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Abstract

We propose a nonlinear partial differential equation (PDE) for regularizing a tensor
which contains the first derivative information of an image such as strength of edges
and a direction of the gradient of the image. Unlike a typical diffusivity matrix which
consists of derivatives of a tensor data, we propose a diffusivity matrix which consists
of the tensor data itself, i.e., derivatives of an image. This allows directional smoothing
for the tensor along edges which are not in the tensor but in the image. That is, a
tensor in the proposed PDE is diffused fast along edges of an image but slowly across
them. Since we have a regularized tensor which properly represents the first derivative
information of an image, the tensor is useful to improve the quality of image denoising,
image enhancement, corner detection, and ramp preserving denoising. We also prove
the uniqueness and existence of solution to the proposed PDE.

Keywords: nonlinear diffusion, structure tensor, image denoising, image enhance-
ment, corner detection, ramp preserving denoising.

1 Introduction

The image processing based on partial differential equations (PDEs) has been extensively
studied for last 20 years and remarkably successful in problems of computer vision. It
starts with an assumption that a gray image is a positive real valued function defined on a
rectangular domain even though a digital image is represented by integers from 0 as black
to 255 as white. In many low-level topics in computer vision such as image denoising, image
enhancement, edge and corner detection, and image segmentation, it is crucial to obtain
a regularized derivative information of an image. Since a digital image is represented by
integral values, it is difficult to obtain a good approximation of derivatives of the image
using a standard finite difference scheme. If a given image has noise, it will be a much
harder problem. One of simple solutions is to regularize an image and then differentiate the
regularized image. However, in this paper, we use the opposite order of operation; we get
derivative information of an image and then regularize it even though the image has noise.

*This work was supported by KRF-2006-311-C00015.
Tjyhahn76@amath.kaist.ac.kr
tcolee@kaist.edu



In other words, we propose a noble PDE for regularizing a tensor which contains the first
derivative information of an image such as strength of edges and a direction of the gradient
of the image.

The Perona-Malik (PM) model [1,2] has been a fundamental frame for adaptive smooth-
ing process based on a nonlinear PDE. Let Ip: Q € R? — R™ be an initial noisy image and
h:R*T — R™ be an weight function with a regularization factor e:
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As time evolves, the PM model generates regularized images I(z,t) which satisfy the PDE

h(32) = (1.1)

%(x,t) =V (h(|VL[*)VI) in Qx (0,7,
VI(z,t)-n=0 on 02 x (0,Ti], (1.2)
I(xz,0) = Ip(zr) on £,

where n is a normal vector to 99 and I, = G, * I is the convolution of I with the two-
dimensional Gaussian kernel with a standard deviation ¢. The PM model uses regularized
strength of edges as |VI,| which makes an adaptive smoothing process. Note that I, is
an isotropically smoothed image since the Gaussian convolution is equivalent to solve an
isotropic linear heat equation. If an initial image is highly noisy, we need to use large ¢ in
order to obtain reliable information of strength of edges. However, the regularized strength
of edges with large ¢ is smeared out and it fails to make effective adaptive smoothing in
order to keep edges and corners in an original image. Even though we take small o, large
end time 77 is needed to obtain a regularized image which has visually small amount of
noise. It is not guaranteed that edges and corners are preserved with large end time 7T3.
Moreover, it is hard to take a proper ¢ in order to obtain good regularized strength of edges
because it is hard to measure an amount of noise in practice.

Weickert [3] proposed the coherence-enhancing diffusion based on a diffusivity matrix
which explicitly represents directional smoothing. The diffusivity matrix is obtained by a
structure tensor [4-6]

Go * (VI,VI,"), (1.3)

where T is the transpose and (G, * M);; = G4 * m;; for a matrix M = (m;;). The noise
scale p is determined by an amount of noise in an initial image and the integration scale
o reflects a size of neighborhood for a local structure analysis. The structure tensor has a
remarkable feature in obtaining regularized strength of edges when p is taken small enough
to compute VI,. While the regularized strength of edges in the PM model is obtained by
regularizing an image and then differentiating the regularized image, it is obtained in a
structure tensor by differentiating an image and then regularizing derivatives of the image.
Changing the order of two operations, the structure tensor has better representation of
flow-like structures in an image [3]. However, it still has the same problem of choosing a
value o as in (1.2) when an initial image is highly noisy.

From two PDE-based image denoising models in the above, we notice that, for the
purpose of adaptive smoothing of an image, it is crucial to obtain regularized strength of



edges which properly represents local structures of the image such as edges and corners
robust to a change of an amount of noise in the image. Moreover, if we have a regularized
direction of the gradient of an image which properly represents the orthogonal orientation
to edges in the image, it will improve the quality of image denoising based on an anisotropic
diffusion.

In this paper, we propose a nonlinear PDE for regularizing a tensor which contains the
first derivative information of an image such as strength of edges and a direction of the
gradient of the image. Unlike a typical diffusivity matrix which consists of derivatives of a
tensor data [7-13], we propose a diffusivity matrix which consists of the tensor data itself,
i.e., derivatives of an image. This allows directional smoothing of a tensor along edges
which are not in the tensor but in the image. That is, the tensor is diffused fast along
edges of an image but slowly across them. It explains that the proposed PDE generates
regularized tensors which adapt to the first derivative information of an image as time
evolves. Moreover, the regularized tensor is used to improve the quality of image denoising,
image enhancement, corner detection, and ramp preserving denoising.

The rest of this paper is organized as follows. We propose a nonlinear PDE for regular-
izing a tensor which contains the first derivative information of an image in Section 2. The
existence and uniqueness of solution to the proposed PDE are proved in Section 3. Appli-
cations which use derivative information of an image are shown with examples in Section 4
and we show how a regularized tensor in the proposed PDE is used to improve the quality
of results. The paper is concluded in Section 5.

2 A nonlinear PDE for regularizing a tensor

2.1 Modeling of PDE

In this section, we propose a nonlinear PDE for regularizing a tensor which contains the
first derivative information of an image. Let us consider a gray image I: Q@ € R?> — RT,
which is smooth enough to compute a structure tensor [4-6]:

<6]> > 9101
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It contains all first derivative information of an image because the maximum eigenvalue and
the corresponding eigenvector provide strength of edges and a direction of the gradient of
the image, respectively. There have been many different types of diffusion for regularizing a
tensor data with applications to optical flow estimation [7-9] and diffusion tensor magnetic
resonance imaging [10-13]. In these works, diffusion coefficients for regularizing a tensor
data depend on derivatives of the tensor data. If a regularized tensor data with such
diffusion coefficients is used in a diffusivity matrix of denoising an image, it is not desirable
to preserve edges and corners in a denoised image.

If a regularized tensor is used as diffusion coefficients of image denoising, the desirable

features of the tensor are as follows: the maximum eigenvalue has a larger value on edges
than on homogeneous regions, it has the local maximum on edges, and the corresponding

(2.1)
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Figure 2.1: (a) is an one-dimensional image data I(x). The point 2 = e is an edge in (a).
. 2 . 2
(b) is u(z,0) = (L (z))". (c) is ‘%(m,O)‘ .

eigenvector near edges is orthogonally aligned to edges of an image. For a clear explanation,
we consider an image data I as a function defined on a closed interval [0, 1] in Figure 2.1-
(a). Let us write the corresponding formulation to typical tensor regularization in [9, 14]

(see (B.2) and (B.3) in Appendix B):
du 0 oul*\ou\
87_(.'1:77'):8x<h<ax >ax> m [071] X(O,TQ],

az(O,T) = %(1,7) =0 on (O,TQ] N

u(m,O)—(ji(:L‘))z on [0,1].

The point = e in Figure 2.1-(a) is an edge of the image data I which is characterized by
a local maximum of the derivative of the image. In order to keep the edge in a denoised
image, the value u(e,Ty) should be as large as possible. However, a regularized u near
the edge at x = e is easily smeared out since \%P has a local minimum at the edge. It
explains that the function ]%\2 in the diffusion coefficient for regularizing u does not help
to preserve a large value of v at edges of an image when end time 75 become large; see
Figure 2.1. Instead of using such a function, we propose a diffusion process of u whose

diffusion coeflicient consists of the diffused quantity u itself:

Z;L(xﬁ) - ;U (h(qﬁ)?i) in [0,1] % (0, T3],
ou ou
%(077—) = %(17 T) =0 on (07 T2] ) (2.3)

u(x,O)z(fﬁi(x))2 on [0,1].

Then a regularized u near the edge at x = e is not easily smeared out since u? has a local
maximum at the edge. Even if there is noise in a given image, a solution of the proposed
PDE (2.3) outperforms a solution of the PDE (2.2) since it has larger value at x = e; see
Figure 2.2.
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Figure 2.2: (a) is an one-dimensional noisy image data I(z) (green) and an original data
(red). (b) is an initial data of (2.3) (green) and the square of derivative of the original data
(red). (c) is regularized derivatives at T5 = 600 using different PDEs. The green curve is a
result of the proposed PDE (2.3) and the blue curve is a result of (2.2).

Now, by extending an image data I in the PDE (2.3) to a gray image, we propose a
noble nonlinear PDE for regularizing a tensor which contains derivatives of the image:
8uij

or

(z,7) =V (9(Us)Vui;) in Qx(0,T],
(9(Us)Vuij) - m=0 on 0Qx (0,13], (2.4)
wij(x,0) = (VI(x)VI(x)T>ij on .

The function g is defined on a set S of real symmetric 2 x 2 matrices:
g(M) = g(M)vpva™ + GA\)oavaT, (2.5)

where (A,vp) and (A, v)) are eigenpairs of M € S, A > A, and g is even symmetric to the
function (1.1). Note that it is easily extended to a color image in Section 3. Comparing (2.4)
with nonlinear PDEs (B.2) and (B.3) for regularizing a tensor, the only difference is a
diffusivity matrix depending upon the tensor itself, not derivatives of the tensor. The key
point is that the maximum eigenvalue and the corresponding eigenvector of a tensor in
the proposed PDE provides regularized strength of edges of an image and a regularized
direction of the gradient of the image. That is, the tensor is diffused fast along edges
of an image but slowly across them. Note that the tensor in (B.2) or (B.3) is diffused
fast along edges of a tensor data but slowly across them. In the next section, we will
show that a regularized tensor from (2.4) helps to preserve edges and corners in a denoised
image and it represents derivative information of an image better than regularized tensors
from (B.1), (B.2), and (B.3).

2.2 Quality of the nonlinear structure tensor

In this section, we show distinctive features of a regularized tensor from the proposed
PDE (2.4). Two examples are presented to show a superiority of the proposed method by
comparing it with other methods. The first is image denoising with different end time for
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Figure 2.3: (a) is a clean image I.. In (b), we add the Gaussian white noise with zero mean
and the standard deviation 70 (SNR ~ 7.62). (c), (d), and (e) are obtained by different
PDEs for image denoising (A.1), (A.2), and (A.3) at 71 = 30, respectively (see Appendix A).
From top to bottom, different end time 75 for regularizing a tensor is used as 1, 5, and 10.
SNR (2.6) and relative H! norm error (2.7) are shown in Table 2.1. Note that denoised
images in (e) from (A.3) which uses our regularized tensor (2.4) preserve geometric features
such as edges and corners in the original image (a) and have steady and high SNR with
various end time T5.

regularizing a tensor and the second is to check how well a regularized tensor represents
derivative information of an image. For a comparison, we list PDEs for image denoising
using different regularized derivative information of an image in Appendix A and PDEs for
regularizing a tensor in Appendix B.

In Figure 2.3, the Gaussian white noise with the zero mean and the standard deviation
70 is added to a clean image I.,. The quality of regularized images is measured by two
different methods in Table 2.1. The first is signal-to-noise ratio (SNR):

V(I,
SNR = 1010g10 ‘/(I(—)I)7 (26)

where V() is the variance of an image and I, is the solution at ¢ = T of PDEs in Ap-
pendix A. The second is relative H' norm error:

||Ir - ICHHl
el

FEnd time for image denoising is fixed as 77 = 30 and denoised images are presented by using
different end time T5 = 1, 5, and 10 for regularizing a tensor in Figure 2.3. As it is expected,

Rel. H' = where ||I]|3 :/12+/ \VI2. (2.7)
Q Q



Comparison of the solution to different PDEs for image denoising

(A1) (A2) (A.3)
Ty SNR [ Rel. H' | SNR | Rel. H' | SNR | Rel. H!
1 16.19 | 0260 [16.92 | 0251 [17.54 [ 0.242
5 1298 | 0314 [1556 | 0271 [17.38 ] 0.244
10 10.89 | 0.357 [14.87 | 0.281 [17.26] 0.245

Table 2.1: We use different image denoising methods (A.1), (A.2), and (A.3) of the noisy
image in Figure 2.3-b.

the PM model (A.1) gives wiggly image with small 75 and too smeared image with large T5.
Regularized images from (A.2) look clean, but SNR is smaller and relative H! norm error
is larger than results from the proposed method. Denoised images from (A.3) which uses
the proposed PDE (2.4) for regularizing a tensor have steady and high SNR and robust to
various end time T5. Considering with the necessity of choosing a proper noise scale in (A.1)
which depends on an amount of noise, results from (A.3) are practically useful because it
is hard to measure an amount of noise in a given image. Denoised images from (A.3) also
preserve geometric features such as edges and corners in the original image. It explains
that a regularized tensor by our method has distinctive information of derivatives of image
which improves the quality of image denoising.

Now, we show how well a regularized tensor in the proposed PDE (2.4) represents
derivative information near edges in an image, as time 7 evolves. Since we regularize a
tensor U(-,0) whose the maximum eigenvalue and the corresponding eigenvector are |V I|?
and VI, respectively, the maximum eigenvalue A and the corresponding unit eigenvector vp
of a tensor U (-, 7) are considered as regularized strength of edges and a regularized direction
of the gradient of an image, respectively. In order to check that both A and vp near edges
are properly obtained, we compute a normalized vector field V which points a local maxima
of A along a direction of vp:

V =sgn (VA -vp) vy, (2.8)

where sgn(-) is the sign function. If an original image I is smooth and a regularized tensor
of the proposed PDE (2.4) preserves an initial condition very well, we have,

VI VI VI \Va 4
~ 2 [ - = [ _
V“%“<V“VI“>|VH>|VH %“(V“‘”“ !VH>IVH

VI
= DL, T —
S@($>WW

where D2(-) is the second directional derivative along the direction v. In this case, if we

restrict V on a set of points in the pixel resolution, which is defined by
R={zcQ|V(z") V(&) <0 and z* =z + V(z)}, (2.9)

then vectors in V|g, the restriction of V on R, should have two properties. First, they are
placed in the closest pixel to edges which are defined by zeros of the second directional



Figure 2.4: (a) is a given image and the red curve in (b) is the exact location of edges. (c) is
the vector field V in (2.8) obtained by the regularized tensor of the proposed PDE (2.4) at
T5 = 10. Vectors on the set R in (2.9) are highlighted in yellow. (d) and (e) are magnified
images from both the red curve in (b) and vectors in (c) on green square regions. Note that
vectors in highlighted in yellow are placed in pixels close to edges. They also point to edges
and are aligned orthogonally to edges.

derivative of an image along a direction of the gradient of the image. Second, they point
to edges and are aligned orthogonally to edges. Therefore, if V|z from a regularized tensor
does not have these properties, the regularized tensor does not properly represents derivative
information near edges in an original image.

In Figure 2.4, we obtain the vector field V (2.8) from our regularized tensor (2.4) at
T, = 10. Vectors on the set R in (2.9) are highlighted in yellow. They are placed in
pixels close to edges. They also point to edges and are aligned orthogonally to edges. A
regularized tensor from the proposed PDE correctly represents derivative information near
edges in an image. In Figure 2.5, we use the same image in Figure 2.4-(a) to compare a
vector field V|g from our regularized tensor (B.4) with vector fields from different regu-
larized tensors obtained by (B.1), (B.2), and (B.3). More interestingly, we also compare a
vector field V| from a tensor VIVIT, where a regularized image I is obtained by the PM
model (A.1). The last comparison raises a question that which one is better to preserve
derivative information of an image between the method of regularizing an image first and
taking derivative of the regularized image later and the method of taking derivative of an
image first and regularizing it later. Weickert [3] already mentioned that the latter is better
in the case of a flow-like image by comparing V (G, * I) with eigenvector which corresponds
to maximum eigenvalue in a structure tensor G, * (VI VI T). We put the problem in more
difficult situation. The image in Figure 2.4 has weak edges and we use more advanced
regularization of the image (A.1) instead of using an isotropic linear regularization of the
image. For the comparison, end time 77 for an image diffusion in (A.1) and T» for tensor
diffusions (B.1), (B.2), (B.3), and (B.4) are taken as the same value. A vector field V|z from
our regularized tensor (B.4) gives the best quality for preserving derivative information near
edges in an image, as time 7 evolves. It also shows the better performance than a result
from regularizing an image first and taking derivative of the regularized image later.



(a) (b) () (d) (e)

Figure 2.5: A restricted vector field V|g is obtained by (2.8) and (2.9) from a tensor.
Vectors in (a) are V|g from a tensor VIVIT, where a regularized image I is obtained
by the PM model (A.1). Vectors in (b), (c), (d), and (e) are V|g from the regularized
tensors of (B.1), (B.2), (B.3) and (B.4), respectively. From top to bottom, end time T} for
regularizing an image and 75 for regularizing a tensor are taken as same values, 11,33, and
55. Apparently, vectors from our regularized tensor (B.4) show the best result for preserving
derivative information near edges in an image as time evolves.



3 Existence and uniqueness of the proposed PDE

In this section, we extend the proposed PDE (2.4) for a color image and provide math-
ematical justification to use the extended PDE. The proof of the existence and uniqueness
of solution to the extended PDE follows the main argument in [2] with an extension to a
multidimensional data. Since the PDE for image denoising (A.3) has the solution when a
diffusivity matrix is positive definite, we will also prove a solution of the proposed PDE is
positive definite if an initial data is.

Recall that S is a set of real symmetric 2 x 2 matrices. Any matrix X € § is diagonal-

X — r1 —I2 AX 0 r1 —I9 T
- Tr9 X1 0 X T2 X ’
where (AX, (xl,xg)T) and ()\X, (—xg,xl)T) are eigenpairs of X and AX > A\X. Note that

22 + 23 = 1. The existence and uniqueness of solution to the proposed PDE (2.4) are based
on a simple property of a Lipschitz function defined on S.

izable, i.e.,

Lemma 1. Let f be a function from S to S defined by

o= (0 (T8 s ) ()

where f is a Lipschitz function on R. Then f is also a Lipschitz function on S.

Proof. 1t is enough to show that f is a Lipschitz function on & with the Frobenius norm
||| 7- Let X and Y be two elements in S. Since X and Y are diagonalizable, we have

X_ v ( Aa? + 223 — AV yf =Ny (A = M)z — (A = ANy )

(AX - /\X):clxg - (AY - )\Y)ylyg AX 23+ X5 — AV 2 — A3

where (AX, (21, xg)) and ()\X, (—x9, xl)) are eigenpairs of X with A* > A\X and (AY, (y1, yg))
and ()\Y, (—y2, yl)) are eigenpairs of Y with AY > \Y. Note that we have two identities

2+ a2 =1and yf +y5 =1. (3.1)

If we denote components of X — Y by a, b, and ¢, then

x-vig=| (5 7)

For the simplicity of notation, we define

2
1
=a?+2° 4+ = 5((a+c)2+ (a —c)? + 4b?). (3.2)

F

a=AY XX, =AY =AY, v =AY —AY, and s = 2¥ - )Y,
then we obtain, by (3.1),
(a+c)* = (v+9)? (3.3)

(a—c)? +4b®> =a* + 37 + Qaﬂ((xgyl —z192)? — (11 + x2y2)2).

10



Let 6 be an angle between (z1, z2) and (y1,y2). Since (z1,x2) and (—x2, 1) are orthogonal,
we get

(a—c)? +4b° = o® + 3% + 2a8(2sin® 0 — 1). (3.4)
From (3.2), (3.3) and (3.4), we deduce
IX - Y3 = %((7 +6)% + (a — B)? + 4aBsin® 0).

By using oo — 6 = v — 9, we finally obtain

IX = V|2 = (AX = AY)" + (X = 2)% 4 2(A% =A%) (AY = \Y) sin? 6. (3.5)
Now, we show that f is a Lipschitz function on S. From (3.5), it is obvious that

1£0) = £V = (FA%) = FA)) 4+ (F0%) = F())
2(F(AY) = FOX)) (F(A) = F(\Y) ) sin?0.
Since we have AX > A\X and AY > \Y,
IF(X) = FW)llp < CIIX =Yg,

where a constant C is a Lipschitz constant of f. O

Now, we extend the proposed PDE (2.4) for a color image. Let © be (0,1) x (0,1) C R?
and h: R — RT be smooth, decreasing on [0,00), even, h(0) = 1, lim h(s) =0, and
S§—00

s +—— h(y/|s|) smooth. Note that a typical choice of function h is even symmetric to the
function (1.1). For the simplicity of notation, we define

— T Y11 U2
Ug = a a
Uz U22
where a vector a € R? is constant with |a| = 1. Let us consider a color image I: Q C R? —
(RJ’)3 as a function whose components [, are smooth enough to compute

3
mir M2\ _ T
M = = VI,VI-. 3.6

( ma1  Ma2 > ; Bk (3.6)

An extension of the proposed PDE (2.4) for a color image is a system of nonlinear parabolic
partial differential equations
8uij
or

=V (9(Us)Vu;) in Qx(0,7T),
(9(Us)Vui) -m=0 on 00 x(0,7T), (3.7)

uij(x,0) = myj(x) on €,

11



where a function ¢ from S to S was defined in (2.5). In order to prove existence and
uniqueness, we introduce standard function spaces. Let H'(2) be the Sobolev space of
functions uw € L?(Q) with its distributional derivatives D*u of order |s| = Z?:l s; <1
being in L?(Q). It is a Hilbert space with the norm

N

lull ey = | D 1P ullzz )
s|<1

and we denote by (H'( )), its dual space. For a given Banach space B with a norm || - ||,
we denote by LP((0,T"); B) the set of all strongly measurable functions u: [0, 7] — B with

([ oy df)li <o

[l oo (0,7):8) = €sssup [lu(T)] 5 < oo.
0<t<T

||U||Lp((0,T);B)

for 1 <p < o0, and

We also denote by C([0,T]; B) the set of all continuous functions u: [0, 7] — B with

lullego,r) = %}f})]( [[u(7)]l 5 < oo.

In a similar way, we denote by L*°((0,7"); C*°(€2)) the set of all functions such that u(7) €
C>(Q) for almost every 7 € (0,T) with

[wll oo (0,000 (2)) = igf{”u(T)HCoo(Q) < «, for almost every 7 € (O,T)} < 00.

See [15] for more details of function spaces. Now, we prove following statements for the
proposed PDE (3.7).

Theorem 1. If m;; € L*(), then there exist unique solutions

8’11,2‘ 7

or

uij € C([0,T); LA(Q)) N L*((0,T); HY(Q)) with —2 € L*((0,T); (H'())")
satisfying (3.7) in the distributional sense. Moreover,

uij € C*((0,T) x Q) and H“inLoo((o,T);p(Q)) < Hmij”L2(Q)~

Proof. Part 1: Uniqueness. Let u;; and v;; be two solutions of (3.7). That is, we have

8ui'
8TJ =V (g(Ua)Vuij)a (g(Uﬂ)qu) ‘n=0, uij(xa 0) = mij(x)a
ov;;
(977] =V- (g(VU)V’l}ij), (g(VU)Vvij) n=0, v;z,0)=myx).
Denoting w;; = w;; — v;;, we obtain
8wij
5 =V (9(Us)Vuig) = V- ((9(Us) = 9(Vo)) Vuig).

12



For a constant vector a € R? with |a| = 1, from above equations we have

Owy

or

V.- (g(Ug)Vwa) =V ((Q(Ua) - Q(VU))VUG)'

Multiplying it by w, and integrating over €2, we get

2d7’/ [wa(z, 7)] dx—i_/ﬂ(VQ(UU)(xﬂT)vwa(va)) cwe(z, T)dx = .

—/ ((g(Ug) — g(VU))(x,T)VUa(l',T)) -Vwy(x,7)dz, a.e 7€(0,T).
Q
Now, we claim following statements that will be proved at the end of Part 1,

L-1. The diffusivity matrix g(U,) is uniformly positive definite almost everywhere, i.e.,
there exists a constant v independent of (z,7) such that aTg(U,)a > v > 0 almost
everywhere in 2 x (0,7) for all a € R? with |a| = 1.

L-2. There exits a constant K, depending only on G, such that

/Q ((g(Ug) — g(Vg))($,T)VUa(.’E, T)) - Vwg(z, 7)dz
< KF(7)[[Vua(T)l L2 [Vwa (Tl 12 ()

where F'(7) = max HaTW and W=U-V.
a€R?

|a|=1

aHL2 ()

From (3.8), we use L-1 to obtain

1d
5 2 lwa(®) 2@ + IVe(n) 2y

< / ((9(Us) = 9(Vo)) (%, 7)Vva(, 7)) - Vwg(z,7)dz, ae 7€ (0,T).
Q

Using L-2 and Young’s inequality, we deduce

1d
5}”“’(1( )HL2 ) FvlIVwa(r )”%2(9)
K* 2 2 v 2
< E{F(T)} ||VUa(7')”L2(Q) + §vaa(7)||L2(Q)a a.e 7€ (0,7).
Then, we obtain
d 2 K? 2 2
o lwa(Mllzz @) < — AL Voa(T)l12), ae 7€ (0,1). (3.9)

Since the inequality (3.9) holds for an arbitrarily given constant vector a € R? with |a| = 1,
we deduce

%{F(T)}Z < GP{F(D)2, ae 7e(0,T), (3.10)
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K2 2
where ¢(7) = - géf;é [Vva ()l 72(0)-

la|]=1
Now, we apply Gronwall’s inequality to (3.10),

FOF < (FOP e [ os)ds
0
By using F(0) = 0, we obtain

T 2 —
F(T) = Trlrél;li{g Ha W<T)GHL2(Q) =0, aerT€ (O,T)
al=1

Finally, we conclude
a*W(z,7)a=0, ae. (z,7)€Qx(0,T),
for all constant vectors a € R? with |a| = 1. It implies that
wij(x,7) = vij(x, 1), ae (z,7) € Qx(0,T), Vije{l,2}

Proof of L-1. Since the function h is decreasing, it is enough to show that all eigenvalues
of U, are bounded almost everywhere in  x (0, 7). Since u;; € L>=((0,T); L?(2)) from the
result of existence, we get G, * u;; € L((0,T); C°°(Q)) for all i, j. Then we have a*Uya €
L>®((0,T); C*(Q)) for any constant vectors a € R? with |a| = 1. That is, there exits a
constant K, depending only on G, and ||m,-j||L2(Q), such that |aTUUa’ = |GJ * aTUa‘ <K,
almost everywhere in 2 x (0,7)).

Proof of L-2. First, we simply obtain

/Q ((g(Ug) — g(Vg))(x, T)Vva(aj,T)) - Vwg(z, 7)dx

< max|(g(Vo) = 9(Uo)) (2, )2l Vva(T)l 20 Veta(T)l L2,

where ||-||, is a matrix norm as the spectral radius for symmetric matrices. We have a norm
equivalence between ||-||, and the Frobenius norm |-|| such that

1
V2
By Lemma 1 and (3.11), there exits a constant C'(h) such that

1Al < [[A]ly < [[Allp- (3.11)

l9(Ve) = 9(Us)lly < C(R)[[Ve = Uslly-
Then there is a constant K depending on GG, and h such that

l9(Ve) = 9(Uo)llz < K (h, Gg) max [la™ (U = V)()al| 2 g,
la]=1

14



Note that the constant K is independent of (z,7) € Q x (0,T). Therefore, we obtain

[ (60) = oV2)) (7.7t ) - Va7

< K(h,Gs) Zféagg HGTW(T)GHLz(Q)vaa(T)HB(Q)vaa(T)HL2(9)7
la]=1

where W =U — V.

Part 2: Existence. Let us define a Hilbert space

S = {w e L2((0,7); H(Q)) %U e L*((0,7); (Hl(Q))’)}

with a norm

ow ||?

umuzOmﬁmwwmmﬂwaT

) 2
L2((0,T);(H (2))")

w11 w12

We choose a fixed matrix W = (
wol W2

> which satisfies

wij € S NL¥((0,T); L*(2)) and Hwij||Loo((o,T);L2(Q)) < ”minL2(Q)-

Consider a linear system of variational problems

<8Uij (T),U> +/ (9(Wo (2, 7)) Vuij(x, 7)) - Vodz = 0, (3.12)
or (HU(Q) xHY(Q) 9

for all v € H() and almost every 7 € (0, 7). From the proof of L-1 in Part 1, there exists a
constant v such that a®g(W,)a > v > 0 almost everywhere in Q x (0,7 for all a € R? with
|a| = 1. Therefore, by classical results on parabolic partial differential equations in [15],
equations (3.12) have unique solutions ufy of satisfying following estimates

iV}/HLQ((O,T);Hl(Q))

EMZ»VJV
or

luiy

o <c

<C,
L2((0,7);(H' (9))")

ez < Imillezqo

where C' is a constant depending only on h, G, and [|m;]| ;- () From these estimates, we

define a subspace Séj of S

wi(0) = mij, [[wisll L2 0,1y, () < C
<C,

L2((0T)(H ()

1wis | e 0,7 2(0)) = Il 2
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We denote Sy = H(i,j)e]l
a well-defined mapping

Séj C S84, where I = Zy x Zo. By the construction of Séj , we have

(wn,wlg,w21,w22) = Q(w117w12,w21,w22) = (Ulﬁ,u%,l&g{,u%)

from Sy to Sp. Following the argument in [2], Sy is a nonempty, convex, weakly compact in
S* and the mapping @ is weakly continuous. By the Schauder-Tychonoff’s fixed-point theo-
rem, there exits (wu, w12, W1, wgg) € Sp such that (wn, w12, W1, wgg) = Q(’u}u, w12, W1, w22).
Since each component of Q (w11, w12, wa1, wa2) solves (3.12), it proves the existence of a so-
lution of (3.7) in the distributional sense. The regularity is also proved from a general
theory of parabolic partial differential equations. O

At last, we prove that the positive definiteness of a regularized tensor U(z,7) in (3.7) is
guaranteed if an initial tensor M in (3.6) is positive definite. It is crucial condition to solve
the PDE for image denoising (A.3) numerically.

Theorem 2. If m;; € L>(Q2), then the solutions u;; of (3.7) satisfy

essinf A(z) < uq(x,7) <esssupA(z) on Qx (0,7,
z€Q €N

where a is any constant vector in R? with |a| = 1 and A(z) and X\(z) are mazimum and
minimum eigenvalues of M(x) given by (3.6), respectively.

Proof. This proof follows Stampacchia’s truncation method in [16] and is done by the same
method in [3]. We denote a constant

C =esssup A(z).
e}

and show the maximum principle first. Let ¢ € C1(R) be a function with ¢(s) = 0 on
(—00,0] and 0 < 9'(s) < K on (0,00) for some constant K. For a constant vector a € R?
with |a| = 1, we define

o(s) = /Osw(r)dr and ¢(1) = /ng(ua(fvﬂ') —C)dz, T€]0,T].

Since 1 (uq(7) — C) € H(R2) and 881:1 (1) € (Hl(Q)),, we have
Oug Oug
[ ot =)t it < W) = OVl )| <o

So, the function ¢(7) is differentiable for 7 € (0,7). Now, we obtain the sign of ¢'(7) using
the statement L-1:

d Oug
olr) = [ pluatar) )

or
= /Q@b(ua(a:ﬂ') - OV - (g(Uo—)(LU,T)VUa(JJ,T))dLU

(x,7)dx

- _/le(ua(xﬂ—) - C) (g(UU)(va>vua(xa7—)) : Vua(a:,T)d:c <0.
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s?, we have

K
By means of ¢(s) < 5

K
o (ta(,7) = ma)dr < - |[ua(7) = mali2(q)-

quﬁ(T)s/

Q
Since u, € C([0,T]; L?(Q2)), we get

[ta(T) = mallp2() = 0 as T — 0.

It proves the continuity of ¢(7) at 7 = 0.

Now, from ¢ € C[0,T], $(0) = 0, ¢(r) > 0 on [0,T], and ¢'(7) < 0, we deduce that
¢(1) =0 on [0,T]. Hence, for all 7 € [0,T], we obtain uy(z,7) — C < 0 almost everywhere
on €. Due to the smoothness of u, for 7 > 0, we finally obtain u,(x,7) < C on Q x (0,T].
Similarly, the minimum principle is proved from the maximum principle when we apply the
initial tensor —M. O

4 Applications

A regularized tensor from proposed PDEs (2.4) and (3.7) is useful to low-level topics in
computer vision such as corner detection, image denoising, image enhancement, and ramp
preserving denoising process. Since a regularized tensor by our method adapts to the first
derivative information of an image as time evolves, it is interesting to apply our regularized
tensor to applications where the first derivative information of the image has been used in
a PDE-based method so far. In Section 2.2, we already showed that our regularized tensor
improves the quality of image denoising. In this section, we show more examples in order
to see how a regularized tensor by the proposed PDE works in applications.

4.1 Corner detection

To find out locations of corners in an image is one of primitive tasks as a preprocess
of high-level topics in computer vision such as motion tracking, object recognition, and
registration. Many methods have been studied for finding locations of corners in an image
and we use a method based on a structure tensor of the image. Since an initial tensor
in proposed PDEs (2.4) and (3.7) is regularized along edges of an image, the minimum
eigenvalue of a regularized tensor at a corner which is a junction of more than two edges is
increased at the corner. In [17], corners are detected where a local maximum of minimum
eigenvalues in a structure tensor occurs.

In Figure 4.1, we show that a regularized tensor by our method has more effective
directional smoothing than regularized tensors by other methods. From (c) to (f), they
are profiles of minimum eigenvalues from different regularized tensors in (B.1), (B.2), (B.3),
and (B.4) at end time Ty = 70, respectively. The profile (c) loses the feature which identifies
positions of corners. The profile (d) does not show any information yet. Note that, in a
numerical experiment, end time in (B.2) should be taken roughly 100 times larger than end
time in (B.4) in order to obtain similar information in (f). However, a problem is that such
large end time 75 cannot be used in Figure 2.5 which has very delicate weak edges in an
image. The profile (e) has peaks at corners but too bumpy shape (e-1) which gives false
information for finding positions of corners. The profile (f-1) shows the best result which
has four sharp peaks at corners and flatter shape on homogeneous regions in the image.
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(a) (c

(c-1) (d-1) (e-1) (f-1)

Figure 4.1: (a) is an original image. In (b), we add the Gaussian white noise with zero
mean and the standard deviation 50 (SNR ~ 14.49). From (c) to (f), they are profiles of
minimum eigenvalues from different regularized tensors in (B.1), (B.2), (B.3), and (B.4) at
end time Ty = 70, respectively. Images from (c-1) to (f-1) are magnified from a part on the
top right rectangle from (c) to (f) and we plot intensity graphs of the minimum eigenvalue
with the part of the image. The profile (f-1) shows the best result which has four sharp
peaks at corners and flatter shape on homogeneous regions in the image.
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Figure 4.2: (a) is an original clean image. In (b), we add the Gaussian white noise with
zero mean and the standard deviation 50 (SNR ~ 11.97). We use end time 75 = 5 for
obtaining a diffusivity matrix in (4.2). The result (c) is a combination of the Perona-Malik
model for a color image with a fidelity term and a shock filter. (d) is the result of proposed
method (4.2) which preserves corners and edges very well. In the second and the third row,
we magnify two parts in the first row.

4.2 Image denoising and enhancement

In Section 3, we extended the proposed PDE (2.4) for a color image by changing an initial
condition. The maximum eigenvalue of a regularized tensor from the extended PDE (3.7)
is the rate of maximum change and the corresponding eigenvector provides a direction of
maximal change, which is not in the tensor but in the color image. In this section, we
extend the image denoising PDE (A.3) for a color image and we combine it with a fidelity
term in [18] and a shock filter [19] to enhance and denoise the color image simultaneously.
In a research of image enhancement, this kind of combination was introduced in [20] to
overcome a problem that a PDE-based shock filter in [21] enhances some noise in an image.
Alvarez and Mazorra [22] combined a shock filter and an anisotropic diffusion to solve
the same problem. Weickert [19] used a structure tensor to find out more accurate gradient
information of an image and used it to enhance the image coherently based on a shock filter.
In these formulations, the first derivative information of an image is crucial to enhance and
denoise an image simultaneously.

Now, we extend the image denoising PDE (A.3) for a color image with a given noisy
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Figure 4.3: (a) is an original image which has jpeg artifacts. In (b), we add the Gaussian
white noise with zero mean and the standard deviation 10. We use the end time 75 = 10
for obtaining a diffusivity matrix in (4.2). (c) and (d) are obtained in the same way as
in Figure 4.2-(c) and 4.2-(d), respectively. The result in (d) from the proposed method
preserves significant features around the frame of glasses. In the second row, we magnify a
region around the right eye in the first row.

image I°: Q c R* — (R+)3:

%(x,t) =V (9(U(z,T2))VI) in Qx(0,T4],
I(2,0) = I)(z) on
8;;] (:C’T) =V (g(Ug)Vuij) in OQx (O,TQ] , (4.1)

ij

3
wij(z,0) = (Z wk(:c,t)wk(ac,t)T) on £,
k=1

where wy(x,t) = V(G, * Iy(x,t)) for k € {1,2,3}. We combine the first equation with a
fidelity term in [18] and a shock filter [19] to enhance and denoise a color image simultane-
ously:

ol k 0 2

5 @t =V (9(U(2,T2))VI) + C¢ (I — I}) — Cssgn (Dy, 1) V1|,  (42)
where Cs and Uy are constants and vy is the eigenvector corresponding to the maximum
eigenvalue of U(x,T>). Note that the PDE in [20] used an weighted constant Cs depending
on a position in an image. In Figures 4.2 and 4.3, we show the quality of image enhancement
using our regularized tensor. Since an initial image has large noise, we need large end time
T; for regularizing a tensor in (4.1). Cs = 0.02 and Cy = 255 x 1079 are chosen in all
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Figure 4.4: Tmages in (a) are an original clean image at the top row and an image at the
bottom row with the Gaussian white noise with zero mean and the standard deviation 20
(SNR ~ 14.56). (b) is a result of the proposed model (4.3) at 77 = 17. We use different
end time T5 = 1 at the top row and 75 = 5 at the bottom row. The result preserves ramp
structure of the original image.

computations. Instead of the diffusivity matrix g(U(z,T2)) in (4.2), if we use

3
h(ZWGm*Mz)a

k=1

then it becomes a combination of the PM model for a color image with a fidelity term and
a shock filter. Note that our regularized tensor improves the quality of image enhancement
because it properly represents derivative information of a color image.

4.3 Ramp preserving denoising

In medical image processing, regularizing a data Iy: 2 C R? — RT, that preserves ramp
structure of the data is useful [23]. To obtain ramp preserving denoising, we take a different
initial condition for tensor regularization in (A.3). Let w = (w1, ws) = VI and regard w
as an image with two channels. Then a jump of slope in the data I is considered as an
edge of w. Ramp preserving denoising means that a data I is smoothed fast along edges of
w and slowly across them. Therefore, we need a tensor whose maximum eigenvalue has a
local maximum on edges of w along a direction of the corresponding eigenvector. Now, we
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Figure 4.5: (a) is same images in Figure 4.4-(b). (c) is a vector field obtained by (2.8)
and (2.9) from a tensor in (4.3). The position of yellow vector field indicates where the
maximum eigenvalue of a tensor has a local maximum. The noisy data in Figure 4.4-(a)
is diffused slowly across yellow regions in the proposed model (4.3) and ramp structure is
preserved. In (b), we show both the left of (a) and the right of (c).

propose the following denoising scheme:

‘;(a:,t) =V (9(U(z,T2))VI) in Qx(0,T1],
I(z,0) = Ip(z) on €,
aau;j (z,7) =V - (9(Us)Vuij) in Qx(0,T5], (4.3)
2
uij(x,0) = (Z Vwk(x,t)Vwk(x,t)T> on 2,
k=1 i

where (w1 (z,t), ws(z,t)) = VI(z,t). A regularized tensor has an advantage of a directional
smoothing with respect to structure of VI while a regularized tensor in (2.4) is smoothed
with respect to structure of /. The maximum eigenvalue of the tenor in (4.3) has a local
maximum on edges of w, i.e., a jump of slope in a data, and it regularizes the data while
preserving structure of ramps. On the contrary, the maximum eigenvalue of the tensor
n (2.4) has a local maximum on edges of I and it regularizes image while preserving
structure of edges.

In Figure 4.4, we show a result of the proposed model (4.3). A result of the proposed
model preserves ramp structure in an original data even though we use different end time
T = 1 and T» = 5 for regularizing a tensor. In Figure 4.5, we show the vector field which
is obtained by (2.8) and (2.9) from a tensor in (4.3). The position of yellow vector field
indicates where the maximum eigenvalue of a tensor has a local maximum. Therefore, the
noisy data in Figure 4.4-(a) is diffused slowly across yellow regions and ramp structure is
preserved in the proposed model.
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5 Conclusions

We proposed a nonlinear PDE for regularizing a tensor which contains the first derivative
information of an image such as strength of edges and a direction of the gradient of the
image. Unlike a typical diffusivity matrix which consists of derivatives of a tensor data, we
proposed a diffusivity matrix which consists of the tensor data itself. This allows directional
smoothing for a tensor along edges which are not in the tensor but in the image. That
is, the tensor data is diffused fast along edges of image but slowly across them. The
proposed PDE provides a regularized tensor which adapts to the first derivative information
of an image as time evolves. We also proved the uniqueness and existence of solution to
the proposed PDE. Since we obtained a regularized tensor which properly represents the
first derivative information of an image, our regularized tensor improves the quality of
image denoising, image enhancement, and corner detection. Moreover, we obtained a ramp
preserving denoising process by simply changing an initial condition for regularizing a tensor.

Appendix

A PDEs for image denoising

We list PDEs for image denoising using different regularized derivative information of
an image with an initial noisy image Ip: Q € R? — R*.

1. The Perona-Malik model for image denoising (1.2):

g(m,t)zV-(h(WGm*I]z)VI) in Qx (0,71,

ot (A1)
I(x,0) = In(z) on Q.

2. The nonlinear PDE model for image denoising with a structure tensor (1.3):

I
o) =V (o B)VI) i 2x(0.73]
I(xz,0) = Ip(z) on €,
. A2
8;”(33,7'):Auij in Qx (O,TQ], ( )
—

uij(x,0) = (VIp(x,t)VIp(a:,t)T)” on €.

vy

Note that U(z,T2) = G /o7 * (VI,VI,). This model is one of variant of models in [3,
9,14,24].

3. The nonlinear PDE model for image denoising with our regularized tensor (2.4):

%(ac,t) =V (g(U(x,T2))VI) in Qx (0,T1],
I(xz,0) = Ip(z) on €,
Ouj . (A.3)
o7 (x,7)=V" (g(UU)Vuij) in Qx(0,Ty],

uij(x,0) = (VIp(a:,t)VIp(x,t)T)” on €.

L)
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A boundary condition of diffusion processes for an image and a tensor is the free flux
condition. The value p is taken small enough to compute VI,,.
B PDEs for tensor regularization

We summarize PDEs for tensor regularization with a given image I: @ ¢ R? — R*.
A boundary condition is the free flux condition and an initial condition is a tensor which
contains derivative information of an image:

U(z,0) = VI(z)VI(z)T on €.
1. The linear PDE model [3]:

aui yi
or

(.1‘,’7') = Auij in Qx (O,TQ] . (Bl)

Note that U(x,T») is exactly same as the structure tensor G 57 * <VI(a;)VI(m)T>.

2. The nonlinear PDE model [9]:

8uij

5 (@) =V | h D IVui? | Vuig | in Q% (0,T). (B.2)
2%

3. The nonlinear PDE model with a structure tensor [9]:

Ou;j .
%(m, T)=V-1lyg Z Vi Vui; ' | Vuij in Qx(0,73]. (B.3)
.3
4. The proposed PDE model (2.4):
auij .
o (z,7) =V - (9(Us)Vuij) in Qx(0,T3]. (B.4)
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