+ /¢ m+/
_ 2nm+m+2€71 (m ) § : ( ' > < 2nm+m71.
Y4 J -

=0

The last inequality follows from Lemma 2.1 (3). This completes the proof. ([

Theorem 5.3 Let Oy, ¢ be the pseudo-Butterworth refinable function with order (n;m,£). The
refinement mask My.m ¢ is given in (1.2). Define Wm0 € L*(R) via

\i/n;m’g(Zw) = e " My o(w + )P (w).
Then VU is a Riesz wavelet for L*(R).
Proof. To apply Theorem 5.1, we first note that
| My, e () 4 [ My e (w +m)[* = M2 o(y) + M (1 —y) # 0
for all w € [, 7] with y = sin?(w/2). Next, we need to check both
1€l <2772 and L] e < 2772, (5.3)

The second inequality in (5.3) follows from Proposition 5.2. For the first inequality in (5.3), we
note that
| My, o(w)[* + [ My e(w + m)[> < 1,

for all w € R. Hence |£(w)| < |£(w)] for all w € R. This concludes the proof. O

Next, we consider two projection operators P; and Q; from L?(R) onto Vj =span{®; : k €
7} =span{Vyy : £ < j, k € Z} via

ij = Z < f, D> P, (5.4)
kEZ

and

Qif = Y., <[>y,

£<4,kEZ

17



where ® = ®,,.,,, p and ¥ = ¥,,..,, . It is known that P; = Q; (See [5, Lemma 2.4]).
We say that P; provides approximation order , if for all f in the Sobolev space W§'(R),

1f = Pjifllrew) = O(279M).
The following proposition is a special case of [5, Theorem 2.8] adapted for our purpose.

Proposition 5.4 Let ®,.,, ¢ be a pseudo-Butterworth refinable function with order (n;m,{) and
My.m e be its refinement mask. Let P; be the operator as defined in (5.4) with @y e as the
underlying refinable function. Then the approzimation order of the operator P; is min{2nm,m;},
with my the order of the zero of 1 — |My.m.4|? at the origin.

The following theorem shows that the pseudo-Butterworth refinable function ®,,.,, , provides
aproximation order 2n(¢ + 1) which is independent of m.

Theorem 5.5 Let n,m be positive integers and let £ be a nonnegative integer < m — 1. Let
®p,.m.0 be the pseudo-Butterworth refinable function with order (n;m, ). Then the corresponding
operator P; provides approximation order 2n(¢ + 1).

Proof. We compute the order of zeros of 1 — |Mn;m75\2 at the origin. We rewrite 1 — \Mn;mﬂz as
1-— ’Mn;m,Z‘Q =1- Mg;m,é(y%

where M,,.m.¢(y) was defined in (2.2). It is obvious that 1 — M?

n;m,l

(y) = 0 for y = 0. Recall that
the derivative of Mn;mg(y) is given by Lemma 2.2 (3):

Line) =~ (" T A 0= )N ), (5.5

Applying (5.5) to take the first derivative 1 — M?

n;m, L

(y) with respect to y, we obtain

(1 - Mz;mx(?/))/ = _2Mn;m,€(y)M7/1;m,€(y)

=28 (0 + 0" T A 0 ).

Since both M., ¢(y) and A (1 — y) are equal to 1 when y = 0, and since A’(y) has zero of
order nf at y = 0, and A’(y) has zero of order n — 1 at y = 0, we conclude that
L= [Myn,o(w)* = 1= My o(y) = O(ly["“V)) = O(|w]*"“HD).

where y = sin?(w/2). Theorem 5.4 shows that the approximation order of P; with @, 0 as
the underlying refinable function is min{2nm,2n(¢ + 1)} = 2n(¢ + 1) for 0 < ¢ < m — 1. This
completes the proof. O

18



6 Asymptotic behavior of ¢, ,,,

For { = m — 1, ®p.m—1 is an interpolatory refinable function, being the D-D interpolatory
refinable function of Deslauriers and Dubuc when n = 1 [6, 14]. In this section, we show that
P®p.mm—1 converges in LI(R)(2 < g < o0), uniformly in particular, to the Shannon refinable
function pgy as m tends to the infinity, where

s (W) = X[r,x(W).

In particular, the case n = 1 shows that the D-D interpolatory refinable function of order m tends
to the Shannon refinable function pgy in L9(R)(2 < g < 00) as m — oco. We also show that for
fixed m and ¢ the pseudo-Butterworth refinable function ®,.,, ¢ converges in L4(R)(2 < ¢ < c0),
uniformly in particular, to the Shannon refinable function ¢gz as n tends to the infinity. The
idea of the proof also appears in [2, 12] for the asymptotic behaviors of the corresponding family
of refinable functions.

Lemma 6.1 Form € N,
(1) Mpms1m(w) > My m—1(w) for w € [—m/2,m/2].
(2) Muzms1,m(w) < Myymm—1(w) forw € [, —m/2] U [r/2, 7.

Proof. (1) follows from the following with 0 <y < 1/2:

Mpmt1,m(y) = AmH(l - y>Pn;m+1,m(y>

= A1 —y) i <m7Lj>Aj(y)

=\
=A™(1-y) JZ; (m;.r])/\j(y) - ?j (mj__l ;rj)/\j(y)

e (S (7 e ()

—An(1—y) f; (" e - (r)am

J
= A1) m: (" v (P e - () arnw
> A™(1—y) :: <m _].1 H)My)
= Mugmm—1(y)-

19



(2) follows from (1), since Mymm—1(y) =1 = Mpmm—1(1 — ). O

For given positive integers n, m and nonnegative integer ¢ < m — 1, we easily check that the
mask M., ¢(w) converges pointwise to the mask

SEY =0, n/2<|wl<w

of the Shannon refinable function pgsy as n — oo.

Lemma 6.2 (1) Mymm—1 — msy as m — oo.

(2) My (w) — mgg as n — oo.

Proof. (1) follows from the following with 1/2 <y < 1:

m—1 . m—1
M) = A" =) Y ("7 1T )a) 4 X 2 ay)
§=0 J=0
_Am m-1(2A)™ —1 _ {A(1—y)2(2A(y))}"™
ST T S s - )
_0-eAm -y
2(2A(y) — 1)
as m — oo. For 0 <y < 1/2, Mn;m,m,l(y) =1- Mn;m,mq(l —y) — 1lasm— oo.
(2) is trivial. O

Before the statement and proof of the main result, we define an auxiliary mask

Mo (W) = 4 jw| <3,
e cos’(w/2) (24 4sin*(w/2)), I <|w|<m,

for the domination of M., ¢((w). We need some technical lemmas.

Lemma 6.3 (1) Mpmm—1(w) < mayz(w), m > 2.

(2) My e(w) < mgye(w), m > 2.

(3) Paue(w) =TT jen Maus (w/27) has the decay |Paus(w)| < C(1+ w])~3Flo823,
1, all w,

4) [ Mpmm—1(w) = 1] << 2
(4) | Mg m—1(w) |—{ —|wl|, |w| <w/2.
Y

1, all w,

9) |Mmme(w) —1] < gm+l

20



Proof. (1): For |w| < §, we have
Mp.mm—1(w) < Mpmm—1(w) + Mymm—1(w + ) = 1.
For m/2 <'|w| < 7 and m > 2, we have My m—1(w) < My.21(w) by Lemma 6.1 (2) and
Mz, (w) = A*(1 = y)(1 + 2A(y))-
Since A(y) <1 and for /2 < |w| <=

1
(tan?(w/2))" + 1
1
= fan(w/2) £ 1

Al -y) =

= cos?(w/2),

we have
My.o1(w) < 3cos*(w/2)
< cost(w/2) (2+ 4sin2(w/2))
= Mayz(W).
(2) follows from (1) and Lemma 2.2 (2).
(3): We note that mgu,(w) = cos*(w/2)Lays(w), where

1
- <=
Loz (w) =< cost(w/2)’ ol <3,

2+ 4sin*(w/2), 5 <|w| <,

and note that sup,, |Lauz(w)| = 6. Therefore, the decay of Pgy.(w) follows, for example, from [1,
Theorem 5.5].
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(4): For w € R, we have |My.mm—1(w) — 1| = | Mymm—1(w + )| < 1. For |w| < 7/2, we have

("~ Hwa - y)Am“(y))

m—1

‘Mn;mﬂn—l(w) —1|= ‘Mn;m,m—l(w +7)| = Ay) (
=0

2m—1
_ A(y) Z (Qmj— 1>A2m1j(1y)Ajl(y))
2m—2 om — 1 2 i
—aw | 3 (- <y>)
2m—2 om — 1 om2 g1 i
< AW) J_m1< IS R <y>)
n 2m—2
(v N 2m =1 pom—2-5(1 _ y)d
_<1_y> AL - y) (;( ; )A i y)AJ<y>)
2m—2
o™ (u2) ( > (i yw(y))
j=m—1

< tan® (w/2) (A(L — y) + A(y))*™ ™

2
= tan®"(w/2) < |tan(w/2)| < =|w|,
s

where we used the inequality (2;':11) < (Qmj_l) form—1<j<2m—2.
(5): Note that My,mo(w) < My e(w) < 1 by Lemma 2.2 (2). For w € R, we have

[ M e(w) = 1] < [Mpgm,o(w) — 1] <1,
furthermore for |w| < 7/2, we have

| My, e(w) — 1] < [Mpmo(w) — 1| =1 - A"(1 —y)
=((A=y)"+y")" =@ =y)"")/(L=y)" +y")™

= (2 () y>”<mj>) / (=9 +9)"

j=1

< (£ (o) Jo-o
(G5 =< (5) 2 0)
< Jtan(w/2) 27 < 2.
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Lemma 6.4 (1) For each fized w, ‘in;m,m_l(w) = H;’il Mymm—1(w/27) converges uniformly
on m.

(2) Ppomm—1(w) — Psm(w) pointwise a.e. as m — oco.
(3) For each fived w, ®p.pmo(w) = 172, M. o(w/27) converges uniformly on n.
(4) Ci)n;mg(w) — ¢gp(w) pointwise a.e. as n — oo.

Proof. (1): Fix w and choose jo so that |w/270| < 7/2. By Lemma 6.3 (4),

w
Z‘Mnmm 1 2] *1‘ Z‘Mnmm 1 2] *1‘ ‘ n;m,m— 1(2J) 1
Jj=jo+1
0o
, 2w 2wl
< 2 2
_jo+'Z —o7 ~ ot 5
J=jo+1

uniformly on m. Therefore, the product én;m7m_1(w) converges uniformly on m.

(2): Fix w ¢ U2 129(£7/2 4 27Z) and let € > 0. By (1), we can choose j; (independent of m) so

that ‘

K Ji

(pn;m,m—l(w) - H Mn;m,m—l(
j=1

w

5)

5| <&

and

Ji
w
— HmSH(E) <€
Jj=1

Therefore, we have

Ji
(I)n;m,m—l (w) - H Mn;m,m—l(

j=1

w
2J

|q)n;m,m—1(w) — ¢sa(w)| <

)

Ji J
w «
+ lanmm 1 HmSH 2] l_IlmSH(QJ)_QOSH(w)
J: =
Ji
<2+ HMnmm 1 H’mSH 2]

Note that w/2/ ¢ /2 + 27Z for any j > 1. Since Mpmm—1(w/27) — mgg(w/27) as m — oo
for j =1,2,---, 41, we can choose mg € N so that

J1

HMnmm lw/2] HmSH w/2]>

Jj=1 Jj=1

e for m > my.

Therefore, ®p,.m.m—1(w) — Gsir(w) pointwise as n — oo for w ¢ use 129(£7/2 + 277Z).
(3) and (4) can also be proved similarly. O

Now, we state and prove our main results in this section.
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Theorem 6.5 (1) For1<p< o, Hti)n;m,mq — @sullpr®) — 0 as m — oo.
(2) For2 < q< oo, |[Prmm—1— ©sallram) — 0 as m — oo.
(3) For1l<p< oo, H(i)n;m,g — ¢sullpr®) — 0 as n — oo.

(4) For2<q< oo, |[Pume — ¢sullrew) — 0 as n — oo.
In particular, ®,.nm—1 — @su uniformly on R as m — oo, and ®p.p, ¢ — psg uniformly on R
as n — oo.

Proof. We estimate the decay of CiDn;m7m,1 form>2:
‘(i)n;mm—l(w)’ = H }Mn;mym—l(w/y)‘ < H mauw(w/zj)
jEN jEN
= |Gaue(w)| < C(1+ |w])73+182% € LN(R) N L*(R),

where we used Lemma 6.3. Therefore (1) follows from Lemma 6.4 by the Lebesgue dominated
convergence theorem. The claim (2) follows from (1) by Hausdorff-Young inequality:

Hf”LQ(R) < HfHLP(R), for 1<p<2,

where ¢ is the conjugate exponent to p.
(3) and (4) can also be proved similarly. O

7 Spectral decomposition

For each order (n;m,{), the mask M,,,, ; gives rise to a family of masks fi,.m ¢, via Riesz factor-
ization,
2
\,un;m,g(wﬂ = Mn;m,((w)-

The mask fip;m.¢ is a rational trigonometric function of w and defines the corresponding refinable
function ;. ¢, via

o0
Prim,e(w) = H fnm,e(w/27),
7j=1

which can be regarded as an extension of pseudo-spline of type I (n = 1) with order (m,¥) [7].
The corresponding analysis of ¢y, ¢ can be obtained analogously from that of ®,,.,, ; as follows.
For example, we have the following whose proofs are similar to the corresponding proof of ®,,., ¢
and are omitted.

(1) soo((Pn;m,K) = %Soo(q)n;mf) = % logy(1+3") — %log2 Prim.e (%)

(2) The projection operator P; from L*(R) onto V; = span{y; s : k € Z}, defined as
Pif=>_ < froik > @ik

where ¢ = @ ¢ and @ i (z) = 21/2 (27 z—k), provides approximation order min{nm, 2n(/+

)}
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Figure 1: ®,.,¢ (a) Case n =2, m =2 and £ =1, (b) Case n =2, m = 2 and £ = 0, (c) Case
n=1,m=2and ¢ =1 (D-D interpolatory refinable function)

¥2;2,1 ©2;2,0 ®1;2,1

(a) (b) (c)

Figure 2: ¢,.m ¢ (a) Case n =2, m =2 and £ =1, (b) Case n =2, m =2 and £ = 0, (c) Case
n =1, m=2and £ =1 (Daubechies Dy refinable function)

(3) If we associate a wavelet 1)y, ¢ to the refinable function ¢y, ¢ via

Vi, 0(20) 1= € i o (W + ) P o (w),

then ., o generates a Riesz wavelet.

We note that i, m—1 gives rise to an orthonomal refinable function which reduces to the
Daubechies orthonormal refinable function D, when n =1 [3, 4]. We give some examples ®,,.,,, ¢
and ¢y, ¢ with their graphs in Figures 1 and 2 and leave a more complete analysis on @, ¢’s in
another paper.

Example 7.1 Case n=2,m =2 and { = 1. The pseudo-Butterworth mask Ma.>1(w) is
cos®(w/2) (cos* (w/2) + 3sin*(w/2))

My (w) = (cost(w/2) + sin4(w/2))3

We can choose a mask pa.9,1 with real coefficients from via the Riesz factorization |pp.m ¢(w)|? :=
My o(w). That is,

(6 +1)" (2 — (29 + Z0)e™ + 29%)

V2207 (V2 + 1)e2iv + (V2 - 1))

p221(w) =
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V3 - V3 V3+1
2\[ +i <—+\f e

are ®a.01 (interpolatory) and @221 (orthonormal). See Figure 1 (a) and Figure 2 (a).

where zg = | = — v/3

. The corresponding refinable functions

Example 7.2 Casen=2,m =2 and £ = 0. The corresponding mask are

) — coss(w/2)
Ma;2.0(w) (cos*(w/2) + Sin4(w/2))2.

and ‘ :
p2;2,0(w) = e

2 ((VZ+ De2v 4 (V2 - 1))

See Figure 1 (b) and Figure 2 (b), for the corresponding refinable functions.

Example 7.3 Casen=1,m =2 and { =1. The M2 ;(w)

M1 (w) = cos*(w/2) (cos?(w/2) + 3sin*(w/2))
= cos*(w/2) (1+ 2sin*(w/2)),

is the mask for D-D interpolatory refinable function. The corresponding Riesz factorization
pi:2.1(w) is the mask for orthonormal refinable function Daubechies Dy :

1 +8\/§ 3w 3 +8\/§ Q200 4 3 —8\@ v 4 1 —S\ﬁ'

See Figure 1 (c) and Figure 2 (c).

21 (w) =
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