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Abstract

Using the fiberization technique of a shift-invariant space and the matrix characteri-
zation of the decomposition of a shift-invariant space of finite length into an orthogonal
sum of singly generated shift-invariant spaces, we show that the main result in [L. Mu,
Z. Zhang, P. Zhang, Appl. Comput. Harmon. Anal. 16 (2004), 44-59] is about the length
of a shift-invariant space, and give a more natural construction of multiwavelet frames

from a frame multiresolution analysis of L?(R%).
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1 Introduction

For y € R% and f € L*(R%), T, denotes the unitary translation operator such that T, f(x) :=
f(z —y) and D denotes the unitary dyadic dilation operator such that Df(x) := 242 f(2z).
A family of closed subspaces {V}, }rez of L2(R?) is said to be a frame multiresolution analysis
(FMRA) it

(1) Vi, C Vk+1, k € Z;
(2) UrezVi = L2(RY), NkezVie = {0}

(3) D(Vk) = Vi1, k€ Z;
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(4) There exists a scaling function o € Vg such that {Typ : k € Z} is a tight frame with
frame bound 1 for V.

For the sake of brevity of presentation we only consider the dyadic dilation even though all of
our results can be repeated verbatim if we consider general dilation, and we do not recount
the theory and history of FMRA in the literature [1, 2, 7, 9, 10, 11, 12, 13].

It is well-known that the condition (4) is equivalent to the condition that {T}¢ : k € Z%}
is a frame for Vp [3, 14]. Moreover, let Wy := Vi & 1 and W; := DJ(Wy). Then it is
easy to see that L%(R?%) = ®;ezW;. Hence, if there exists {1,192, -+ ¥} C Wy such that
{Thy - k € 29,1 <1< L} is a frame for Wy, then {DITye)y : j € Z,k € 29,1 <1 < L} is
a frame for L?(R%). In this case we say that {t1,1s,--- ,1b1} is a (semi-orthogonal) wavelet
set. It is interesting to determine the minimal cardinality of a wavelet set, which is called
the index of an FMRA in [13]. It is well-known and easy to see that the index is 2¢ — 1 if the
shifts (multi-integer translates) of a scaling function form a Riesz basis of Vj.

We now present the main result in [13]. For f € L?*(R%) and = € RY, let me = (f(z +
k))geza- Here A denotes the Fourier transform defined by f(z) := [pq f(t)"2™@tdt for f €
LY(RY)NL?(R?), and extended to be a unitary operator on L?(R?) by the Plancherel theorem.
Then fo € 12(Z%) for a.e. x € R%. Suppose we are given an FRMA with a scaling function
@. Let ®(x) := H(,meH?Q(ZCl), Q:={r e R?Y: &(2x) = 0}, and

Q:={q,q, - ,qoa} :={0,1}¢, (1.1)

which is a complete set of representatives of the quotient group Z%/2Z¢.

For a Lebesgue measurable subset A of R? |A| denotes its Lebesgue measure.

Definition 1.1 (i) For a fixed point 2 € R?, if the sequence {®(x +¢/2) : ¢ € Q} has just

r nonzero terms, then we say = € B,.

(ii) If an integer p satisfies both |B,| > 0 and |B,| = 0(r > p), then we define the index A
of the underlying FMRA as follows:

o) P if |QN By > 0;
p—1, if|QN B, =0.

The following is the main result in [13].

Theorem 1.2 ([13]) Let {V;};ez be an FMRA for L*(R%) with its index X\. Then there exist
a wavelet set {};; C Wy such that {Tpp; : 0 <1 <n,k € 7%} is a tight frame for Wy with
frame bound 1 if and only if n > X\. In this case, {D'Tyy : j € Z,k € Z41 <1 <n} is a
tight frame for L*(R?) with frame bound 1.



Theorem 1.2 has a most natural interpretation in the language of the theory of shift-
invariant spaces [3, 4, 5, 6, 14, 15]. A closed subspace S of L?(R?) is said to be a shift-invariant
space if it is invariant under each shift. In this case, ng = { fo : f € S}, called the fiber
of S at z, is a closed subspace of ¢2(Z9) for a.e. x € T? := R?/Z¢ = [0,1]¢ = [-1/2,1/2]%.
The spectrum of S is defined to be o(S) := {z € T? : S|\w # {0}}. It is known that
any shift-invariant space S has a generating set F' C L?(R?), which is at most countable,
such that S = S(F) := span{Tyf : k € Z% f € F} The length of S is defined to be
len S := min{#F : S = S(F)}. Moreover, we have ([3])

len S = ess-sup {dim ‘§||a: S ']I‘d} . (1.2)

Now, suppose L := len S is finite. Then, a careful examination of [4, Theorem 3.3] shows
the following fact: For any F C L?(RY) with #F < L, S # S(F), and for any n > L there
exists F C L?(R?) with #F = n such that S = GrepS({f}), and {T}.f : k € Z%, f € F}
is a tight frame for S with bound 1. Here & denotes the orthogonal sum. Note that Vj is
a shift-invariant space with len Vy = 1. It is a standard fact that V; is also a shift-invariant
space with len1; < 27 [7, 11] (see Section 2), and hence W is also a shift-invariant space
with len Wy < 2¢. Therefore, once we show that the index A and len Wy coincide (Theorem
2.3), then Theorem 1.2 follows. We also give a more natural construction of a wavelet set
in Theorem 2.4 using the fiberization technique of shift-invariant space theory, the newly
found matrix characterization theorem of the decomposition of a shift-invariant space of
finite length into an orthogonal sum of singly generated shift-invariant spaces (Theorem 2.2)

and elementary linear algebra.

2 Main results

In this section, we prove that the index of an FMRA is len Wy, and construct a semi-
orthogonal wavelet set from an FMRA using the language of shift-invariant spaces.

Suppose that ¢ is a scaling function of an FMRA {V}};cz. We assume that 3, ;4 [@(z +
k)? = Xo(vp)(2) a.e. @ € T?, which is equivalent to the condition that the shifts of ¢ form a
tight frame with frame bound 1 for Vp [3, 14]. Since Vp C Vi := D(Vp), ¢ is refinable, i.e.,
there exists mg € L?(T9) such that

@(2x) = mo(z)@(z) ae xeRL (2.1)

We note that each k € Z% can be written uniquely as k = 2k’ 4+ ¢ for some k' € Z¢ and ¢q € Q.
Note also that DT}, = T, 5D for each y € R4, Therefore, { DTy : k € Z3} = {TwDTyp : k' €
Z% q € Q}. Hence V; = S(II), where I := {DT,p : ¢ € Q}. This shows that len 1} < 2%.



We now recall the facts about the fibers of the shift-invariant subspaces Vy, Wy and V7 in
(7, 8, 11]. For q € Q, define P, : £2(Z%) — (*(Z%) via

a(k), if k €279+ q,
(Pya)(k) := -
0, otherwise.

Then ¢2(Z%) = ©yeqPy(*(Z)). Define, for each z € T¢ and each ¢ € Q,

(G (5).)

Note that ay 4 is the ‘up-sampled’ version of Q)|(z4¢)/2, 1-€.,

az7q(2k‘ + q) = ¢‘|(m+q)/2(k), if ke Zd,
az.q(k) =0, if k ¢ 272 + q.

Therefore,
llaz.qlle2zay = |9)(2+q) /2]l e2(z0)- (2.3)
With this notation

Pllz = (@(x + k))keza = (mo <$ ; k) @ <x2k>)kezd

=3 mg <$;q> o g. (2.4)

qeQ

Then, we have, by (2.4) and the orthogonality of {a,,: ¢ € Q},

2
X Tr+q
Xo@) = 3 1ote + B = 3 o (5 )| eralaey 2.5)

2
kezd qeQ

The basic facts about the fibers of the shift-invariant spaces Vi, Wy and V; are concisely

represented in the following lemma whose proof can be found in [7, 8, 11].

Lemma 2.1 ([7, 8, 11]) For a.e. x € T¢

~ x +

Vo|j« = span Zmo <2q> Qg ¢ (2.6)
q€Q

Vle =span{azq:q € Q}. (2.7)

In particular, for a.e. x € T?,

dim lex = #{a:B?q SAg.q 7'5 0}. (2.8)



Now, suppose that {11,192, ,¢n} C Vi. Let Wo(i) = S{}) fori =1,2,--- ,n. For
the sake of notation let 1 := ¢ and Wéo) := Vp. Then there exist my, ma,--- ,m, € L*(T%)
such that

~

Pi(2x) == mi(z)p(x), 1 <i<n. (2.9)
Then for each i =1,2,--- ,n,

qeqQ

Let M be the matrix-valued function defined by

ma(o+ ) mo (o §) o omo (o)
e e mErs) o omee) |
Moo+ 5) mo (ot ) o m (ot %)

and let M (z)*1-F denote the matrix-valued function obtained from M (z) by deleting the
k1,--- , k;-th columns of M (z). Note that M satisfies

Dle Qg,q,
el Bl (2.12)
. 2 :
,QDATLH:E Ax,q,q
Let us define, for 0 < i < 2¢,
A; = {z e T?: dim Vi, = i}. (2.13)

Then (V1) = Lﬂ?ilAi, where W denotes the disjoint union. And, for each 1 <1< 2% —1 and
each ki, kg, -,k such that 1 < ky < ko < --- < k; < 2%, define

klv“'7kl — . — — —
Ay = {x €AQga_yiagg, = =Gag, = O} .

Then we have, by (2.8) and the orthogonality of {a,,: ¢ € Q},

= E1,ka,e sk
Aga_y = v ALy

1<k <ko<--<ky <24
The following matrix characterization theorem of the decomposition of a shift-invariant
space of finite length into an orthogonal sum of singly generated shift-invariant spaces is used

repeatedly in the construction of a wavelet set.



Theorem 2.2 The shifts of v; form a tight frame with frame bound 1 for Wo for each
1=1,2,--- ,n and
Vi=wWPaew e - ow™ (2.14)

if and only if:

(1) For a.e. x € Aga, 2¢ rows of M(x/2) are orthonormal vectors and the remaining rows

. d
are zero vectors in C2°;

(2) For each 1 =1,2,---,2% — 1 and for each choice of 1 < ky < kg < --- < ky <2, 2¢ ]
rows of M (z/2)* kKt are orthonormal vectors and the remaining rows are zero vectors

. d__ k1. k
in C*~! for a.e. x € AQ}I’_Z’ L

Proof. (=): The tight frame assumption implies that », , [i(z + E)|? = x (WD )(x) a.e.
for each i = 0,1,--- ,n. In particular, the tight frame assumption for 19 = ¢ implies that
\]an\]?Q(Zdl) =1 or 0 a.e. by (2.3) for each ¢ € . We have

2
Ko@) = 2 [ms (5 Nzl = D0 |mi (559)] (2.15)
qeQ qu»az,zﬁéO
for a.e. x € T and for each i = 0,1,---,n by Equations (2.4) and (2.10) and by the
orthogonality of {a,, : ¢ € Q}. On the other hand, Equations (2.14), (2.4) and (2.10)
imply that

0= mi (50 m; (“37) llawqll; ©2(zd) = Y mi () my (559 (2.16)
qeQ qu:az,tﬁéO

for a.e. z € T¢ and for each 0 < i # j < n. Now, (2.14) is equivalent to the fact that, for a.e.
z € T,

Vlllx = (Wo( ))||z (Wé ))||33 D (Wén))ﬁ\z- (2.17)
Therefore, by Lemma 2.1 and (2.17), we have
dim Vi, = #{g € @ apg # 0} = # {i € {01, n} o e o (W)},
Suppose that x € Agcll’ . For a.e. such z, dim Vle = 2% ] and Arq=0ifq € {qry, -, }
and azq # 0if ¢ € Q\ {qk,, -~ ,qx}. Hence there exist exactly 2¢ — | number of i €

{0,1,--- ,n} such that x € O'(Wéi)). Now, Equations (2.15) and (2.16) imply that those
24 — [ rows of M(x/2)k1+* is orthonormal vectors in €2~ and the remaining rows are zero
vectors. This proves Condition (2). Condition (1) can be proved similarly.

(«): We show that (2.17) holds a.e. € T If 2 € T¢\ ¢(V1), then (2.17) holds trivially.
Now let € Aya. For a.e. such z, (2.12) holds. The elements of the right-most vector in the
right-hand side of (2.12) form an orthonormal basis of Vle. Condition (1) now implies that
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2% elements of the vector in the left-hand side of (2.12) also form an orthonormal basis of

Vle and the remaining elements are zero vectors of £2(Z%). Hence (2.17) holds a.e. £ € Aqga.

Moreover, HiﬁinH?z(Zd) =0or 1 for a.e. x € Aga. On the other hand, for a.e. x € A’;}i,l ke
(2.12) also holds. For those x € Ag;_l ’k‘, {az, 9 € Q\{qk,+ ks, ,qr, }} is an orthonormal
basis for Vl||x7 and azq = 0if ¢ € {qr,, Gky, - -+ i, }. Hence, (2.12) now takes a simpler form:

t

~ t
(Gize) = M@/25* ((@rageQrfan e i)

where t denotes the transpose of a matrix or a vector. Now (2.17) holds by the same argument

for € Aqga, and Hq/;inH?Q(ZLi) =0or1forae x € Ag;"“’kl.
O
We now show that len Wy is equal to the index of the FMRA in Definition 1.1.
Theorem 2.3 Let A\ :=lenV;. Then
A if |A Vo)l >0
lenW(): 1, Zf| >\1\U( 0)‘ 9
)\1—1, Zf’A)\l\U(VO)‘ =0.
= the index A of the FMRA. (2.18)

Proof. Equations (1.2) and (2.13) imply that \; = max{i : |A;| > 0}, where |A;| denotes the
Lebesgue measure of A;. Recall that VlHac = Vng @WOHIL’ a.e. and that dim VOHQC = Xo(vp)(T)-
Hence dim Wy, = dim V)|, —dim Vg, = dim V}j, — X0 (1) (%), which implies the first equality
of (2.18). The second equality of (2.18) follows by the facts that

20NTY = 0(Vp)¢, 2B, NTY = A,

where Q and B, are defined as in Definition 1.1. O
We now give a concrete construction of such {¢; : 1 < i < A} based on Theorem 2.2,

which recovers Theorem 1.2.

Theorem 2.4 Let {V;}jcz be an FMRA for L*(RY) and X\ := len Wy. Then there exist
{Wi}r, C Wy such that {Tyap - 0 <1 < n,k € Z% is a tight frame for Wy with bound 1 if
and only if n > A.

Proof. If n < len Wy, then the shifts of n functions are not even complete in Wy by the very
definition of the length of the shift-invariant space. On the other hand, we now suppose that
n > . Our goal is to construct a 1-periodic matrix-valued mapping M () of size (A +1) x 2¢
such that its first row of M (x/2) is (mo(mij ))?d:1 and it satisfies Conditions (1) and (2) of
Theorem 2.2. Recall

241
o(Vi) = Ay e |4 O, Apyterh

=1 1<k <ko<--<k; <24

7



where some of the sets may be null sets. Recall also that either a; 4 = 0 or [|aggllp(ze) = 1
for each ¢ € @ by (2.3) since we assumed that the shifts of ¢ form a tight frame with frame
bound 1 for V.

For any = € T, let the first row of M (z/2) be (mq(*t% ))?d:1 Then we have defined the

2
first row of M (2/2). Now for any x € T¢\ ¢(V1), let the remaining A rows be 0. It suffices

to define the remaining A rows of M (x/2) for a.e. x € o(V1). Now we divide into two cases.
Case I: A = )y, ie., |Ay, \o(Vp)| > 0.

First, suppose that A = A; = 2¢. Then, |az,qll¢2(zay = 1 for each ¢ € Q and for a.e. z € Ay
by (2.7). If z € Aga \ 0(Vp), then m(”‘%q) = 0 a.e. for each ¢ € Q by (2.5). Hence the
first row of M(z/2) is 0. We define the remaining A = 2¢ rows to be those of the 2¢ x 24
identity matrix. Note that for a.e. x in such set, whose Lebesgue measure is positive, the last
A rows of M(x/2) are linearly independent. Hence, M (x/2) with the first row deleted times
(ax,q)ZeQ gives A linearly independent vectors of Vle. On the other hand, if z € Aya N (1),
then the norm of the first row is 1 by (2.5) since Haz,quQ(Z(i) =1 for each ¢ € Q. We define
the last row of M (z/2) to be 0 and define the in-between A — 1 rows so that the first A rows
of M(x/2) is a unitary matrix. This definition satisfies Condition (1) of Theorem 2.2.

Next, suppose that A = A\; = 2% — [ < 2% for some [ € {1,2,---,2¢ —1}. Then

k1,ka, K
Ay = O, Ay,
1<k <ko <<k <2d
k ak 7"'7k 3 3
If € A", then azg = 0 if ¢ € {gr,, - ,qr,} and [laggllezey = 1if ¢ € @\

{aq,, - ,qx}. Forae z € A’;}ifikl \ o(Vb), the first row of M (x/2) is 0. We define the
remaining A rows of M (x/2) so that the k;-th column is 0 for each ¢ = 1,2,--- [, and the
deletion of the first row of M (x/2)¥1** is the A\; x A1 identity matrix. Since |Ay, \o(Vp)| > 0,
at least one of A’;fi
of M(x/2) are linearly independent. Moreover, M (x/2) with the first row deleted times
(az,4)ieq gives A linearly independent vectors of Vle. Now if = € A’;;f?kl No(V), the
norm of the first row of M (z/2) with each the k;-th element deleted is 1 by (2.5). We define
the last row of M(x/2) to be 0 and the A — 1 number of in-between rows so that all the k;-th
columns of M(z/2) are 0 and the first A rows of M (x/2)¥* is a unitary matrix. This
definition satisfies Condition (2) of Theorem 2.2.

We have defined M(z/2) for x € A),. In particular, for at least one choice of 1 < kj <

K\ (V) is of positive Lebesgue measure. For this set the last A rows

ky < --- < Ky <29, A’;lf?kl \ 0(Vp) has positive Lebesgue measure, and for a.e. x in such
set M (x/2) with the first row deleted times (ax,q)(t;eQ gives A linearly independent vectors of
Vijja-

Now our job is to define M (z/2) on

klv"'vkgd,()\ 1
_ 1-1)
Ay = G Ay

1§k1<k2<m<k2d—(kl—l)
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for i =1,2,--- ,\; — 1 so that it satisfies Condition (2) of Theorem 2.2. This can be done
by the above idea in the following way. First, define the last | rows of M(z/2) to be 0.
We only need to define the second to the (A —1+1 = X\ — 1+ 1)-st rows of M(z/2). If
x € Aillixkzdfurl) \ o(Vo), then the first row is 0. Define the k1, - -, kya_(5,_;)-th columns
of M(xz/2) to be 0 and define the remaining rows so that A — [ in-between rows with the

ki, -+ kga_(x,—p-th columns deleted form the identity matrix. On the other hand, if z €

k 7...7]{; _ _ .
/\11_1 20-0a=h o(Vp), then the norm of the first row with k1, -+, kya_(y, _-th elements

deleted is 1. Define the ky,- - -, kya_(5,_;)-th columns of M (z/2) to be 0 and define A —1+1-st
row to be also 0. Then we define the remaining A — [ — 1 in-between rows so that the first
A — I rows with the ki, - -+, kga_(y, _j)-th columns deleted form a unitary matrix.

Case II: A = \; — 1, i.e, |Ay, \ 0(Vp)| = 0. The proof is identical to Case I except for the
fact that when we deal with Ay, the first row with suitable elements deleted is almost surely
of norm 1. Hence the construction yields a subset of Ay, of positive measure such that for
a.e. elements of the set the first \; = A + 1 rows of M (x/2) with suitable columns deleted
form a unitary matrix. The construction is identical for Ay, _;,1 <1 <X\ — 1.

It is routine to see that M (z/2) satisfies Conditions (1) and (2) of Theorem 2.2 in either
cases for a.e. € T?. Hence we have defined M (z/2) for a.e. x € T%. If we scrutinize (2.11),
then we see that we have defined the filters mg, m1,--- ,my on T If we extend the filters
1-periodically, then we define a 1-periodic M. Now, finally, define 1,9, - , %) so that
(2.12) is satisfied. It is easy to see that ¢y, s, -, ¥y € L?(R?). Then, Theorem 2.2 yields
that V; = Vo @ W, and Wy = @2, S({t;}). This completes the proof in the case that n = \.

We now consider the case n > X. Note that |[Ay| > 0. Then there exist positive measurable
subsets {I;}723" such that

Ay = L‘!‘JZT-L;O)\IZ'.

Define M (z) as in Case L. Let M(x) be the n x 2¢ matrix-valued function defined by

(1) = { (M(x));; LSiSA-T; 2.19)
i.j (M(2))y; x5\ (2), ifA<i<n

’

Define 41,9, ,1, so that (2.12) is satisfied by replacing M(x) by M(x). Using the
argument similar to Case I, we can show that 1,9, - -+ , ¥, satisfy that V3 = Vy & Wy, and
Wo = &1, S{vi}). -

We now give another interesting corollary to Theorem 2.2, which is related to the concept

of the unitary extension principle (UEP) of Ron and Shen [15].

Corollary 2.5 Let i := ¢ € L*(R?) be refinable and its shifts form a tight frame with frame
bound 1 for Vy := Wéo) = S{p}). Suppose there exist n(> 2¢—1) functions ¥y, s, -+ ¢, €
Vi == D(Vh) such that the shifts of each iy form a tight frame with frame bound 1 for



Wo(l) = S({¢}) and (2.14) is satisfied. Then there exists a 1-periodic (n + 1) x 2% matriz-
valued mapping M satisfying (2.12) such that M(x)*M(x) = Iya for a.e. x € o(Vp). In
particular, {DITypy - j € Zok € 79,1 <1 < n} is a tight frame associated with an FMRA
defined by the UEP.

Proof. The hypotheses guarantee a 1-periodic (n + 1) x 2% matrix-valued mapping M ()
satisfying (2.12). We change the entries of M (z) so that (2.12) still holds and M (z)*M (z) =
Iy for a.e. x € o(Vp). First we need an obvious observation: If N is an (n + 1) x 2¢ matrix
such that whose 2¢ rows are orthonormal and the remaining rows are 0, then N*N = I,q.
This holds since the matrix obtained by deleting all the 0 rows are 2¢ x 2¢ unitary matrix
and since N*N is simply the product of the adjoint of the deleted matrix and the deleted
matrix.

Suppose z € o(Vp). Then [7, Lemma 8] shows that o(Vi) = 20(Vp) (mod1). Hence
there exists k& € Z? such that y := 2x + k € o(V). Note that if we permute the columns
of M(y/2) suitably, then M(y/2) becomes M (x) since y/2 = x + k/2. If y € Aya, then
M(y/2)*M(y/2) = Iya by Condition (1) of Theorem 2.2 and by the above observation.
Hence M (z)*M(x) = Iy by the nature of the column permutation. Now suppose that

y € A’;‘li—l Kt Then 0 = Ayq,, = " = Qyq,- Hence ki, -+ k-th columns of M(y/2) have
no contribution in (2.12). Moreover, M (y/2)* % satisfies Condition (2) of Theorem 2.2.
It is easy to see that we can change &y, - - - , k;-th columns of M (y/2) so that exactly 2¢ rows

are orthonormal and the remaining rows are 0. Hence M (y/2)*M(y/2) = Iy also by the
above observation. Therefore, M (z)*M (x) = I,a by the nature of the column permutation.
In particular, {Di Ty : j € Z, k € Z%,1 <1 < n} is a tight frame by [15, Corollary 6.7]. O
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