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A MEMORY TYPE BOUNDARY STABILIZATION FOR AN
EULER-BERNOULLI BEAM UNDER BOUNDARY OUTPUT FEEDBACK
CONTROL

JONG YEOUL PARK!, YONG HAN KANG? AND JUNG AE KIM?

ABSTRACT. In this paper, the memory type boundary stabilization for an Euler-Bernoulli beam
with one end fixed and control at the other end is considered. We prove the existence of solutions
using the Galerkin method and then investigate the exponential stability of solutions by using
multiplier technique.

1. INTRODUCTION

In this paper, we consider the following Euler-Bernoulli beam with memory which has one

end fixed and control input at the other end:

2 0) + Yo (0,0) — [ 500~ PWrana 0,7V 4 gl ) =0, (L)
x e (0,L), t>0,

y(0,t) = y2(0,t) = yzu(L,t) =0, t >0,

Yomn (L, ) — /0 ot = ) (Lo T)dT = u(t) — Fsint, £ >0,

y(x,0) = yo(z), wi(x,0) =yi1(z), =€ (0,L),

yout(t) = yt(Lvt)a t> Oa

where k represents the kernel of memory term, g : R — R is a given function, 0is a positive
constant, u : R™ — R is the boundary control force applied at the free end of the beam and
Yout (t) stands for the measured signal of the system at time ¢. System (1.1) describes the
transverse vibration of an extensible beam clamped at x = 0 and supported at © = L by a
control force. The advantage of the adaptive stabilization is that stabilization and good control
performance can be automatically achieved even in the presence of various types of uncertainty.

In this paper, we consider the stabilization of the system (1.1). To this end, we design the
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following adaptive output feedback controller:
u(t) = h(t)y(L,t) + 6(t)sint, t >0,
he(t) = ry2(L,t), h(0)=ho >0, t>0, r>0,
0:(t) = y(L,t)sint, 6(0) =6y, t>0,

where 6 is the initial condition of the estimator.

Under this adaptive controller, the closed-loop system (1.1) becomes
i 8) s (0,8) — [ 5t = Pz, TV + g10(,8)) =0,
x € (0,L), t>0,
Y(0,t) = y2(0,t) = yau(L,t) =0, t >0,
Yeax(Lyt) — /Ot Kt = T)awa(L, 7)d7 = h(t)ye(L,t) + [0(t) — 0] sint,
y(,0) =yo(x), wi(w,0) =wi(x), =€ (0,L),
he(t) = ry?(L,t), h(0)=ho >0, t>0, r>0,
0.(t) = y(L,t)sint, 6(0) = by.

The energy of the system (1.3) is given by

B(t) = 5 [ 03(e.0) + 4w )i

(1.2)

Ma [12, 13] studied the boundary stabilization for a nonlinear beam on elastic bearings without

memory and boundary output feedback control. The existence and uniform decay of solutions

for an Euler-Bernoulli beam with memory was consider by Park and Kim [14]. Also, the Euler-

Bernoulli beam equation with memory and boundary output feedback control was studied by

Park, Kang and Kim [15]; they proved the existence and exponential stability of solutions for

the following system:

t
ytt(fl:p t) + yxxx:c(xv t) - /O ﬁ(t - T)yxa::ca:(x7 T)dT + g(yt(m’ t)) =0,

x € (0,L), t>0,
Y(0,t) = ¥ (0,t) = yuu(L, 1) =0, >0,
oo (L1) = [ 50t = Daral L 77 = (L), €20,
y(z,0) = yo(2), we(2,0) =wi(z), € (0,L),

he(t) = ry2(L,t), h(0)=hy >0, t>0, r>0.

(1.4)
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Conrad and Omér [3] proved the existence and uniform decay for a flexible beam with a tip mass.
The boundary stabilization and boundary controllability for the beams were consider by authors
[1, 2, 4-6, 9-11, 16, 18]. Guo and Luo [8] studied the stabilization and parameter estimation for
a flexible-beam vibration with gain adaptive direct strain feedback control. Recently, Guo and
Guo [7] consider the adaptive stabilization for a Kirchhoff-type nonlinear beam under boundary
output feedback control. Also, Ryabenkii, Utyuzhnikov and Turan [17] prove the stabilization
using by difference potential theory under active noise control.

Motivated by [15] and some idea in [7], we can obtain our main results. The objective of
this paper is to study of the stabilization for a more general Euler-Bernoulli beam with memory
under boundary output feedback control. Our choice of boundary feedback is motivated by the
fact that boundary controls are easily implemented as the need to act only on the boundary
of the spatial domain. This paper is organized as follows. In Section 2, using a constructive
Galerkin approximation scheme, we show the existence and uniqueness of the solution for the
system (1.3). The exponential decay that is dependent on the initial data is obtained in Section

3 by making use of the multiplier technique.

2. EXISTENCE RESULT

In this section we prepare some notation and hypotheses which will be needed in the proof
of our result. Let L?(0, L) be the usual Hilbert space with the inner product (,-) and the inner
product induced norm ||-||. Throughout this paper, we define V = {y € H?(0, L)|y(0) = y,(0) =
0} equipped with the norm ||y|lv = ||yzzll, W = {y € V.1 H*(0, L)|yz2(L) = 0} equipped with
the norm ||yllw = |yzel + |[Yezee|| and (u,v) = [ u(z)v(z)dz. From the Poincaré inequality,
it follows that || - ||y and || - ||w are equivalent to the stand norms of H?(0,L) and H*(0, L),

respectively. Now, we state the following hypotheses which will be assumed in this paper.

(Hy) For any yo e W, y1 €V,
y:ca:a:x(x70) +g(y1) =0, z¢€ (O,L), (21)

y(O, 0) = y:}c(ov 0) = y:mc(Lv 0) =0,

ya:a:m(Ly O) == hoyt(L, 0)
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(H2) Let g : R — R be a continuously differentiable function and there exists a positive
constant y such that
9(0) =0, (9(r) —g(s)(r — ) = plr — s, 7,5 €R. (2.2)
(H3) Let the function x : Rt — RT be a positive and bounded C?-function such that
o0
—1— / w(r)dr > 0 (2.3)
0
and for some positive m;,i =0, 1,2

—mok(t) < ke(t) < —mak(t), Vt >0, (2.4)

0 < ku(t) < mak(t), Vt>0.

Considering the above hypotheses we have the following existence result by Galerkin method.

Theorem 2.1. Let yo € W, y1 € V. Suppose that (Hy), (Hz) and (H3) are satisfied, then the

problem (1.3) has a unique solution y in the sense that for any time T > 0,
y € L®(0,T;W), y, € L®(0,T;V), w € L>(0,T;L*(0,L)), (2.5)
hecto,T], 6<ccCo,T],
Yue(,t) + Yozwa (2, 1) — /Ot Kt = 7)Yzwao (@, T)dT + g(ye(2, 1)) = 0 in L*(0, T35 L*(0, L)),
(0,t) = y(0,t) = yaa(L,t) =0, ¢ =0,
Yawa (L, t) — /Ot Kt = T)aae (L, t)dz = h(t)ys(L, 1) + [0(t) — O] sint, ¢ >0,
y(@,0) = yo(z), wi(z,t) =w(z), ze€(0,1L),
hi(t) = ry2(L,t), t>0, h(0)=ho>0, >0,

Qt(t) = yt(Lvt) Sinta t> Oa H(O) = 00-

By the Sobolev embedding theorem, it follows that y € C((0,L) x [0,T7]).

Proof. Let us solve the variational problem with (2.5) which is given by: find y(t) € V such
that

(0 0) + (aa(0),002) — [ 50t = ) ael7), v + o) w)  (26)

+H{h(t)y:(L,t) 4+ (0(t) — 0)sint}w(L) =0 for all we V.
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Let {w/} be a complete orthogonal system of V' for which {yo, 71} € Span{w',w?}. For each

m € N, we denote V;,, = Span{w',w?,--- ,w™}. We search for a function
m . .
Yt =D K (b
j=1
such that for any w € V,,, it satisfies the approximate equation

(0, 0) + G0, ) — [l = ) weaddr + (GG O w)  (27)
+{h™ )y (L, t) + (0™(t) — 0) sint}w(L) = 0,
B ) = r[ S Ow ()] = iy (L1
j=1
o (t) = [fj K (H)w! (L)] sint = y*(L,t)sint,
j=1
h"™(0) = ho >0, 6™(0) = 6,

y"(0) =yom — yo in W, 4"(0) =yim —y in V.

By standard methods in differential equations, we can prove the existence of a solution to (2.7)

on some interval, (0,t,,), where t,, = co by using the first estimate below. In order to prove the

Theorem 2.1 it suffices to prove the following a priori estimates.

Estimate I. Replacing w by y;" in (2.7), we have

2 (I O+ I OI) + (0 (0), 57(0) (2:8)

— jt(/ot Kt —7) (Y (T), yZ;(t))dT) — /Ot kot — 7)Y (I (), Y (8) ) dr
—k(0) |y ()1 — {h™ () [y (L, 1)) + [0™(t) — O] sint -y (L, 1)}

By hypotheses (2.4) and Cauchy-Schwartz inequality, we deduce that

| [ sl — o)) s < ol [ e — 7)) 29)
0 0
m3 t
< D0l + 5 [ st - D)’

m[Q) m 2 1 ¢ m 2
< RO + Slnli0me) [ R = 7)) P
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Integrating (2.8) over (0,t) and using (2.2) and (2.9), we obtain
g D17 + llyzz I + ZIR™OF + 1070 = 07+ 2p | -y (7] dr (2.10)
m m 1 m 0 t m m
< Ny O + 1z ()7 + —[A™(0))* + 60 — 6] + 2/0 Rt = 7) (e (7)) Y (8)) dr
2 2 ! 2
(8 + 112 ) = 2600)) [ o (7).
Using Schwartz inequality and Young’s inequality, we get
¢ m m m 3 ! m 2 %
| [ =)z < IO g ( [ <E=nlm@Rer)” )
1 m t m
< Sl @I + 2Hfi|Ll(o,oo)llfillLoo(o,oo)/O 25 (7) | Pdr.

Combining the inequality (2.10), (2.11) and applying Gronwall’s Lemma, we see the first esti-

mate:
" (OI + Ny (0N + %[hm(t)]2 + (07 (t) — 6] < My, (2.12)

where M; > 0 depends on the initial data yg, y1, ho, 0.
From this, we obtain y;*(L,t) € L>(0,00). Therefore, the approximate solution can be ex-

tended to the whole interval [0, T, where T' = oco.

Estimate II. First of all, we estimate the L?-norm of 47(0). Considering t = 0 and w = y7(0)

in (2.7), then we get

9 ()11 + (455, (0), 252 (0)) + (9(3"(0)), 37 (0)) + hoy™ (L, 0)y3i (L, 0) = 0.

Since the compatibility condition (H;), we obtain

(Y (0), Yzt (0)) = yie (L, 0)yyiity (L, 0) — 932.(0,0) 9344 (0,0) — wit. . (L, 0)yzy (L, 0)
1t (0,0)y752(0,0) + (Y (0), w17 (0))

= —hoyt" (L, 0)y;i (L, 0) — (9(y;"(0)), it (0)).-

Therefore, from above inequality, there exists the following result

llyiz (0)[| = 0. (2.13)



A MEMORY TYPE BOUNDARY STABILIZATION FOR AN EULER-BERNOULLI BEAM 7

Finally, differentiating (2.7) and writing the equation with w = yj}(t), we have

D12 + ) 12) + w(O) Iy (DI + (9 (" (8wt (), it () (2.14)

1
2dt
+ (Pl (L, OF + B Oy (L, 1) )i (L) + (w (L, t)sint + (0™ (t) — 6) cos t )yt (L, 1)

R R R A R

e (O) L (0), g (1)) + (0) L

(), Y (1)

From hypotheses (2.4), we deduce that
t
| [ ralt =) @), 0| (2.15)
m3 1 ¢ m
< P2 yeae @I + 3llzr000) [ (= Dl (I

Since ¢ € C'(R) and y/™(t) is bounded by (2.12), there exists C; > 0 depends on the initial

datas yg, y1, ho, 0o such that

(6 P )0, )] < Crly (] (2.16)
Using (2.13), (2.15) and (2.16), we integrate (2.14) over (0,t) to obtain
LI OI? + L 1 + 5(0) / () P+ (L) (217)
<0t ™8 [ Iy P+ Sy [ W@+ 00 [ )P
)0, Ui () — w2(0) [ ) e r + [t = ) (), e )
4[ 7'(L,0)] / B () [y (L, 7)]2dT — %[yt (L,t)*sin®t + = / Y™ (L, 7))? sin 27dr
—y (L, t)[0™(t) — 9] cost + y;"(L,0)[0o — 9] —|—/0 yy (L, 7){y* (L, T)sin T cos T

—[0™(7) — 0] sin 7 }dr,

where Cs > 0 depends on the initial data o, y1, ho.

Now, since (2.4), for any n > 0 we see that

RO (1), (1)) < O ” L O + eI, (2.18)

t
10) [ )] < O [y par i [zeoirar @19
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and

[ e = D, )i (2.20)

2 t
my
< n|!ﬁ|!L1<o,oo>||ﬂ||Loo(o,oo)/O i (D2 dr + 1l (8]

From the inequality ab < d1a2+ 7-b%, 81 > 0 and the Sobolev embedding theorem ||y (L, t)||* <
82| Yzat(1)||?, 62 > 0, we deduce

| Sl (L) sin? £ = g (L, )6 (1) — B] cost] (2.21)

< By (L, OF sin® 4 61 (L, )] cos” 4+ - 07(1) — 6
1

1 _ -
—[0™(t) — 6], where 0, = 6162

< Bl + 45

and using Young’s inequality we obtain

‘ /Ot Y (L, 7){y™ (L, 7) sin T cos 7 — [0™(7) — 6] sin T}dT‘ (2.22)

. 1ot _
< [t +5 [ 07 - 0Par
M) _ho 1 /Ot[em(f) — §Par.

- r T 2

Thus from (2.17)-(2.22), we have

SO + SO+ 0) [ lyeolPar + i (2,0} (2.23)
<ot G [ P+ S o + (B ) [ o) P+ 20z 0]

1 mg(r(0))*  mg b
+<§H/€H2L1(o,oo) + OT + TT?HFGHLI(O,OO)HHHLOO(O,OO)) /o |y (7)1 2dr +

r

(L0t

t 1 1t
= [ el Par = Sl L0 sin 45 [ (L) sin2rar
0 0

—y;" (L, 0)[0™ (t) — O] cost + y;" (L, 0)[0 — 0]

t ~
+/ y (L, 7){y" (L, 7)sinTcosT — [0"(T) — O] sinT}dr
0
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<yt 0 [ TP+ SOy + (B ) [l + 2l ol

4n
1 m3(k(0))?  m? e T m
+(3ll 0 + OT + T el llelie0) ) 1022 IPdr + Tl (2.0
3hm() 2 m m2 1 m 2
TRUSL ] +E[e (0~ B + L (L.0)
_— 3ho
00— 2/ g o

From the inequalities (2.12) and (2.23)and choosing n > 0 sufficiently small, we get

SO+ (5 = &) @I + 5(0) [ i) Par + 5l (2, 1)

t m2 t
< Cot 1 [ Ii)IPdr+ (52 4+ 0) [y (o)ldr,
0 0

where C'3 > 0 depends on the initial data yo, y1, ho, 6.

Taking 51 with % — 4, >0 and using of Gronwall’s Lemma, we have the second estimate:

gz DN + Ny N + rlyp (L, )] < Mo, (2.24)

where M, depends on the initial data yg, y1, ho, 0o-

Analysis of the Nonlinear Terms. By estimates (2.12) and (2.24), we deduce that

{y™} is bounded in L*(0,T;V), (2.25)
{y{"} is bounded in L*(0,T;V),

{y™} is bounded in L*°(0,T; L0, L)),

{y™(L,t)} is bounded in L*(0,T),

{h™} 1is bounded in L*°(0,T),

{h™} = {r(y™(L,t))?} is bounded in L*°(0,T),

{6™} is bounded in L>(0,T),

{67} = {y;"(L,t)sint} is bounded in L*°(0,T).
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Therefore, there exists a subsequence of {y™}, still denoted by {3} such that
y™ — y weakly star in L%°(0,T;V), (2.26)
yt — y¢ weakly star in L*>(0,T;V),
Y™ — y weakly star in L>°(0,T; L*(0, L)),
y™(L,t) — y;(L,t) weakly in L*(0,T),
h™ — h weakly star in L°°(0,T),
h{* — hy weakly star in L>°(0,T),
0" — 0 weakly star in L>(0,T).
Due to the compact embedding V < L?(0, L), we can get a subsequence such that
Y™ — y; strongly in L(0,T; L*(0, L)). (2.27)
From (Hs) and (2.27), we get

9(y") — g(y:) a.e. in z€ (0,L), t>0. (2.28)

From the above convergence and due to the boundedness of the sequence {g(y/)} in L2(0, T; L?(12)),

we conclude by Lion’s Lemma that
9(y") = g(yr) weakly in L*(0,T; L*(£2)).

Moreover, by the Sobolev embedding theorem and (2.26), we see that h € C*[0, T] and h™(t)y™(L,t) —
h(t)y:(L,t) weakly in L%(0,T).
We also derive that

6 € C0,T] and 6™(t)sint — 6(t)sint weakly in L?(0,T).

The above convergence are sufficient to pass to the limit in the nonlinear terms of (2.7). Then
it is a matter of routin to deduce the existence of global solutions in [0, 7]. The uniqueness can

be proved by the straightforward methods and Gronwall’s inequality.

3. EXPONENTIAL STABILITY

Having established global existence of solution to (1.1), we focus our attention on exponential

decay that can be obtained for the energy function.
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We define the energy E(t) of problem (1.1) by E(t) = $|ye(t)||* + 5lly2z(t)]|?>. Then the
derivative of the energy is given by
t -
Ey(t) = —(g(yt(t)),yt(t))Jr/o K (t=T) Y (7)Yt (7)) dT — B() (e (L, 1)) = [0(8) — 0] sin t -y (L, 1).

Defining

(58p)(0) = [t =) lea(r) = w0 P (3.)
By simple computation, we obtain
(KOYza)t(t) = (KtDYaa)(t —2/ (t = 7) (Yo (T), Yaar ())dT (32)

_ 2
2 (eI [ (7)) = s(Ollea I

From (3.2), we see that

[ = )07 07 (33
= — 26D 0) + 30O () + 35 (IO [ r)r) = S0 a0
Define the modified energy by
e(t) = eI + 3 (8p)0) + 5 (1= [ 5(r)ir) eal)? (3.4)
+50() — 9P
Then, from (3.3) and (3.4) we obtain
eult) = ~(g (L)) 1 (0) + 3 () (1) 350 s (D> — h1) (L, 1)) (35)

< ~(9((0), 9et)) — S ($Oyaa)(6) = (0 s ()] — (O((L, ) <0, ¥ 20,

We observe that in view of hypotheses (2.3) and (2.4), we see that e(t) > 0 and E(t) < £~ te(t).
Therefore it is enough to obtain the desired exponential stability for the modified energy e(t)
which will be done below. In order to carry the proof of Theorem 3.2, we need the following

Theorem 3.1.

Theorem 3.1. Let y be the solution given by Theorem 2.1 and e(t) be defined by (3.4), then we

have

hm e(t) =0, hmh \/27’6 (0))2,

t—o0

h(t) < \/27"6(0) + (h(0))2, V> 0.
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Now, we define the perturbed energy by
¢ 1
e<(t) = e(t) + ep(t), where ¥(t) = 5/ y(x, )y (x, t)dr with 0 <4 < 7 (3.6)
0

Then, we obtain the following two propositions.

Proposition 3.1. There exists Ci > 0 such that
le<(t) — e(t)| < eChe(t), Vt>0 and Ve > 0. (3.7)
Proof. The proof of this Proposition is the same the proof of [15, Proposition 3.1], so we will
omit this proof. O

Proposition 3.2. There exist positive constants Cy, C% and Cj such that

%es(t) < —eChe(t) + 2CL(1+ h(®) (L, 1)) + £CL0() — 612, Wt >0 and Ve € [0,e1].

Proof. Using (1.1), we deduce that

*1# = 5/ vi ( d$+5/ )y (t (3.8)
5 /0 (1)) 2da + 6 / Yrwea (1)) + 0 / (/ )( [ 5t = Dpazea(r)dr) deo
= [yt

By y(0,t) = y(0,t) = Yz (L,t) = 0 and y € L>°(0,T; W), we have the following two inequality

L L
YO (~Yawar (0)dz = —y(L, ) (L, 1) + /0 o () (1)

S~

L
—Y(Ls )Yzaa(Ls ) + Yo (L, £)Yua (L, t) —/0 (Yo (1)) da

L
_y(L7t)yrx:p(L,t) - /0 (y;p;p(t))de

and

/OL y(t)(/t K(t — T)ymm(T)dT)d:c

0

=y(L, t)(/ot K(t — T)Yzzz (L, )d’i’) - /OL yi(t)(/ot k(t — T)ymz(T)dT)dac
= o) [ 5t = (L )r) = L) ([t = (L))
+ /OL Yo (t) ( /Ot K(t — T)ym(T)dT> dx

=y(L, t)(/ot K(t — T)Yzaz (L, T)dT) + /OL Yaa (1) ( /Ot K(t — T)ym(v')d7'>dx.
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Thus, from (3.8) we get

= [ t(yxt))?dx = 6y(L0) g (Lot) = [ = 7Y, (3.9)

b [ e 45 [y [ 5l pan(r)ir )z 5 [ y@gtonte)d

From the assumptions on g, Young’s inequality and Sobolev imbedding theorem, we see that

3| [ yOatun0)de] < My + M) (3.10)

where M| and MY}, are some positive constants.

Moreover, for any n > 0, from Fubini’s theorem, we have
[ ([ wtt = a1 (3.11)
- / (t—7) /0 Vs (T (1) ) 7
= [ 5t [ War) ~ van DO )ar + [ (e 7)( [ (el r
< nllyea (D] + 4177/; /OL(m(t )2 W (7) — Yo (1)) 2 + /Ot/ﬁ(T)(/OL(ym(t))zdx)dT

< il O + 5 el 000 (K0a) O+ [ (7))

Combining (3.9)-(3.11), we obtain

<5 / e()?de — 8y(L. 1) s (L. 1) - /0 tm(t—f)ym(L,T)dT} (3.12)
—5/ Yaa (1)) d + M||ye(0) 1> + Mal|yea(0)* + 16|y (8)]|*

000 (20 (1) + 3 [ ) O
< (54 MO — Sl OO (L) + 00) B i

(54056 [ wr)dr = 6) 1P + 5 l(00) (22) 0
= —5e(t) + (M + 36) I + (M5 +06 + 3 [ r)dr = 3) a0

+(5+ %Hmumom))mmyggz)(t) = Sy(L, 1) [h(D)ye (L, t) + (0(t) — 0) sin]
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On the other hand, from (2.2), (3.5), (3.6) and (3.12), we get
d d d

Jee(t) = e(t) + e (1) (3.13)
my

= (g1, 9e(0)) ~ T 5Oy) (1) — (1) e D) — PO (L, 1))
—wdw+e@ﬂ+2@mme+a@@+n&+§A%wmf—gymamﬁ

+s(é + iunnmw) (kOyaa) (1) — e8y(L, ) [P()ye(L, 1) + (6(t) — 0) sin ]

2
+20000) — 3P
< —ede(t) - (p—e(M] + gd)) @I - (5t - g(g + 4(;HHHLoo(OpO)))(mDym)(t)
_(%Ii(t) - €<Mé +né + g/ot n(T)dT — g)) Hymc(t)HQ _ h(t)(l _ %)(yt(L,t)f
+§(1 + () (y(L,1))* + £5[0(t) — 6)*.
Now, we define
= min 2p 2man k(1) 2
€1 = {2M{+3575(2n+”ﬁ”LOO(OvOO))’2M£+2775+5f(§:‘€(7')d7'—(5’(5} (314)

Considering ¢ € [0,e1] and choosing § > 0 such that (2 — ¢)§ + 2MJ, > §, then from (3.13) and
(3.14), we obtain

%es(t) < —ede(t) + %(1 +R()) (y(L, )% + ed[0(t) — 6. (3.15)

This completes the proof of Proposition 3.2. O

Proof of Theorem 3.1. From Proposition 3.1, we see that
(1 —eCe(t) <e(t) < (1+eCye(t), Vt>O0. (3.16)

From (3.15) and (3.16), we have

Jee(t) < 1;8:0{65(75) + %(1 + h(t)(y(L, ) + 6]0(t) — 6)2. (3.17)

Let C. = &d/(1 4+ eCY) and apply Gronwall’s inequality to (3.17), we get
es(t) (3.18)

¢ t ~
< e Cete (0) + ? e” % (14 (7)) (y(L, 7))%dr + &6 / e” % 6(t) — 0]2dr
0 0
+ t ~
< e=Cete,(0) + ?sup[l +[h(@)l] / e U= (y(L,7))dr + &6 / e~ CU=D9(t) — 6)dr.
t>0 0 0
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Referring to the paper [7], we deduce that

t
| ey
0

o

i t
< / S e O (y(L, 7)) 2dr + / e O (y(L, 7)) 2dr
0 3

t t
< max, e 07 [ (L) Rdr 4+ max e 0 [ (L, 7))
0 2

t
5<T<¢

<% /0 2 (y(L, 7)) 2dr + / (L, ) 2dr.

By Theorem 2.1 and W < L2(0,T; L?(0, L)), y(L,t) € L*(0,00), we obtain

t
/ e O (y(L, 7))%dr — 0 as t — oco. (3.19)
0
Similarly, we see that
t _
/ e~ CN0(r) — 0)2dr — 0 as t — . (3:20)
0

From (3.18), (3.19) and (3.20), we deduce
tlim e<(t) = 0. (3.21)

Let g9 = min{e, 1/(2C])}, where C1 is given in Proposition 3.1.
Since € < 1/(2C7)(e € (0,¢0]) and from (3.16), we get
1 3

ie(t) <ee(t) < ie(t). (3.22)
Therefore, from (3.21) and (3.22), we have
lim e(t) = 0. (3.23)

t—o00

Now, we consider the Lyapunov functional U(t) for the system (1.3) as follows:

Then from (3.5), we see that
Uy(t) < 0. (3.24)

Since y;(L, -) € L?(0, o), we obtain

h(t)? /
t <M,
igg{e(H o } < g,

where M4 > 0 is a constant depending on the initial data.
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From U (t) is decreasing, we get

e(o0) + %hz(oo) < e(0) + 2717]#(0). (3.25)
Thus, from (3.23) and (3.25), we have
00) < \/27‘6(0) + (h(0))2.
Since h(t) is nondecreasing, we deduce that
h(t) < /2re(0) + h(0)2. (3.26)

Thus, the proof of Theorem 3.1 is completed. O

We can now proceed to state our main exponential stability result.

Theorem 3.2. Let y be the solution of Theorem 2.1 and let e(t) be defined by (3.4). Then there

ezxist constants K > 0 and v > 0 depending on the initial data such that

E(t) < Ke ™, Vt>O0.

Proof. From (3.17), we have

%es( t) < —C.e:(t) + 826( 1+ h(t)(y(L, 1)) + ed[0(t) — 0], where C. = de/(1+eC}).(3.27)
Using (3.26) and by integrating over (0,%) in (3.27) we obtain
e<(t) < e (0 C/e6 dT+—/ (1+ h(m)(y(L, 7)) dT+5(5/ — 0)%dr

<e0)-c. [ eg<r>df+§<1+||h||Loo(o,oo>> [ rar+es [[o) - iar.

Since [3°(y(L,7))%dr and [3°[0(t) — f)2dr are bounded, by Gronwall’s inequality, we deduce
that

ec(t) < (K1 +e-(0))exp(—C:t), where K; is some positive constant.
For sufficiently small 5(0 <e< 20,) using the Proposition 3.1, we get
E(t) <0 le(t) < Ke™™,

where K = 2071(K; + e.(0)) and v = C..
The proof of Theorem 3.2 is completed. O
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