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Abstract

Let X; be n-dimensional diffusion process and S(¢) be a smooth set-valued func-
tion. Suppose X is invisible when X; € S(t), but we can see the process exactly
otherwise. Let X;, € S(t9) and we observe the process from the beginning till the
signal reappears out of the obstacle after 5. With this information, we evaluate
the estimators for the functionals of X; on a time interval containing ¢y where the
signal is hidden. We solve related 3 PDE’s in general cases. We give a generalized
last exit decomposition for n-dimensional Brownian motion to evaluate its estima-
tors. An alternative Monte Carlo method is also proposed for Brownian motion. We
illustrate several examples and compare the solutions between those by the closed
form result, finite difference method, and Monte Carlo simulations.

Key words: interpolation, diffusion process, excursions, backward boundary value
problem, last exit decomposition, Monte Carlo method

1 Introduction

Usually, the interpolation problem for Markov process indicates that of eval-
uating the probability distribution of the process between the discretely ob-
served times. One of the origin of the problem is Schrodinger’s Gedankenex-
periment where we are interested in the probability distribution of a diffusive
particle in a given force field when the initial and final time density functions
are given. We can obtain the desired density function at each time in a given
time interval by solving the forward and backward Kolmogorov equations. The
background and methods for the problem are well reviewed in [17]. The prob-
lem also attracts interests in signal processing. It is useful in restoration of lost
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signal samples [8]. In this paper, we consider a special type of interpolation
problem for which similar applications are expected.

Let X; be the signal process represented by some system of stochastic differ-
ential equations. Suppose X; is invisible when X; € S(t) for some set-valued
function S(t), 0 <t < T < oo and we can observe the process exactly other-
wise i.e. the observation process is

Y = Xilx,¢s0), 0 <t <T.

In [10], 1-dimensional signal process and a fixed obstacle S(t) = (0,00) are
considered and the optimal estimator E[f(X;)Ix,~0|Y[o1]] was derived for
bounded Borel function f. The key identity is

Ef(X1)Ix,>0|Y0,] = E[f(X1)Ix,>0l|7] (1)

where 1 — 7 is the lastly observed time before 1 before the signal enters into
the obstacle. This is not a stopping time but if we consider the reverse time
process x; of X, 7 is a stopping time and we can prove (1) by applying the
strong Markov property to x;. This simplified estimator is again evaluated by
the formula

Elf(X0) Lxolr] = [ f@)alelr)de @
where ¢(z|7) = f(fop];((xz))l: Z((TT)) b (x) is the density function of X and u,(¢)

is the first hitting time density of yx; starting at x to 0 at ¢.

In [11], this problem was considered in a more generalized setting, where X
is n-dimensional diffusion process and the obstacle S(t) is a time-varying set-
valued function. For this setting, we should consider also the first hitting state
X- as well as time 7 and the corresponding identity becomes

Ef(X1)Ix,esm)| Yoy = EIf(X1)Ix,esw)|T x7] (3)

and ¢(x|t) is replaced by

P1 (x)ua:<t, y)
I p1(2)u.(t,y)dz (4)

where u,(t,y) is the first hitting density on the surface of the images of S(t).
This problem can be thought as a kind of filtering problem (not a prediction),
because we observe the hidden signal up to time 1(to be estimated) and the
hidden process after time 1 — 7 still gives the information that the signal is in
the obstacle. In this paper, we consider related extended problems. We con-
tinue observing the hidden signal process till it reappears out of the obstacle.
With this additional information we can estimate the hidden state with more

q(zlt,y) =



accuracy. An interesting fact is that even if the signal does not reappear in a
finite fixed time 7', this information also improves the estimator. We also eval-
uate extrapolator and backward filter. The interpolator developed in Section
3.4 in particular, can be applied to reconstructing the lost parts of random
signals in a probabilistically optimal way.

In section 3, we prove the corresponding Bernstein-type [17] identity similar to
(1) and (3) and derive the optimal estimator. Due to this identity, the problem
reduces to that of computing the density functions of general excursions (or
meander) in the solution of stochastic differential equations on given excursion
intervals. It is well known that the transition density function for stochastic
differential equation is evaluated through a parabolic PDE. For the interpola-
tor, we should solve a Kolmogorov equation and two backward boundary value
problems. We explain a numerical algorithm by finite difference method for
general 1-dimensional diffusion processes. When the signal is a simple Brown-
ian motion process, we can use the so called last exit decomposition principle
and we can derive the estimators more conveniently, which will be confirmed
by a numerical computation example. Alternatively, for Brownian motion, we
can use Monte Carlo method for some boundaries by numerical simulation of
various conditional Brownian motions. We give several examples and compare
the results by each method.

2 Reverse Time Diffusion Process

Consider the following system of stochastic differential equation
dXt = a(t,Xt)dt + b(t, Xt)th, XO = O, 0 S t<T (5)

where a : [0,7] x R" — R™, b:[0,T] x R* — R™™ are measurable functions
and W; is m-dimensional Brownian motion. According to [10] and [11], to
obtain the desired estimators, we need the reverse time diffusion process x;
of X; on [0,7"). In [3], the conditions for the existence and uniqueness of the
reverse time diffusion process are stated and they are abbreviated to

Assumption 1 the functions a;(t,z) and b;j(t,xz), 1 <i<mn, 1 <j <m are
bounded and uniformly Lipschitz continuous in (t,z) on [0,T] x R";

Assumption 2 the functions (bb");; are uniformly Hélder continuous in x;

Assumption 3 there exists ¢ > 0 such that

S (00 )ijyiy; > clyl?, forall yeR",  (t,z)e[0,T] xR

1,j=1



Assumption 4 the functions a,,b, and b,, satisfy Assumption 1 and 2.

We say that X; in (5) is time reversible iff the coefficients satisfy the above
4 conditions.

Theorem 1 [3] Assume Assumption 1- Assumption 4 hold. Let p(t,x) be the
solution of the Kolmogorov equation for X;. Then X; can be realized as

t t _
X, :XT+/ a(s,Xs)d(—s)—i—/ b(s, X)dW,, 0<t<T
T T

where Wy is a Brownian motion independent of Xr, and

> o (St ot ntsno)|

k=1
p(s, X;)

a(s, Xs) = —a(s, X,) + =X (6)

3 Derivation of The Optimal Estimators
3.1 Notations € Definitions

We will use the following notations throughout this paper.

e P..(R™) : the space of closed and connected subsets in R™.
e S:[0,T] — P..(R") : set-valued function.
° S(a,b) = U S(t) , (98(,1,;,) = U aS(t), oS = 88(0,71).

a<t<b a<t<b

We say S is smooth iff for each z € JS, there exists a unique tangent plane at
x. We only consider smooth set-valued functions.

e X, : the time reversible signal process satisfying (5).

o Yi:=Xilx,gsw, L€[0,T],  Yiap = {Yittepy):

° Xfo = Xittos X?’ = Xio—tlicpo,1), the reverse time process.
vto . t ~to .__ t

* Xi' = XtOIXfogéS(toH)’ Xi' = Xtolxi"eS(to—t)'

Note that X[° and x!° have the same initial distribution of & b X3,

Let F; = o{W, : 0 <t <T—ty}, G =0{W,:0<t < t}, and £ be
all independent and we consider the filtrations o(§,F;), 0 <t < T — ty and
d(&,G), 0 <t <t Let Xy, € S(ty) and we define two random times

o Ty, =ty —sup{s|s < tyg,Xs & S(s)} VO,



o oy = inf{s|s > tg, Xs & S(s)} AT — to.

We omit the subscript ¢, for convenience. 7 and ¢ can be rephrased w.r.t. X[
and Y% as follows:

7 =7(€) : the first hitting time of X/ to S(ty —t) when & € S(ty),
=0(€) : the first hitting time of X}° to S(ty + t) when & € S(t).

Let X7 and x* be the processes X;° and ;° which start at z and Px. and P
be probability measures induced by them, then with P induced by &, these
three probability measures are independent. We denote E o, Exo and E¢ for
the corresponding integrations.

We define the first hitting density of X[ on OS,,r) as follows: We first define
two measures on dS, r). Let B be open set in OS(t,, 1) and x € S(to).

)) € B)a

(B) : n-dimensional Hausdorff measure on 0S4, 1.

o(z

VI(B) = Px«((o(2), X2
Lin(B

Since v, < i, there exists the unique density function v, (¢, y) := dv,/Oun(t,y),
(t, y) € 88(,5077“) S.t.

vo(B) 1= [ valt.y)dualt,).

We can similarly define u,(s,z) = 0A;/0un(s,2), (s,2) € 0Squ,) where
Ae(A) : = PxX*((1(x), Xr(x)) € A) for open set A C 0S4

3.2 Eaxtrapolation

Suppose X;, € S(to) and we have observed Y; for 0 < t < t; and we want to
estimate a future state Xfo, 0 <t <T—ty From the lastly observed point
before ¢, we obtain the conditional density v(x) = q(z|r, xf) for the present
estimator as in (4) and we use this density as the initial condition for the
Kolmogorov equation;

" 92T (t+to, x)plo(t, T)b(t+to, 7))
(%zzi&cj ’
(7)

op'(t, x) " O(ph(t, x)a(t+tg, z)) +1
ot Ox 2

i=1 ij=1
p(0,z) = v(x).

The solution p' (¢, ) is the conditional density for the extrapolator.



3.8 Backward filtering

Suppose X, € S(ty) and we observe the hidden signal from the present time
o up to a future time and we want to estimate X, .

Applying the strong Markov property, we can get a similar identity as (3)
E[f(XtO)IXtOGS(to)|}/[t0,T]] = E[f(Xto)]XtOGS(to)’U7 X;OL (8)

We can think of two cases. One is the case when the hidden signal reappears
before T" and the other is when the signal does not appear up to 7.

3.81 Casel :tg<to+oc<T

Consider the joint density function

v(x;s, z) = P[g c (ilf;?(fii)@) = die Z)} , to<s<T.

By conditioning on &, we can decompose this density such as

’U($; S Z) = pt()(x)vw(‘s? Z)?

where py,(x) is the density function of X;,. Hence, by the identity (8), we
obtain the formula

EIf (X LxestoVior] = [ f@)u(alo, X0)da ©)

to

Pty (I)UI(S, Z)
Ton Pro(r)ur (5, 2)dr
the Kolmogorov equation
p( L) = 5( ),

where §(x) is Dirac-delta function. v,(s, z) is obtained by the following proce-
dure. We need to solve the the following backward boundary value problem.

where v(z|t,y) = We can get py, (z) = p(tg, ) by solving

8p (t, ) (t T) 20T (t, z)p(t, x)b(t, z))

1 n
5 Z: (’3@83:] ’

(10)

Lemma 2 We let C§°(0S) be the set of infinitely differentiable function v’s
such that Suppy CC 0S. Consider the following partial differential equation
ov 1

5 + Tr[bT(t T)geb(t, z)] +Fvla(t,z) =0, (t,z)€ St 1) (11)



with the boundary conditions

v(t,x) =Y(t,x), for (t,x) € OSu,m),
v(T,z) =0, for xebS(t),

(12)

where Tr is the trace of m xm matriz and ¢ € C5°(0S,,1)). Then there exists
a unique solution v(t,x) in C?([to,T) x S(t)) and L such that

o) = [ LeE e ) dinsy)

holds.
Proof. See [12] and references therein. O

By applying Ito’s formula, Lemma 2, and the standard localization technique
for local martingale, we obtain the following lemma.

Lemma 3 Under the same assumptions in Lemma 2 , we get

Bl (o(x), X50,)] = v(0,2).

o(x)
In particular, (o(x), Xj_o(x)) has the joint density function L(0, x; s, 2)(= v (s, 2)).
Proof. See Lemma 3.2 [11]. O

Hence, we have

Eb(o(w), X3, = [ o LUV dia(r)

and by taking a sequence 3% € C5°(9S,, 1)) converging to the Dirac-0 func-
tion at (s,z) on 0Sy,,r), we obtain the joint density v,(s, 2) such as,

lim E[@DZ’Z(a(x),X;O(z))] = (8, 2).

n—oo

Let v2* be the corresponding solution of (11) with the boundary conditions
(12) for ¢ = 1>, then by Lemma 3 we have

vz(8,2) = lim v)*(0, z).

n—oo

3.3.2 Case 2:T<ty+o

Just v,(s, z) in (9) is replaced by P(to + o(z) > T).



3.4 Interpolation

Suppose we have observed Y; from the beginning to the final time 7" and we
want to estimate Xy, 0 <ty < T, when Xy, € S(to).

The following lemma asserts that we can apply the strong Markov property
to two strong Markov processes simultaneously even if they start at same &.

Lemma 4 Let f and g be bounded Borel functions, then

Blf(x2) - 90X ) Fr): € Goe)] = Ef (X2 Frie): €] - Elg(X52 1€, Goie)).

Proof. Let F' = F(§), H, and G = G(§) be Fr), &, and Gy(¢) measurable
sets respectively, then conditioning on &, we have

E| B ¢\ P €] - Blg(X2.)I6 Gatc)) - L
= E _[H'E{E[f(g‘i‘xg—i-t)'[F’fT(ﬁ)? &l Elg(€+X5.,) - Ial €, ga(s)]‘ﬁH
= B[y B [f(ex0) - 11 - Bs[o(e+X0,.) 1]
= E¢ _IH Eyosxo | f(64X010) - 9(6+X04,) - Trc

= [f(XtrO+t) 'g(Xa-i-s) ]FHG}

Theorem 5 For bounded Borel function f, we have

E[f(XtO)IXtOES(tO) |YV[0,T}] = E[f(XtO)IXtO €S(to) |7—7 Xf—oa g, Xctro]‘ (13)

Remark 6 This identity means that if we observe the hidden process up to
time T', it is enough for us to know the lastly observed time and position before
to and the first reappearing time and position after ty to estimate the hidden
state X, optimally.

Proof. Let A;,B;, i = 1,2,---,n, and A, B be Borel sets in R” and 9S
respectively. We let A :=[]"; A; and B :=[];-, B; and denote

{Xr4t € A} = {Xrqt, € A1+ Xrgtn € An},
{X0-+s < B} = {Xo+sl € Bl, s >Xo+sn € Bn}

It is enough to prove that both sides of the equation (13) have the same ex-

pected values when they are multiplied by I q

{(rX0)EA, Xrie€A} {(0,X)EB, Xo4s€B}



By using Lemma 4 and the strong Markov property, we have
E[f(Xto)]XtoeS(to) T ni0ved, gorear (o xt0)eB, XU.;_SGB}}
=K [f (O cestto Ly i Lo xiore B Tivseear (5, puem | Frier & QU@H
- E{f (Oleestuo ! rieren axinen P (e € 4) - P (X, € B)}
On the other hand, similarly we have
E [E [ (Xio) Ixesio)
=E [E FOTeesoryoreiy oxiores |7 X5 7 X
B [[ (e (%, emy \fr@» 3 ga-(s)]]

=F [E O eesto L romen oxorer |70 X7

P (3 € A) - PX(X, € B)}

t t
T XE] T mea soen (o ien, XHSEB}]

to , to ~
= E[f(g)IEES(to)I{(ﬂXio)GA}I{(ngo)EB}PXT (vt € A) - P*7 (X, € B)}
This completes the proof. O

Let q(z;t,y; s, z) be the joint density function such that

P¢ € du; (7(£), X)) € dlt,y); (9(€), X29¢)) € d(s, 2)]
dx d(t,y)d(s, 2) ’
(14)

q(z;t,y; s, 2) =

By conditioning on &, we can decompose the joint density such as

Q(% t,y;s, Z) = Pty (x)ux(ta y)vx(sv Z)

where py,(x) is the density function of Xy, u.(t,y) and v,(s, z) are the first
hitting densities defined in section 3.1. The density function py, (z) = p(to, x) is
obtained by solving the Kolmogorov’s equation (10), v, (s, z) is given in section
3.3 and u,(t,y) is obtained by solving the following backward boundary value
problem for the reverse time process y%

0 1
8_? + 5’]?1‘[d—r(t7 x)u:rxd<t7 LE)] + ulc(t’ LU) - 0’ (to — b QJ) < g(O,to)

with the boundary conditions

u(t,x) = p(t,z), for (t,x)€ 0S4,
u(to,x) =0, for =z e S(t),



where c(t,z) = a(to — t,x), d(t,z) := b(ty — t,x), and ¢ € CF°(IS) is close to
a Dirac-delta function on 9S4, - see [11].

Hence, by the identity (13), we obtain the formula for the interpolator such
as

Theorem 7

E[f(Xto)[XtOES(to)’YV[O,T]] = /S f(w)Q(fE't;y, S, Z)dl’,

to

yun (x)uac(ta y)vw(s, Z)
fsto Dio (1), (t,y) (8, 2)dr

where q(z|t,y; s,z) =

Example 1 (Brownian excursion and meander)

Let W, be standard 1-dimensional Brownian motion starting at 0 and hidden
by S(t) = (0,00), t > 0. Suppose W, € S(tp) and 7 = ¢, o = s, then the joint
density in (14) is

P(Xy, € dv,7(Xy,) € dt,o(Xy,) € ds)
dxdtds

= Py, () uy(t,0)v,(s,0), (15)
where

Up(£,0) = ——— T e~ 0=022 g q g (s,0) = — o2,

27 (to — t)t3 ’ V2ms?
Then, the conditional density for W, is evaluated as

Do () uz(t, 0)v,(s,0)
fSt pto uz(t O)Uz(s O)d

\f (s +1t)3 s+t)}
s3t3 2st

We can derive the same result using Corollary of Theorem 6 in [4].

PW,, € dz|t =t,0 = s|/dx =

When T' < tg + o, the joint density for the interpolator is
P(W,y, € dz)P(1(z) € dt)P(to+ o(z) > T)/dxdt (16)

where
T—to T

0 vV 273

and we can obtain the corresponding conditional density for the interpolator.

Plto+o(z)>T)=1— e dr (17)

10



From Theorem 9 (Appendix), we have

P(y(T) e d(ty—t), Z(ty) € dz, |W(T)| > 0)/d(—t)dx (18)
= 2p(to — £,0,0)g(t0, 0,2) [~ q(T — to . y)dy.

A little calculation shows that the last integral in the above line coincides with
(17), hence (18) yields the same conditional density as (16). So, we conclude
that the interpolator for hidden Brownian motion coincides with Brownian
excursion or meander.

The conditional densities for the filters and the interpolators at fixed times
are compared in Fig 1. We used Matlab for the numerical simulations in this
article. The densities for the interpolator seem to have smaller variance, hence
we can infer that they yield more accurate estimates.

4 A Last Exit Decomposition

For Brownian motion, the joint density (15) has an another decomposition
which is called the last exit decomposition (LED) as follows:

p(to —t,0,0)v,(t,0)v,(s,0).

This principle is proved for more general Markov processes in Getoor et al. [6]
and [7], and for scalar Brownian motion with smooth time varying boundaries
in Salminen [14]. Here we give a generalized version of the result in [14]. This
provides us some convenience since in this decomposition, we need not know

Uz (t,y).

Theorem 8 Let W; be n-dimensional Brownian motion. Then, for W, and
set-valued function S : [0,00) — Pe(R™), the joint density in (14) is decom-
posed as

q(z;t, 3 8, 2) = Drg—t(Y)V2(t, Y02 (5, 2).

Proof. It is enough for us to prove

P|¢ € du; (7(£), X)) € d(t,v)]
dx d(t,y)

u(z;t,y) = = Pro—t(Y)=(t,y),  (t,y) € 0S(0,10)-

11



Let C' C S(ty) be an open set in R", and A be an open set in 0S(0,1,), then

Py[Wyy € 8, (1(Way), Xr(wiy)) € A
- / R| Wto € da, (T(Wyy), Xr(wy)) € A]
_/ Pe|(7(2), Xr(0)) € A| Po(W, € )
= /CPXx (), Xr(a)) € A‘Wto = O}PO(Wt0 ¢ dx)
Py [(7(2), Xr(w) € A, Wy, € dh]

— [ 1 d
cdéglo Pio(2,0) - dh Puo(0,0)d
= | Jim P Wiy € dh|(7(2), Xre)) € A] Jdh - Pee[(7(2), X)) € Al

= /Cptofr(x)<X‘r(x)a O) : PXI [( ( ) Xr x)) S A} dz.
By the Lebesgue differentiation w.r.t x, the last line above becomes
Pto—+@) (Xr(a), 0) - Py [(7(2), X)) € A

Again, taking a sequence of balls A, on 0S(04,) that shrinks to (t,y) nicely,
we obtain

Py [(7(2), Xr(w)) € An]
Nn(An)

U(%; L, y) = nlggo ptofT(x)(XT(z)v O) :

= pto—t(y)vx (ta Y).

Example 2 (Scalar Brownian motion hidden by an interval)

Suppose W; is hidden by the interval S(¢) = [0,1] and W; € [0,1]. Due
to Theorem 8, we can obtain the explicit filter and interpolator at each tq
for this case. Suppose W; is lastly observed at (2/3,0) i.e. (7(W1), Xrwy)) =
(1/3,0). We compare the conditional density functions at ¢ = 1 for the two
decompositions given above.

Let 0 < x < a, W}’ be Brownian motion starting at x and 7y and 7, be the
first hitting times of W to y = 0 and y = a. Then for ¢ > 0,

IE)VZ (t) := P*(1p € dt, 10 < 7o) /dt, fi=(t) := P*(1, € dt, 7, < 79)/dt,

12



0 1 = (2na+z)*
e (t) = e n;m@na—l—x) exp{ - T},
a _ 1 - (2na+a—x)?

By Theorem 8, we have

u(,1/3,0) = pay3(0) - fiy=(1/3) (19)

and alternatively, we can decompose (19) as in (15), u(z,1/3,0) = p1(0) -
uz(1/3,0) where u,(1/3,0) is the first hitting density of (reverse) Brownian
bridge at (1/3,0). We can obtain approximate u,(1/3,0) by solving the partial
differential equation

ou 10%u r Ou

E—I—ﬁ@_lj—t%_O’ (t,ZE)E[O,l)X(O,l)

with the boundary conditions

u(t,0) = o/3(t), teo,),

uw(l,z) =0, z€(0,1),and
u(t,1) =0, tel0,1),

where n

() = 51[%%%%](75)-
We use finite difference method and the approximate conditional densities are
depicted in Fig 2 along with those by (19) for two different (7, x1)’s.

5 Optimal Reconstruction of Lost Paths

Example 3 (Scalar Brownian motion hidden by an interval IT)

For the same setting as in Example 2, we can obtain the interpolated esti-
mates at each time on the hidden interval using Theorem 7. In Fig 3, the
reconstructed paths are depicted using the conditional means at each time
for the interpolator in Theorem 7. We considered two cases. One is ‘bounded’
(Brownian) excursion and the other is ‘crossing’ (Brownian) excursion, i.e.
the signal reappears on the other boundary. The second case shows that the
simple linear interpolation is not the optimal reconstruction for the hidden
crossing excursion. A big discontinuity occurs for the filtered estimates at the
reappearing time.

13



Example 4 (Planar Brownian motion hidden by a quadrant)

Let X; = (W(l) Wt(z)) be 2-dimensional Brownian motion starting at (0,0)
and suppose Xy, is hidden by the quadrant S(t) = [0, 00) X [0,00). We want
to reconstruct lost path on I = (tg — 7,to + o) for the following two cases. We
let to+0 <T.

Case 1 : X; lastly observed at (y;,0) and reappeared at (0,y2); On I,
(Wt(l) |Y{o,77) is scalar Brownian motion starting at (to — 7, 1) which firstly hits
zero at t = ty + o i.e. time reversed Brownian meander with fixed end point.
And (Wt(2)|Y[07T]) on [ is the Brownian meander starting from (¢y — 7,0) with
fixed end point (9 + o,y2). We can evaluate the each mean path using the
density function in Corollary 10 (Appendix).

Case 2 : X, lastly observed at (y;,0) and reappeared at (y»,0); On
I, (Wt(1)|Y[0’T]) behaves as Brownian bridge from (tg — 7,91) to (to + o,y2)
with lower bound zero and its mean path is evaluated using Corollary 11.
(Wt@) |Yo,7)) behaves as standard Brownian excursion on I, whose mean path
is given as

(t—to+7)(to —t +0)

EW | Yon) f\/ — : tel.

E(X¢|Y[om) is depicted in Fig 4 for both two cases, where R is the sojourn
time in the obstacle.

5.1 Finite Difference Method

We illustrate the algorithm by FDM by an example. Consider the simple ob-
stacle S(t) = (0,00), t > 0 and the Ornstein-Uhlenbeck process X; satisfying
the following equation:

dXt = Xtdt + th, XO = 1, (20)
Note that the coefficients in (20) satisfies the 4 conditions in Section 2. Suppose
X, is lastly observed at (1,0) and firstly reappeared at (3,0). We want to

reconstruct the lost path.

Since (20) has the explicit solution



1
X; is a zero mean Gaussian process with variance V() = 5(1 — e~ %), Hence

1 2 —2t
R e —" i) (21)
(1 —e %)

The PDE’s for u,(t,y) and v,(s, z) is given as

ou 10%u 2 ou q
8t+2ax2+$<1_ 1—e2(3f>> or 0o
1 2

g: + 22;; —xgz =0, for (t,x)€1,3]x[0,00).
We take 8 instead of oo and equally divide the rectangle [1,3) %[0, 8) by 8,000 x
320. We evaluate two matrices U and V' of the same size m xn where n = 8001
and m = 321 for the functions u and v. As boundary conditions, we impose
10,000 on U(1,8001) for the Dirac-0 function and evaluate U by backward
finite difference method. Likewise, we evaluate V backward by imposing 10,000
on the other time end point. The elements of U and V' are arrayed in an unusual
way as follows:

um,n(”m,l) e um,l(vm,n)

vvy=1| 1,

Ul,n(vl,l) U1,1(U1,n)

where u;,, = vy, = 10,000. For each time discretization point ¢; € [1, 3] we
use p(t;, x) in (21), ith column of V', and (8001 — 4)th column of U to evaluate
the interpolated estimate in Theorem 7. The estimated values are plotted in
Fig 5.

5.2 Monte Carlo Method by Simulation of Conditional Brownian Motions

When we reconstruct the whole hidden path, we evaluated conditional expec-
tations at each time point using complicated conditional densities. For Brow-
nian motion, we can generate various conditioned paths by some transforms
of Brownian motion and Brownian bridge. For example, let B, i = 1,2,3 be
3 independent copies of Brownian bridge from (0,0) to (1,0). Then

BT = \/(rt+ Bl + (B + (B, 0<t<1

is the Brownian meander with fixed end point (1, 7) which is needed in Example 4.
We can also generate Brownian excursion path by transposing the pre-minimum
part and post-minimum part of Brownian bridge as can be seen in Vervaat [16].
For other transforms, see [2] and references therein. Hence, we can get approx-
imate estimates by Monte Carlo methods using these transformed paths. Since

15



we are interested in the conditional mean or expectation of some functionals
of the process, we need not evaluate the conditional density at each time in
this approach. When one of the boundary in Fxample 3 is not a constant, this
method is more useful. We can choose out paths which satisfy given boundary
conditions.

For example, consider the obstacle S(t) = (0,4¢/5), t > 0 and W; is lastly
observed at (1,0) and reappeared at (2,0). We took a step-size 1/2° and
generated 5000 excursion paths. 2842 paths are discarded which do not obey
the upper boundary. The approximate estimates are compared with those by
finite difference method. See Fig 6.

Appendix : Some f.d.d.’s for conditional Brownian motion

Consider the standard Brownian meander on (y(to),to) where v(to) = to — 7.
Let Z(u) = |[W(vy(ty) + u)|. We quote the finite dimensional distribution of
Brownian meander given in Theorem 4 in Chung [4].

Theorem 9 Letm > 1, 0 <up < ug < ... < Uy <tg—1 <ty and yr,...Yms1
be arbitrary positive numbers. We have

P(~(to) € dt; Z(uy) € dy1, ..Z (Un) € dym; |W (to)| € dyms1)

= 2p(t,0,0)dt g(ur;0,y1)dyr q(us —u1; Y1, Y2)dys «..q(Um — Um—1; Ym—1, Ym) Y,
C](to —t— Ums Ym, ym+1)dym+1-
Y|

e/ 2 and
2mt3

where p(t;x,y) is the transition density of Wy, g(t;0,y) =
q(t;z,y) = p(t;2,y) — p(t;z, —y).
We immediately have

Corollary 10 (Brownian meander with fixed end point) For 0 < u <
tO;

g(u;0,y) - qlto —t —u;y, 1) dy
g(to —t;0,1p)

P(Z(u) € dyly(to) € dt, [W(to)| € dyr) =

Corollary 11 (Brownian bridge with a lower bound) Let B; be Brow-
nian bridge from (0,y1) to (to,y2).

q(w;y1,y) - qlto — t — w;y, yo) dy

P(B, € dy|B, >0 for u € [0,1]) =
( | 0,1D q(to;y1,y2)
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Fig. 2. Conditional densities; FDM vs. analytic solutions by LED



0.9+

0.8+

0.7¢ Mean of the crossing excursion
(Interpolated estimates)

0.6 b

©200000,
Mean of the bounded excursion %
(Interpolated estimates) °v°’
°
O L L L L
1 1.2 1.4 1.6 1.8 2

Fig. 3. Bounded & crossing Brownian excursion

18} oo 1

1.6 R=1

1.2r

1F Case 1

0.8r

0.4r ) Case 2 \

0.2r

0 05 1 15 2
y=1,¥,=2

Fig. 4. Mean of the hidden parts of Brownian motion in a quadrant

19



1.4

—— mean of Brownian excursion
- - mean of O-U excursion

Fig. 5. Interpolated estimates by FDM - Mean of B & O-U excursions

1.6

] |

\\\\\\ - Upper boundary
-- FDM
— Monte Carlo method

T
1

0.8

0.6

T
y
U
'
\
1
)
1
/

0.2/ |

Fig. 6. FDM vs. Monte Carlo method — a moving boundary

20



