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A DUAL ITERATIVE SUBSTRUCTURING METHOD
WITH A PENALTY TERM IN THREE DIMENSIONS*

CHANG-OCK LEE! AND EUN-HEE PARK*

ABSTRACT. The FETI-DP method is one of the most advanced dual substruc-
turing methods, which introduces Lagrange multipliers to enforce the pointwise
matching condition on the interface. In our earlier work for two dimensional
problems, a dual iterative substructuring method was proposed, which is a vari-
ant of the FETI-DP method based on the way to deal with the continuity con-
straint on the interface. The proposed method imposes the continuity by not
only the pointwise matching condition on the interface but also using a penalty
term which measures the jump across the interface. In this paper, a dual substruc-
turing method with a penalty term is extended to three dimensional problems. A
penalty term with a penalization parameter 7 is constructed by focusing on the
geometric complexity of an interface in three dimensions caused by the coupling
among adjacent subdomains. For a large 7, it is shown that the condition number
of the resultant dual problem is bounded by a constant independent of both the
subdomain size H and the mesh size h. From the implementational viewpoint
of the proposed method, the difference from FETI-DP method is to solve sub-
domain problems which contain a penalty term with a penalization parameter 7.
To prevent a large penalization parameter from making subdomain problems ill-
conditioned, special attention is paid to establish an optimal preconditioner with
respect to a penalization parameter 7). Finally, numerical results are presented.

1. INTRODUCTION

We consider the following Poisson model problem with the homogeneous Dirich-
let boundary condition

—Au=f inQ,

(1.1 u=0 ondf,

where (2 is a bounded polyhedral domain in R? and f is a given function in L?(2).
For simplicity, we assume that {} is partitioned into two nonoverlapping subdo-
mains {€2;}2_; such that Q = Ule ;. The problem (1.1) can be rewritten as

2
: 1 2
= i2de— | fud
(1.2) o € (@, 00) Z(Q/Q Vil da /Qif” x>

1
subject to v1 = w9 on A2 N O )s.

Here, H*($;, 09) is the usual Sobolev space defined as
Hl(Qi, 89) = {’Uz‘ € Hl(Ql) ’ v; = 0on JN2 N 891},
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where H'(Q) = {v € L?(Q) | 0% € L?*(R), |a| < 1}. In the domain decom-
position approach based on the reformulated minimization problem (1.2) with a
constraint, a key point is how to convert the constrained minimization problem into
an unconstrained one. Most studies (e.g. [1, 10, 12]) for treatment of constrained
minimizations started in the field of optimal control problem. There are three most
popular methods developed for different purposes: the Lagrangian method, the
method of penalty function, and the augmented Lagrangian method. Such various
ideas have been introduced for handling constraints as the continuity across the
interface in (1.2) (see [8, 9, 11]).

The FETI-DP method is the typical algorithm based on the Lagrangian method,
which introduces Lagrange multipliers to enforce the continuity constraint on the
interface. Many studies for the augmented Lagrangian method have been done
in the frame of domain-decomposition techniques which belong to families of
nonoverlapping Schwarz alternating methods, variants of FETI method, etc. (cf.
[5, 7, 11, 15]) In our previous work [16] for two dimensional problems, a dual it-
erative substructuring method was proposed in view of the augmented Lagrangian
method, which is a variant of the FETI-DP method. To the Lagrangian functional
of the standard FETI-DP, a penalty term is added, which measures the jump across
the interface and includes a positive penalization parameter 7. In the same way as in
most dual substructuring approaches, the saddle-point problem related to the aug-
mented Lagrangian functional is reduced to the dual problem with Lagrange mul-
tipliers as unknowns. Then it is solved by the conjugate gradient method (CGM).
For the preconditioned FETI-DP with the optimal Dirichlet preconditioner, it is
well-known that it is numerically scalable in the sense that the condition number
grows asymptotically as (1 + log(H/h))? in two dimensions [18]. On the other
hand, it was proven that the dual problem in [16] has a constant condition num-
ber independently of both of H and & even though it is not accompanied by any
preconditioner.

In the development of domain-decomposition algorithms as fast and efficient
solvers for large scale problems, it is necessary to extend the well-designed algo-
rithms for two dimensional problems to the three dimensional case. In this paper,
we extend the dual substructuring method in [16] to the three dimensional case.
In the process of extension to three dimensional problems, there are two things
to be mainly considered; one is to construct a strong penalty term in 3D enough
to guarantee the same convergence speed as in 2D and the other is how to treat
an ill-conditioned property of the subdomain problems due to a large penalization
parameter. In both of two key issues, emphasis is placed on the awareness of differ-
ence between 2D and 3D in the geometric complexity of an interface. An interface
in 3D includes not only faces similar to edges in 2D but also edges which make
all nodes on the interface coupled. First, it is noted that the adoption of the same
penalty as suggested for two-dimensional problems in [16] gives a dual substruc-
turing algorithm which maintains the same performance in the aspect of the condi-
tion number of a dual problem. However, the penalty term makes an unnecessary
coupling between functions on face nodes and edges nodes. Since such a cou-
pling causes a considerable decrease on practical efficiency, we suggest a modified
penalty term for the three dimensional problem in a manner of reducing a coupling
between functions on the interface. Next, unlike the FETI-DP method, subdomain
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problems containing the penalty term are solved iteratively, of which the condi-
tion number becomes large as a penalization parameter 7 increases. The same
type of preconditioner as in 2D might be a satisfactory one to the ill-conditioned
problem due to a large 1. But, since the preconditioner suggested in [16] contains
the coupling among all nodes on the interface in 3D, it is hardly practical in the
implementational point of view. Based on such an observation, a more appropri-
ate preconditioner for three-dimension problems is constructed, which is not only
optimal with respect to 1 but also more practical than that used in 2D.

This paper is organized as follows. In Sect. 2, we introduce a dual iterative
substructuring method with a penalty term. Sect. 3 presents algebraic condition
number estimate of the resultant dual system. In Sect. 4, we deal with a com-
putational issue in the implementational point of view. Subdomain problems is
solved iteratively, of which the condition number becomes large as a penalization
parameter 7) increases. To remove such an ill-conditioning property due to a large
7, the optimal preconditioners are developed with respect to n. Finally, we show
numerical results in Sect. 5.

2. DUAL ITERATIVE SUBSTRUCTURING WITH A PENALTY TERM

In this section, we present a dual iterative substructuring method with a penalty
term based on the augmented Lagrangian approach. We start with a minimization
problem with the pointwise matching constraint on the interface. The adoption of
Lagrange multipliers for dealing with the constraint yields a saddle-point problem
for a Lagrangian functional. By augmenting a penalty term to the Lagrangian,
we consider a slightly modified saddle-point problem which gives a dual iterative
substructuring method with a penalty term.

Let 7}, denote a quasi-uniform triangulation on €2, where the discretization pa-
rameter h stands for the maximal mesh size of 7. For simplicity, we consider
a triangulation of hexahedra and the standard trilinear finite element approximate
solution of (1.1): find up € X}, such that

(2.3) a(up,vp) = (f,vn) Vop € X,

where
a(uhavh>:/vuh'vvhdl"a (f,vh):/fvhdfr,
0 0

and X, = {v, € H}(Q)NCY(Q) | V7 € T, vplr € Qu(7)}.

We decompose €2 into N non-overlapping subdomains {Qk},ivzl, where a par-
tition {Qk},]f:l of €2 is assumed to be shape-regular. On each subdomain, the
triangulation 73, is quasi-uniform and the matching grids are taken on the bound-
aries of neighboring subdomains across the interface I'. Here the interface I' is
the union of the common interfaces among all subdomains, i.e., I' = Uk <1 Lkt
where I'y; denotes the common interface of two adjacent subdomains €2, and €2;.
We define the finite-dimensional subspace X * on each subdomain €2, by

xk = {U,’i € C'() ‘ 1 € Ty, vhlr € Qu7), viiloonan, = 0}‘

By enforcing the continuity at the corner points, we assemble X*’s into X h

N
X;, = {v = (vﬁ)k e H X* | vis continuous at each corner} .
k=1
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FIGURE 1. Left figure: Geometrical objects (face and edge).
Right figure: Choice of three pairs of adjacent subdomains which
share an edge.

Before introducing the continuity constraint on the interface nodes except vertices,
we define notations related to geometrical objects. The interface I' is composed
of faces which are shared by two subdomains, edges which are shared by more
than two subdomains, and vertices. The geometrical objects on the interface are
characterized in more details as

(i) Fg; denotes the common face of €2 and €;, which is regarded as an open
set.

(i1) &, where m is an index of an edge is an edge shared by neighboring sub-
domains, which does not include its end points, vertices.

To enforce the continuity on the interface except vertices, a signed Boolean
matrix B is taken in the same way as in the FETI-DP (cf. [8, 13]), that is, Bv = 0
implies that

o=l =0 onFy, k<l
' =0l =0 oné&,, (i,7) € Ig,,
where I¢, is the set of indices of subdomain pairs which have an edge &, in
common. Note that we do not allow any redundant continuity constraint on all
edges, that is, in the case where an edge &,, is shared by four subdomains, there
are four different ways to choose three pairs of adjacent subdomains to impose the
continuity on the edge nodes. In Figure 1, one of four possible choices is depicted.

Now, we present a partitioned problem based on the domain-decomposition ap-

proach. The finite element problem (2.3) is reformulated as a minimization prob-

lem with constraints imposed by the requirement of continuity across the interface
I

N
: 1 / 2 .
min | = Voltdr — (f,v subjectto Bv = 0.
vEXE (2 ; o Vel ( )>

Following a well-known techniques for the constrained optimization, we introduce
a vector 4 of Lagrange multipliers in R™ and define a Lagrangian functional £ :
XixRM — Ras

N
Lo = 53 [ Vo de= (o) + (Bo.g,
k=1 k
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where M represents the number of constraints used for imposing the pointwise
matching on the interface and (-, -) is the Euclidean inner product in RM . Next, we
shall slightly change the Lagrangian £ by addition of a penalty term. It is natural
to adopt the same penalty term as suggested for the two dimensional problem in
[16]:

(2.4) (u,v) Z / uF —u (v —Ul)ds, n > 0.
Tw

k<l

To make a 3D algorithm more efficient in practical sense, it is desirable to minimize
a coupling between functions on face nodes and edge nodes. But, the penalty term
in (2.4) makes face nodes and edge nodes in each part I'y; of I coupled so that all
nodes on the interface are tied. In this context, by considering the interface as a
union of two separate objects: faces and edges, we introduce a modified penalty
term

(2.5) Jn(ua U) = W(Jf(%”) + Jg(u, U))? n >0,

where

k l
F(u,v) 0 Z/ u}—kl u}-kl)(vj'—kl o Usz> dx
k<t 7w

=3 3 / (i — ) — o) ds.

Em (’Lv] elg

and

Here, u’}kl is a part of u, which is related to the contribution to u* on F},; only from

the face nodal basis functions except the edge nodal basis functions. We define an
augmented Lagrangian £, with the penalty term .J,,

1
‘CTI(U’ p) = L(v,p) + 5‘]77(@7 v).
Given the augmented Lagrangian £,), we consider the saddle-point problem:

2.6 Ly(un, \p) = max min L, (vp, = min max L,(vp,
(2.6) (U, An) L R (Vn, ftn) B e (U, pn)-

It is proven that seeking the solution of (2.3) is equivalent to finding the saddle-
point of (2.6) (cf. [16]). The problem (2.6) is represented in the algebraic form

LR ]

| Amm Ana r_ |0 _|un _|/o
A7] - T ) B = T » u = 9 - y
where II indicates the degrees of freedom associated with both the interior nodes
and the subdomain corners, A those related to the face nodes and the edge nodes on
the interface, and A the Lagrange multipliers introduced for imposing the continuity
constraint across the interface. Eliminating uy and ua successively, we have a dual
system

Q2.7) Fy\ = d,

where
Fy=BaS, "B, dy=BaS; " (fa — AfiaAmiifu)
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with

Sy =S +nJ = (Aaa — AlaAgnAna) +nJ.
Note that S, is symmetric positive definite because .S is symmetric positive defi-
nite [20, Section 6.4] and .J is symmetric positive semidefinite. Since F;, is sym-
metric positive definite, we solve the resultant dual system (2.7) iteratively by the
conjugate gradient method.

3. ESTIMATE OF CONDITION NUMBER

In this section, we provide a sharp estimate for the condition number of the dual
system F},. By letting the vector va be partitioned as

v
VA = |:,Uf:| )
e

the pointwise matching operator B is represented as

sa=[ 5]
Let us denote by D(A) a block diagonal matrix such that
A
D(A) =
A

Looking at the connection between the operator Ba and the penalty term J;, from
their definitions, it is obvious that

[Jr 0] B]?D(JBf)Bf 0
(3-8) J = [0 JE} o [ 0 BI'D(Jp,)B.|’

where Jp, and Jp, stand for the 2D mass matrix on each face weighted with 1/h
and the 1D mass matrix on each edge, respectively. We define by A the space of
vectors of the degrees of freedom associated with the Lagrange multipliers. To
analyze the condition number bound for F;,, based on Lemma 3.1 in [18], it is
sufficient to specify a suitable norm || - || on A and to estimate the constants
satisfying the relationship as follows:

allMiR < (FA) S e AR YA €A,
callullR < (uop) < callplli Vu e A

Taking the structural characteristic of J into consideration, we define the norm
|- [la on A by

3.9

2 _ T D(JBf) 0
(3.10) [pllx = n 0 D) " V€ A

The dual norm on A is defined by

A
My = max LAE1 gy ey
peh [lulla
p#0
We now mention useful results in deriving bounds on the extreme eigenvalues
of F;,. The first proposition states the property related to the norm induced by F;,,
which can be easily checked as in [19].
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Proposition 3.1. Forany A € A,
T BT\ |2
VABAA
ATFy\ = max [oaBar?
where ||va|s, is the norm induced by the symmetric positive definite matrix S,).

Focusing on the fact that A = Range(Ba ), we have the following characteriza-
tion of the dual norm (cf. [16]).

Proposition 3.2.
T RT |2
BAA
MR = e PAEAAT
va LKer(Ba) UAJUA
va #0

We state the relationship between S and J, which is proven similarly to Lemma 3.2
of [16].

Proposition 3.3. For S = Aaa — Aﬁ AAEIITAHA, there exists a constant C =
XS XL such that

min
UZSUA < CvngA, Voa LKer(Ba),

where /\;flax and )\I{lin are the maximum eigenvalue of S and the minimum nonzero

eigenvalue of J, respectively.

Since the constant C' derived in Proposition 3.3 is one of the main factors in

the bound of condition number of F},, we are concerned with whether A3, and

)\im are independent of the mesh size i and the subdomain size H. The following
lemma is used in estimating the bound on A7 .

Lemma 3.1. Let Apy € R"™*"™ be an n x n block tridiagonal matrix

I I 0 - 0]
1 21 —I :
(3.11) Apy =0 . - 0
: -1 21 —I
L0 - 0 -1 I

Forv € R™ /Ker(Apn), we have

1 2
vl Apyv > C <> vl .
n—1

This result follows from noting that Apy in (3.11) is in a similar form to a stiffness
matrix for the Poisson problem in one dimension with pure Neumann condition and
using the Poincaré inequality [20].

Lemma 3.2. Let )\iﬁn be the minimum nonzero eigenvalue of J. Then, we have

\.>(Oh

min =

where a constant C is independent of h and H.
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Jr
7 min
and \: 7 which are minimum nonzero eigenvalues of the diagonal blocks Jr and
. JB
Jp, respectively. Let A ./

Proof. Since J is block diagonal as shown in (3.8), it is sufficient to estimate A

JB .. .
and A ;¢ be minimum eigenvalues of Jp g and Jp_,

J
respectively. It is obvious that both of )\Hi{ and )\iﬁ”g are bounded below by C'h
because Jp, and Jp, are related to the 2D mass matrix on a face weighted with
1/h and the 1D mass matrix on an edge, respectively; cf. [20, Theorem B.32].

First, from the fact that B fBJ:f = 21, it follows

in

AE —9xTEr
Hence, we have
J
(3.12) At > Ch.

Next, B, does not maintain the same property as B since an edge is shared by
more than two subdomains while only two subdomains have a face in common. We
shall estimate of A\E. by focusing on the structural characteristic of Jg. Noting

that Jp = BI D(Jp,)Be., we have that for any v, with B.v, # 0,

; _
UZJEUB > A\ Be \B UTUe

min “‘min“e
> ChAB. v,

= min“e

where /\fﬁn is the minimum nonzero eigenvalue of B! B,. Let N be the number
of all edges &,, in the interface. By considering the block structure of B, as

Be - |:B€17‘ T 7B€NE:|

where B, is a block related to subdomains sharing an edge &,,, it follows

B . B
Ay = min A",
min m min
B, - .. . T
Here A, |7 is the minimum nonzero eigenvalue of B, B., . Suppose that an edge

Em 1s shared by N; ., subdomains. Then, BZmBem isan Ny, X Ny, block
matrix of the form (3.11). By Lemma 3.1, we obtain

_ 1 2
3.13 AN >0 — ) .
019 20y, 1)
Since a partition {£2;}; of Q is assumed to be shape-regular, there is a constant
N max such that

(3.14) Ns,em < Ns,max vm.

- 2
Combination of (3.13) and (3.14) gives AZ,, 2 (5—-L—7) - Hence, it yields

s,max

Avin 2 Ch
Finally, we have
Tr \JE

min’ “‘min

} > Ch,

where a constant C' is independent of h and H. O

AL = min{\

Thanks to Lemma 3.1 in [18], we have the following estimate of the condition
number £ (Fy).
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Theorem 3.1. For any n > 0, we have

k(F,) < <1 + C) c*

n
where ;
B JB.
c— @ o — max{ Amak, Mmak
- )\J 7 - i JBf JB. :
min mln{)‘min ’ )\min}

Furthermore, the constants C and C* are independent of the subdomain size H
and the mesh size h.

Proof. Proceeding as in Theorem 3.1 of [16], we first get the following bounds:
1 1
g MR SATEAS CIAIR YA€ A

where C' is the constant estimated in Proposition 3.3. Combination of Proposi-
tion 3.1, 3.2, and 3.3 gives the lower bound, while the upper bound is estimated by
using the positive-definiteness of S.

Next, from the definition of the norm || - ||s in (3.10), it follows that

—1 —1
JB J . JB J
(max Ol NESY) Il < ) < (2N ) Il e A

Using Lemma 3.1 in [18], we have

k(Fy) < <1 + i) c*,

where ;
B JBG
C - )‘gax C* — max{)\ma{(, Amak
- )\j 7 - i JBf JB, :
i 1nln{)‘min ’ Amin}

Finally, we shall check the dependency of the constants C' and C* on the subdo-
main size H and the mesh size h. From Lemma 4.11 and Lemma B.5 in [20], it
follows that A5, < h. Then, Lemma 3.2 informs that the constant C' is indepen-
dent of H and h. Moreover, by keeping in mind that Jp, and Jp, are related to the
mass matrices in 2D and 1D, it is confirmed that the constant C* is independent of

H and h. O

Corollary 3.1. For a sufficiently large 1, we have
k(F,) < C*,

where C* is the constant estimated in Theorem 3.1.

4. COMPUTATIONAL ISSUE

The dual formulation in (2.7) is intended for the estimate of condition number.
To focus on the implementation of the proposed algorithm, we reorder the relevant
degrees of freedom. By rearranging u in order u = [u,, u.|T where u;, u #»and ue
are assembled into u,., we obtain the system in the following form

K" u, + Kyeue + BEX = f, (4.15a)
Klu, + Keeue = f, (4.15b)
B, = 0 (4.15¢)



10 Chang-Ock Lee and Eun-Hee Park

Note that K}, = K,, + nj is non-singular because K. is positive definite (cf.
[8]). By substituting
(4.16) uy = (K" )7 f — Koo — BYN)
from (4.15a) into (4.15b) and (4.15¢), we have
Fo. —FL] [u d
4.17 ce re ‘l=1°
@ 3=
where

Frr = BT(KZ]T«)_IBZ’ Frc = BT‘(K;?T)_lKT‘C’ Fcc = Bee — Kg;(Kﬁr)_lKrc
and

dy = BY(KL) fry de = fo— KL(KL) ™
Since A,7 is invertible, so is Fp., the Schur complement of K. in An- We can
therefore eliminate u. in (4.17) to get

(4.18) FA = d,

where
F,=Fu. + F..F'F!

re)

dy = dy — FroF'd,.
We iteratively solve the dual problem (4.18) by the conjugate gradient method.

Remark 4.1. For the comparison of the existing augmented FETI-DP methods
[8, 14] with the proposed method, see Remark 4.1 in [16].

In view of implementation, the difference with the FETI-DP method is to invert
K. that contains the penalization parameter 7. To compare our algorithm with
the FETI-DP method, we need to make more careful observation of behavior of
(K7-)~L. Note that K. is detailed as

K- rend= 8 4]0 0]

AZTA AAA 0 77J

where

Agpp Afe Jr 0
Al [A;F.e AGJ ’ [ 0 Jg

4.1. Construction of Preconditioner: Type L. In this section, we characterize
the proposed method in more details by observing the conditioning of K. and
establishing a preconditioner which plays an auxiliary role in analyzing the pre-
conditioner suggested in Sect. 4.3.

Thanks to the specific type of Poincaré inequality proven in Lemma 5.1 of [6],
the standard scaling argument gives the following proposition without major diffi-
culty.

Proposition 4.4. For any v.., there exist constants Cy and Cs independent of h and
H such that

h4
CIWHUTHQ < UyTKrr'Ur < CQthruzv

i< (1)

Using the fact that A/ . < h, we get the conditioning of K. by Proposition 4.4.

max ~v

that is,
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Lemma 4.3. For each n > 0, we have that

sy < () @,

Lemma 4.3 shows how severely 7 deteriorates the property of K. as 7 in-
creases. Since K, is solved iteratively, it is expected that the large condition
number of K, shown above may cause the computational cost relevant to K. to
be more expensive. We shall establish good preconditioners for K. in order to
remove a bad effect of 7. First, we introduce a preconditioner M as

A; 0 0 0
Ml_[o AAJjL[O nJ]'

Theorem 4.2. The condition number of the preconditioned system by M, grows
asymptotically as

Amax (M LK H\?
w0 ) = e Z;”) < <h> .
)\min(Ml Krr)
Proof. Let
_ o] Ainval
v= sup T
v; #0 ('UiTAiivi . UXAZAUA)Q
va # 0

where the constant v < 1 is referred to as the strengthened Cauchy-Schwarz-
Bunyakowski constant (see [2, 3, 17]). Proceeding the same way as in the proof of
Theorem 4.2 in [16], we have that

1
(4.19) y<(1-C%)z2
T
where C* = inf,, 2o Z%iﬁ and SAn = AAA — A;AA#AZ-A. Next, we shall
A
estimate C*. In a similar way as in Lemma 4.11 of [20], it is easy to show that
h2
4.20 Amin (S >
( ) mln( AA)NH(l—{—%)

based on the specific type of Poincaré inequality mentioned in Lemma 5.1 of [6].
By using the inverse inequality and Lemma B.5 of [20], it is noted that

4.21) Amax(AAA) ,S h.
Then, it follows from (4.20) and (4.21) that
(4.22) y<(1-0)3

where ' = O < il 1}—1 g ) Similarly to the proof of Theorem 4.2 in [16], (4.22)
R

yields that

Amax (M7 K7y )
Amin(Ml_lK;]r)
2
1-(1-0)2

R(M;K)

IN

N

H\? H
(h) for a sufficiently large T
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4.2. Construction of Preconditioner: Type II. Next, we suggest a precondi-
tioner M5 as

e fi L]0

. ~ A 0

0 AAA 0 UJ] with  Aaa = [ ({f Aee:| .

In M, we additionally drop the coupling between faces and edges on the boundary
of each subdomain while M cuts off only the connection between interior nodes
and boundary nodes in each subdomain. In analyzing the block diagonal type of
preconditioners, it is a key issue to measure the orthogonality of relevant subspaces,
which is represented in terms of a strengthened Cauchy inequality. We derive a
strengthened Cauchy inequality which is useful to show the spectral equivalence
between M; and My. It is proven by adopting the argument used in [4] to estimate
a strengthened Cauchy inequality in two dimensions.

Lemma 4.4. Let V and W be two subspaces of X* with V. N W = {0}. For any
v e Vandw € W, there exists a constant 0 < yr < 1 such that on eachT' € Tj, ,

1/2 1/2
/ Vv - Vwdz| < ~p (/ |Vv|2dx> (/ \Vw]Qda:) ,
T T T

where yr depends on the types of finite element functions v and w, but is indepen-

dent of h.

Proof. For any triangle T in 7}, , there exists an affine mapping Fr from the refer-
ence triangle 7). onto a triangle 7" such that

Fr:T,—-T, Fr(x,)=Aprx, +ap,

with A7 a linear mapping and a7 a constant vector in R3. Let Sp,, be the set of
triangles 7%, with the unit diameter such that 7T is the image of 7. under a linear
mapping. Note that an affine mapping Fr is characterized as

Fr = Bro Br,

where B, is a linear mapping from the reference 7. onto a triangle 7% in Sy, and
Br maps T onto T by a scaling and a translation: By (z,) = hrx. + ar. Based
on the fact that for v, and w, satisfying

vp(zr) =vo Fr(z,), wr(zr)=wo Fp(z,),

there exists a constant -7, such that

1/2 1/2
Vo, - Vw, dz, | <7, < |er\2 dxr> </ |Vwr|2 d:rr> ,
T, T, T,

we shall find a constant 0 < C'(~y7,) < 1 such thatoneach T € 7, ,
(4.23)

1/2 1/2
/ Vv - Vwdz| < C(yg,) </ |Vv|2dx> (/ |Vw]2d:v) Yo e V,weW.

T T T

First, it is easily noted that a transformation By generated by a scaling and a
translation has no influence on the constant in (4.23), that is, under the change of
variables (4.23) becomes

(4.24)
1/2 1/2
SC(w( / \w*y?@ ( / !Vw*IQdm*> |
Ty T

/ Vo, - Vw, do,

*
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Next, to observe the connection between two strengthened Cauchy inequalities
in terms of the inner products associated with T, and T}, we define (-,-)7, and

<'7'>Tr by

(v,w)p, = Vo, - Vwedz,, (v,w)r / Vo, - Vw, dz,
T
where v, (2,) = v o Bp(z4), ws(xx) = w o Bp(zy). Forv € Vand w € W, let
cos by := (v wr, , cosO, 7@ W),
[ollz. [lwl|z. [vllz, lwllz,”
where || - |7, and || - ||z, are the norms induced by the inner products (-, -)7, and

, )T,., respectively. By following the standard argument in affine-equivalent finite

elements we get the relationship between two norms || - ||z, and || - ||7.:
v, V)7,

(4.25) 0< < U <y,
(v, v)1,

where 411 = 1/ (|det(B7)|||Br,
holds from Lemma 4.1 of [4] that

|cos 0. < /1= O, j2)(1 — cos? 0,),

) pe = |det(Br,)||| B, 1H2 Using (4.25), it

that is,

(v, wyr, | < /1= C(p1, p2)(1 — cos? 0,.)||v

A 4
H1 1
C(pr, p2) = () = -—"—==], |cosf]<1.
12 | Br. 1311 B2 13

Since Sy, is shape-regular, that is, there exist a constant o > 0 such that

T* w T*?

where

h
VT, € Shka L <o,
p

*

where pr, is the diameter of the largest ball inscribed in T, we have

C(p1, p2) > (}p;:)S‘ <i>8

so that C(o,v,w) = /1 — C(u1,p2)(1 —cos26,) < 1 independently of h.
Hence, based on the fact confirmed in (4.24), it follows

(v, w)r| < yrllvlrl|wlT,

where a positive constant yp = C(o,v,w) < 1 depends on both of the shape
parameter o and the types of finite element functions v and w, but is independent
of h. O

Lemma 4.5. Let X J’f and X¥ be the subspaces of X* such that X J]f and X¥ con-
sist of the degrees of freedom associated with the face nodes and the edge nodes,
respectively. Then, there exists a constant 0 < v < 1 such that the strengthened

Cauchy inequality
1/2 1/2
<~ (/ Vg dx) </ |Vve|2dx>
Qg Q

Vo - Vo, da
Q




14 Chang-Ock Lee and Eun-Hee Park

FIGURE 2. Left figure: 7r. Center figure: Triangle in 71, . Right
figure: Triangle in Tt,.

holds for all vy € X J’E and v, € XF. Here ~y depends on both of the shape param-
eter of a triangulation Ty, but is independent of h, vy, and v..

Proof. We shall derive the strengthened Cauchy inequality based on the triangle-
wise computation. Let 7t be the set of triangles T € 7}, such that T" includes at
least one point on an edge of {2, or one corner. For any vy € X 5? and v, € XF, it
follows from Lemma 4.4 that

Voy - Vuedr| = Z/va-Vvedx
Qk TeTr T
1/2 1/2
< Z*yT (/ ]vaIde) (/ \Vve\zdx>
TeTr T T
1/2 1/2
< v Z </ va|2d:1:> (/ |Vve|2da:>
e T T
1/2 1/2
< v Z/|va|2da: Z/|Vve|2d1:
e’ T Ter /T

1/2 1/2
< v </ |va|2dx> </ Vvede) ,
Qk Qk

where 7 = maxy(yr). In the proof of Lemma 4.4, each constant 7 is computed
by using the angle between vy, and v., measured on a reference triangle 7. It
means that 7 is dependent on the position of a concerned triangle 7'. Figure 2
depicts the set 71 whose elements are classified into two types 11, and 11, de-
pending on whether a triangle includes a subdomain corner as its vertex. Keeping
in mind the types of finite element functions vy, v, on I, and 1T,, we estimate
yr: forT € Tp; with j = 1,2,

yr < \/1 —C(o)(1 —cos?6,,),

where |cos@,;| < 1, j = 1,2. Therefore, there exists a positive constant - such
that for all vy € X]JZ’ and v, € X%,
Vo - Voo da

1/2 1/2
<7 (/ Vg d:z) </ ]Vvelzda:> ,
Q Q e

where the constant v < 1 is independent of h and H. U
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Now we are ready to derive the spectral relationship between two precondition-
ers M7 and M.

Theorem 4.3. Two preconditioners My and Mo are spectrally equivalent, that is,
there are constants ¢ and C' independent of h and H such that

cv;:FMgvr < v,,TMlv,, < Cv;:FMgvr, Yu,.

Proof. Note that M; and M, are different only in the second diagonal block and
both of Aaa and Aaa are block diagonal matrices as

Aans Aan
Aan = Aan =
AAA N, AaaN,
Hence, it is sufficient to find constants ¢ and C}, such that
T 3 T T 3
ckva, Aankva, < va Aaarva, < Croa, A kVAs

where vp, is the restriction of v to the degrees of freedom in a subdomain €.

For each k with k = 1,--- | Ng, it follows from Lemma 4.5 that there exists v
such that
1/2 1/2
(4.26) [Vh Agenvey| < v (0], Apravg) " (0] Accive,)”

Based on the fact
UZRAAAMJA,C P 2”};Afe,kvek
ngAAA,kUAk ngAAA,kUAk ’
the strengthened Cauchy inequality (4.26) gives
(1- ’Yk)UZkAAA,kUAk < oA, Aaapva, < (1+ ’Yk)UZkAAA,kUAk~
Focusing on the difference between M; and Ma, we have that
(1 =yl Myv, < oI Myv, < (1 4+~)0! Mov,, Vo,

where v = maxy—1,... n, Vx depends on the shape of triangulations {’Thk }fc\il on
{Qk}kN';l but is independent of i and H. Therefore, the preconditioners M and
M5 are spectrally equivalent. U

Corollary 4.2. The condition number of the preconditioned system by My grows
asymptotically as

H 2
w(M5 K2 S (h) |

4.3. Construction of Preconditioner: Type III. Finally, by eliminating the cou-
pling between all pairs of faces and edges, we establish a preconditioner M3 as

_ Ay 0 0 O . — B A ff 0
My = |: 0 AAA:| + [0 77J:| with  Aapa = FO Zee .
Here, the matrices A ¢y and A,. are block diagonal with a block for each face and

for each edge, respectively. Also we rewrite Ay and A.. as block matrices in the
same structure as A s and A...
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==

FIGURE 3. Left figure: 7y,. Center figure: Triangle in 7y, ;. Right
figure: Triangle in 77, o.

Theorem 4.4. Assume that on each subdomain Qy, a triangulation Ty, satisfies
Volume(T,) < min{Volume(T:)},

where T, € Ty, is a triangle containing a subdomain corner as one of its vertices
and T? is an adjacent triangle to ;.. Then, the condition number of the precondi-
tioned system by M3 grows asymptotically as

H 2
cor w3 5 (5)

Proof. Proceeding a similar argument to the proof of Theorem 4.3, we shall esti-
mate a spectral relationship between Aaa and Aaa. It suffices to find constants
Cfs Ceys O, Ce, such that

Tx T TA k
crUp Arrrvn, < g Arprvy < Cpup Apprvp, vp, € X5,

T A T T 1 k
CekvekAee,k'Uek < vekAee,kUek < CekvekAee,k'Ueka Ve, € Xe .

To observe the contribution from the off-diagonal blocks of Ay, for each face
f1 of Qy, we define T, the set of triangles T' € 7}, such that one of faces of T is
contained in f; and at least one of edges of T meets edges in f;. Figure 3 shows that
Ty, consists of two parts 7y, 1 and 7y, o of which difference is whether a triangle
contains a subdomain corner as one of its vertices. Let N be the number of faces
included in 092, N I'. First, we note that

T
(427) w =1 + Zl15’£l2 vfllAfllflgvflz .

vﬁAff’kvf’“ Z;\fl v};Aflfl/Ufl
Focusing on the triangle-wise computation, we get that
N
Z U};l Afl1fl2vfl2 = Z Z U};Aflflnvfln
hi#l2 =1 f,
Np
= Z/ \% Z’Ufln Vg, do
1=1 /% i
Np 2
= ZZ Z /V valn 'valdl’,
I=1 m=1T€T}, ,, T i

where f; are adjacent faces to the face f;. We need to take into consideration that
a face f; has only one adjacent face on each I" € 7y, | while on each T € Ty, o, a
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face f; is affected by possibly two adjacent faces. Then, it follows from Lemma 4.4
that

(4.28)

Ng 2

ZZ Z /V vazn - Vg, dx

=1 m=1T€T}, ,n* T i

§Z§ Z T </ ’vvfln2d$+/|vvfz’2dx>
=1 TE'TflJ T T

Np
£33 3 (St [ won P [ Sarh) | [ 19enPas ).

=1 T€Tf2 \ fin fin

where yr( f;,, ) is estimated as in the proof of Lemma 4.5 for the degrees of freedom
associated with f;, and those associated with f;. Note that it is independent of h
and H. Let us look at (4.28) in a different way. First, assembling triangle-wisely
computed values in (4.28) face by face, it is clear that

NF NF

1
> 3 > (/TIWﬁHIde+/T|Wﬁ|2d$> =3 'VT/T!szFdw
=1

TETfZJ =1 TETfl,l

and

Np 1
S5 X (Xt [ ve, Pt | Sarth) ) [ 190 s

I=1 " T€Ts 2 \ fin r fin T

Np
:Z Z ZVT(fln) /T|val|2d:v.

=1 T€Ty, 2 \ fin
Next, we assume that on a subdomain €, a triangulation 7j, satisfies
(4.29) Volume(T,) < min{Volume(T7)}, VI,

where T € 7y, is a triangle including a subdomain corner as one of its vertices
and T¢ € 7y, is an adjacent triangle to 7. As a result, we have

Np
T T
(4.30) Z UfllAlefl2vf12 < vazAflflvfl’
l1#l2 =1

where v is taken as the maximum of v7’s in (4.28). The combination of (4.27)
and (4.30) yields

4.3D) (1 —p)vf Agpop SvjAppop < L+ qp)op Appop.

Similarly, under the assumption (4.29), it is confirmed that there exists a constant
v such that

(432) (1 - Ve)vzzeeve < UZAeeUe < (1 + 'Ye)vzzeevea

where a constant v, < 1 is independent of h and H. Hence, from (4.31) and (4.32),
we have

(4.33) min{l—~y,1 —'ye}v;‘,ngvT < UTTMQUT < max{1+~y, 1+76}UZM3UT.
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By combining Theorem 4.2, Theorem 4.3, and (4.33), we have that for a suffi-
ciently large H/h,

H 2
sor w3 5 (5)
O

Remark 4.2. Note that the block (Aaa +nJ) in My is coupled over all boundary
nodes while the block (AAA + nJ) in My has the coupling among all face nodes
and among all edge nodes. Hence, the preconditioners My and My are less prac-
tical in the implementational point of view than the preconditioner Ms. But, the
spectral relationships shown in Theorem 4.2 and Theorem 4.3 play major roles in
analyzing the estimate of the condition number (M 1Kﬁ?«) in Theorem 4.4.

5. NUMERICAL RESULTS

In this section, computational results are presented, which verify the theoretical
bounds estimated in previous sections and show the efficiency of the proposed
method as an iterative solver. We consider the exact solution

u(x,y, z) = sin(wz) sin(my)z(1 — z)
for the model problem
—Au=f in{Q,
u=0 ondf,

where Q = (0, 1)3 is the unit cube. We use the conjugate gradient method with a
constant initial guess (A9 = 1). The stop criterion is the relative reduction of the
initial residual by a chosen TOL

7%l

[I7oll2
where 7y, is the dual residual error on the k-th CG iteration. We detail later how
to choose TOL in an appropriate way. Here, discretization parameters i, H, and
Ny are used, which stand for the mesh size, the subdomain size, and the number
of subdomains, respectively. Through numerical tests, {2 is decomposed into N
cubic subdomains with Ny = 1/H x 1/H x 1/H. Each subdomain is partitioned
into H/h x H/h x H/h uniform cubic elements. Computational tests for the
proposed method are carried out in two cases with n = 7°P* and = "9, where
n°P* = 2 is an optimal value estimated in heuristic way while 7?9 = 10° is chosen
to be large enough to show major characteristics of the proposed method. We also
test the FETI-DP method since the proposed method is considered as its variant.
Let us explain how to choose TOL’s used in CGM applied to the dual system. It is
noted that a dual residual 7, can be rewritten as jump of the primal solution on the
interface (see Remark 4.1 in [16]). The larger a penalization parameter 7 is chosen,
the smaller an initial jump becomes since a penalty term in the proposed method
plays a role in reducing jump on the interface. Hence it is expected that ToL"’ <
TOL"™"" < TOL""’ where TOL"’ , TOL"™ , TOL"" are three TOLs used in the
cases with 7 = 0,7°P*, n®¥9, respectively. In addition, each TOL needs to be taken
with paying attention to the conditioning property of an associated dual system. In
the FETI-DP formulation, the condition number of a dual problem is larger in the
case with a fully interior subdomain than in the case when all subdomains meet the

< TOL,
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TABLE 1. Convergence behavior

— bl —
N, H oy n=n" n=0
s h
lu—unlle Lo lu—uall
[T Tull2

4 1/8  2.6106e-2 - 2.6106e-2
& 1/16 6.4577e-3 0.2474 6.4577e-3
16 1/32 1.6101e-3 0.2493 1.6101e-3
32 1/64  4.0227e-4 0.2498 4.0227e-4

4 1/16  6.4577e-3 - 6.4577e-3
43 8 1732 1.6101e-3 0.2493 1.6101e-3
16 1/64 4.0227e-4 0.2498 4.0227e-4
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boundary 0f2. On the other hand, the proposed method with a large penalization
parameter has a constant condition number bound independently of the type of
domain decomposition into subdomains. Based on such observations from the two
viewpoints, in our computational tests, TOL" ) TOL"™ ) TOL™" for N, s = 23 are
chosen as 1071°,1077, 1076 while 101,108,107 for NV, = 43.

First, to see the convergence behavior, we show in Table 1 the relative errors
% estimated in L?-norm for several H and h. The O(h?) convergence is

observed in Table 1. In order to get rid of the bad effect of a large n on K,
a preconditioner M3 was proposed in Sect. 4.3, which is optimal with respect to
n. It is confirmed in Table 2 that the influence of i on x(K7)) is completely re-
moved after adopting M3 and the esimated condition number (M IKZJT) grows
as O((H/h)?). Finally, we make a comparison between our proposed methods
with n = n°P*, n®*9 and the well-known FETI-DP method from the viewpoint of
the conditioning of the related matrices F;, and F'. Table 3 informs that in both
cases with = n°Pt, n®9, the condition number x(F},) and the CG iteration num-
ber (iter. #) for convergence is bounded by a constant even if the mesh is refined
when keeping N, constant. On the contrary, it is numerically confirmed that the
condition number in the FETI-DP grows nearly as O(H/h)* with k = 1,2. In the
case with n = n®9, the inner preconditioner M3 is used during CG iterations on
subdomain problems. The inner iter. # presented in Table 3 is the number of inner
CQG iterations on subdomain problems.
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