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ABSTRACT. We develop the left-definite analysis associated with the self-adjoint operator A,(f’ﬁ ) in
the Hilbert space L2 5(—1,1) := L*((—1,1);wa,5(t)), where wa,5(t) = (1 — ¢)*(1 + t)”, generated
from the classical second-order Jacobi differential equation

1 o ! a
lagalt))) = o —s (0= 0" A+ 0" Y @) + 50 =071 +0"(0) (e (-1,1),

that has the Jacobi polynomials {P,%a’ﬁ)}fnozo as eigenfunctions; here, o, 3 > —1 and k is a fixed,
non-negative constant. More specifically, for each n € N, we explicitly determine the unique left-
definite Hilbert-Sobolev space Wéiﬁ’ﬂ)(—l, 1) associated with (L2 5(—1, 1),A;€a’ﬁ)). Moreover, for
each n € N, we determine the corresponding unique left-definite self-adjoint operator BT(L‘?‘,;B ) in
Wffk”g )(—1, 1) and characterize its domain in terms of another left-definite space. The key to
determining these spaces and inner products is in finding the explicit Lagrangian symmetric form
of the integral composite powers of ¢4 g x[-]. In turn, the key to determining these powers is a
remarkable new identity involving a double sequence of numbers which we call Jacobi-Stirling
numbers.

1. INTRODUCTION

In a recent paper [16], Littlejohn and Wellman developed a general abstract left-definite theory
for self-adjoint, bounded below operators A in a Hilbert space (H, (-,-)). More specifically, they
construct a continuum of unique Hilbert spaces {(W;, (+,*),)}r>0 and, for each r > 0, a unique
self-adjoint restriction B, of A in W,. The Hilbert space W, is called the " left-definite Hilbert
space associated with the pair (H,A) and the operator B, is called the rt left-definite operator
associated with (H, A); further details of these constructions, spaces, and operators is given in
Section 2 below. Left-definite theory (the terminology left-definite is due to Schéifke and Schneider
(who used the German Links-definit) [23] in 1965) has its roots in the classic treatise of Weyl [28]
on the theory of formally symmetric second-order differential expressions. We remark, however,
that even though our motivation for the general left-definite theory developed in [16] arose through
our interest in certain self-adjoint differential operators, the theory developed in [16] can be applied
to any strictly positive, self-adjoint operator in a Hilbert space.

In this paper, we apply this left-definite theory to the self-adjoint Jacobi differential operator
A,(Ca’ﬂ ), generated by the classical second-order Lagrangian symmetrizable (see [15]) Jacobi differ-
ential expression

1 [e% / ! (0%
(L) agrll®) = o (0 =070+ 0P ) + k0= 070 +0)%(0))

= (1 =)y + (@ =B+ (a+B+2)t)y' (1) +ky(t) (te(~1,1)),
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where
(1.2) Wa5(t) == (1—)*(1+1)° (te(~1,1)),

which has the Jacobi polynomials {Pr(a’ﬁ ) e as eigenfunctions. Throughout this paper, we assume
o, > —1 and k is a fixed, non-negative constant. The right-definite setting for this Jacobi
differential expression is the Hilbert space L?((—1,1);wqa g(t)) := Liﬁ(—l, 1), defined by

1

(1.3) Liﬂ(—l, 1) :={f:(-1,1) —» C| f is Lebesgue measurable and/ |F(8)|? wap(t)dt < o0},
-1

with inner product

1
(1.4) (f,9)a,s ;:/ fOgtwag(t)dt  (f,g € La 5(—1,1)).
-1
When oo = 3 =0, (1.1) is the Legendre differential expression which, for later purposes, we list as

(1.5) looly)(t) === (1 =)y (1) +ky(t) (£ € (=1,1)).

Historically, it was Titchmarsh (see [25] and [26]) who first studied, in detail, the analytic properties
of look[] in the right-definite setting L?*(—1,1) := Lao(—l, 1). In particular, he showed that

the Legendre polynomials {P,}7°, are eigenfunctions of a certain self-adjoint operator, which we

denote by A,(CO’O), generated by the singular differential expression £ o x[-]. Another detailed reference

concerning the Legendre expression, and its properties, is [7]; for a comprehensive treatment of the
Jacobi expression (1.1) in the setting Liyﬁ(—l, 1), see the thesis of Onyango-Otieno in [18].

This paper may be seen as a continuation of the results obtained for the Legendre differential ex-
pression in [10] and the related papers [3] and [8]. In [10], the authors develop the left-definite theory

of the operator A,(CO’O) in the Hilbert space L?(—1,1), generated by (1.5), and having the Legendre

polynomials {P,}>° as eigenfunctions. In [3]|, a new characterization of the domains D(A;CO’O))
and D(BEOI;O)), where Bgok’/,o) is the first left-definite operator associated with (L%(—1,1), A,io’o)), are
given as well as a new proof of the Everitt-Mari¢ result [11]. In [8], the authors obtain further new

characterizations of the domain D(Ag)m) of A,(CO’O), including a different proof of the one given in

[3]-

We remark that, even though the theory obtained in [16] guarantees the existence of a contin-

uum of left-definite spaces {Wr(iﬁ )(—1, 1)}r>0 and left-definite operators {Bﬁz’ﬁ )}r>0 associated

with the pair (Liﬂ(—l, 1),A,(Ca’ﬁ )), we can only effectively determine these spaces and operators
in this general Jacobi case when r is a positive integer; see Remark 2.1 in Section 2. The key to
obtaining these explicit characterizations of {WT(%’B )(—1, 1)}ren and {Bﬁcli’ﬁ )}reN is in obtaining the
Lagrangian symmetrizable form of each integralvpower 0, ,@k[] of the Jacobi differential expression
lopkl]. In turn, the key to obtaining these integral powers is a remarkable, and yet somewhat
mysterious, combinatorial identity involving a function that can be viewed as a sort of generating
function for these integral powers of ¢, g x[-]. In our discussion of the combinatorics of these inte-

gral powers of ¢, 5[], we introduce a double sequence {P(a’ﬁ)Sﬁf )} of real numbers that we call
Jacobi-Stirling numbers; these numbers, as we will see, share similar properties with the classical
Stirling numbers of the second kind {S,(L] )}. Furthermore, these Jacobi-Stirling numbers generalize
the Legendre-Stirling numbers, whose properties are developed in [10] and [13].

The contents of this paper are as follows. In Section 2, we state some of the main left-definite

results developed in [16]. In Section 3, we review key properties of the Jacobi differential equation,

the Jacobi polynomials, and the right-definite self-adjoint operator A,ga’ﬁ ), generated by the second-

order Jacobi expression (1.1), having the Jacobi polynomials as eigenfunctions; explicit in this
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review is a discussion of the Glazman-Krein-Naimark theory (see [2] and [19]). In Section 4, we
determine the Lagrangian symmetrizable form of each integral composite power of the second-order
Jacobi expression £, g ;[-] (see Theorem 4.2) in terms of the Jacobi-Stirling numbers and we discuss
a remarkable identity involving these numbers (see Theorem 4.1 and Remark 4.2). Lastly, in Section

5, we establish the left-definite theory associated with the pair (Liﬂ(—l, 1),A§€a’5 )). Specifically,
we determine explicitly

(a) the sequence {W,(Lozﬁ)(—l, 1)}52; of left-definite spaces associated with (L2 5(—1,1), Aéa’ﬁ))

n=1
and we show that the Jacobi polynomials {P,Sf’ﬂ ) x_o form a complete orthogonal set in
each of these Hilbert-Sobolev spaces;

(b) the sequence of left-definite self-adjoint operators {BT(LO‘,;B ) o 1, as well as their explicit do-

mains {D(Bff,f )) o, associated with (Liﬂ(—l, 1),A,(€a’ﬁ )). Furthermore, we show that
(.0,

nk
(¢) the domains D((A,ia’ﬁ))"), for each n € N, of the composite power (A,(f’m)" of A,(fa’ﬂ).

These results culminate in Theorem 5.4.

Throughout this paper, N will denote the set of positive integers, Ng = NU{0}, while R and C
will denote, respectively, the real and complex number fields. The term AC will denote absolute
continuity; for an open interval I C R, the notation AC),(I) will denote those functions f : [ — C
that are absolutely continuous on all compact subintervals of an interval I C R. For n € N, the
space AC’I(OTLC) (I) denotes the set of all functions f satisfying f) € AC)o.(I) for j =0,1,...,n. The
space of all polynomials p : R — C will be denoted by P. If A is a linear operator, D(A) will denote
its domain. Lastly, a word is in order regarding displayed, bracketed information. For example,

f(t) has property P (t € I),

{P}f’ﬂ )}%):0 is a complete set of eigenfunctions for each of these operators B

and
gm has property @ (m € Ny)

mean, respectively, that f has property P for all t € I and g,, has property @Q for all m € Np.
Further notations are introduced as needed throughout the paper.

2. LEFT-DEFINITE HILBERT SPACES AND LEFT-DEFINITE OPERATORS

Let V denote a vector space (over the complex field C) and suppose that (-, -) is an inner product
with norm ||-|| generated from (-,-) such that H = (V,(-,-)) is a Hilbert space. Suppose V; (the
subscripts will be made clear shortly) is a linear manifold (vector subspace) of V' and let (-,-), and
||-||, denote an inner product and associated norm, respectively, over V;. (quite possibly different
from (-,-) and |[|-||). We denote the resulting inner product space by W, = (V,.,, (+,-),.).

Throughout this section, we assume that A : D(A) C H — H is a self-adjoint operator that is
bounded below by kI, for some k > 0; that is,

(Az,x) > k(z,z) (x € D(A)).

It follows that A", for each r > 0, is a self-adjoint operator that is bounded below in H by k"I.
We now define an r left-definite space associated with (H, A).

Definition 2.1. Let r > 0 and suppose V. is a linear manifold of the Hilbert space H = (H, (-,"))
and (-,-), is an inner product on V.. Let W, = (Vy., (,-);). We say that W, is an r'" left-definite
space associated with the pair (H, A) if each of the following conditions hold:

(1) Wy is a Hilbert space,
(2) D(A") is a linear manifold of Vi,
(3) D(A") is dense in W,,
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4) (z,z), > k" (x,z) (zeV,), and
() (z,y), = (A"z,y) (z€D(A"), ye ).

It is not clear, from the definition, if such a self-adjoint operator A generates a left-definite space
for a given r > 0. However, in [16], the authors prove the following theorem; the Hilbert space
spectral theorem (see [22, Chapter 13]) plays a prominent role in establishing this result.

Theorem 2.1. (see [16, Theorems 3.1 and 3.4]) Suppose A : D(A) C H — H is a self-adjoint
operator that is bounded below by kI, for some k > 0. Let r > 0. Define W, = (V,., (-,-),) by

(2.1) V, = D(A™?),
and

(.%', y)T = (AT/QJ}:AT/Z:U) (1‘,y S VT)
Then W, is a left-definite space associated with the pair (H, A). Moreover, suppose W) := (V! (-,-)})
is another r* left-definite space associated with the pair (H, A). Then V, = V! and (z,y), = (z,7)".
for all x,y € V, =V, i.e. W, = W/. That is to say, W, = (V,,(,-)r) is the unique left-definite
space associated with (H, A). Moreover,

(a) if A is bounded, then, for each r >0,
(i) V=V
(ii) the inner products (-,-) and (-,-), are equivalent;
(b) if A is unbounded, then
(i) Vi is a proper subspace of V;
(ii) Vs is a proper subspace of V, whenever 0 < r < s;
(iii) the inner products (-,-) and (-,-)s are not equivalent for any s > 0;
(iv) the inner products (-,-), and (-,+)s are not equivalent for any r,s > 0, r # s.

Remark 2.1. Although all five conditions in Definition 2.1 are necessary in the proof of Theorem
2.1, the most important property, in a sense, is the one given in (5). Indeed, this property, which
we call the Dirichlet identity for A", asserts that the r*" left-definite inner product is generated
from the 7" power of A; see (3.15) in the next section. In particular, if A is generated from a
Lagrangian symmetrizable differential expression £[-], we see that the form of the r** power of A is
then determined by the 7" power of £[.]. Practically speaking, in this case, it is possible to obtain
these powers only when r is a positive integer. However, we refer the reader to [16] where an
example is discussed in which the entire continuum of left-definite spaces is explicitly obtained.

Definition 2.2. Forr > 0, let W, = (V,., (-,-),) denote the r'" left-definite space associated with
(H, A). If there ezists a self-adjoint operator B, : D(B,) C W, — W, that is a restriction of A,
that is,

B.f=Af (f € D(BT) - D(A)),

we call such an operator an r*® left-definite operator associated with (H,A).

Again, it is not immediately clear that such an operator B, exists for a given r > 0; in fact,
however, as the next theorem shows, B, exists and is unique.

Theorem 2.2. (see [16, Theorems 3.2 and 3.4]) Suppose A is a self-adjoint operator in a Hilbert
space H that is bounded below by kI, for some k > 0. For any r > 0, let W, = (V;.,(+,-),) be the
rt left-definite space associated with (H,A). Then there exists a unique left-definite operator B, in
W, associated with (H, A); in fact,

D(B;) = Vy32 C D(A).
Furthermore,

(a) if A is bounded, then, for each r >0, A = B,.



LEFT-DEFINITE JACOBI THEORY 5

(b) if A is unbounded, then
(i) D(B,) is a proper subspace of D(A) for each r > 0
(ii) D(Bs) is a proper subspace of D(B,) whenever 0 < r < s.
The last theorem that we state in this section shows that the point spectrum, continuous spec-
trum, and resolvent set of A and each of its associated left-definite operators B, (r > 0) are
identical.

Theorem 2.3. (see [16, Theorem 3.6]) For each r > 0, let B, denote the r'* left-definite operator
associated with the self-adjoint operator A that is bounded below by kI, where k > 0. Then

(a) the point spectra of A and B, coincide; i.e. op(B,) = 0,(A);
(b) the continuous spectra of A and B, coincide; i.e. o.(By) = o.(A);
(c) the resolvent sets of A and B, are equal; i.e. p(B,) = p(A).

We refer the reader to [16] for other theorems, and examples, associated with the general left-
definite theory of self-adjoint operators A that are bounded below.

3. JACOBI POLYNOMIALS AND A DISCUSSION OF THE RIGHT-DEFINITE ANALYSIS OF THE
CLASSICAL JACOBI DIFFERENTIAL EXPRESSION

We remind the reader that «, 3 > —1 and the parameter k in (1.1) is a fixed, non-negative

constant (later, particularly in Section 5, k will be a fixed, positive constant - the specific use of

this parameter k is to shift the spectrum U(Alia’ﬁ )) of the self-adjoint operator A,ga’ﬁ ) (see below

for a discussion of this operator) to a subset of the positive real numbers). At this point, it is
convenient to introduce the following definitions, generalizing those in (1.3) and (1.4). For j € Ny,
let

(3.1) Liﬂﬂﬂ(—l, 1) :={f:(-1,1) — C|f is Lebesgue measurable and
1
RO w05(0) < 0}
where wq g(t) is defined in (1.2). Of course, each Liﬂ-ﬂﬂ-(—l, 1) is a Hilbert space with inner
product

1
(32) (. 9arjprs = / 000850

1
= /1 FOFOA =) A+ dt (f,g€ Ly jz5(-1.1)),
and associated norm
1/2
(3.3) s = (£ D2 50; (FEL s ,(~1,1)).
A simple, but useful (see Corollary 5.1) observation, is the following:
(3.4 feLyy(-11) & (12 f € 12 5(-1,1)
It is well known that, with
(3.5) MG =r(rta+ B+1)+k (reNy),
the Jacobi equation

lapily)(t) = 2GVy() (2 e (—1,1)),

where ¢, 5[] is defined in (1.1), or equivalently, the well-known classical form of the Jacobi equation

A=)+ (B -—a—(a+B8+2)Y &) +r(r+a+p+1)yt) =0,
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has a polynomial solution Pr(a’ﬁ ) (t) of degree r, called the " Jacobi polynomial. In particular, with
the 7" Jacobi polynomial pled (t) defined by

T

(@.B) (1) — 1.(a.) I+a)1+a+B)rj 1—2\/
(3.6) PlA)(t) = K jz(:)J!(r—j)!(1+a)j(1+a+ﬂ)r< 2)

1—
= kD) R (—r 1+ a4 B+m1+o T:U) (r € Np),

where

L) . (Y21 +a+ B+2r)Y2(T(a+ B+ 1+ 1)42
r = 2(0‘+5+1)/2(P(a+r—|—1))1/2(P(ﬁ+r+1))1/2 )

it is the case that {Pr(a’ﬁ) o0 forms a complete orthonormal set in Li’ﬁ(—l, 1); that is to say,

(3.7) (P, Pt o g = G (r,n € No),
where 9,,, is the Kronecker delta symbol. In particular, for each j € Ny, the Jacobi polynomi-
als {Pr(aﬂ’ﬁ I )}?io form a complete orthonormal set in the Hilbert space L2 458 +j(—l, 1). When

a = 3 = 0, these polynomials are called Legendre polynomials; if « = 3 = —1/2, they are called
Chebychev polynomials of the first kind and when o = 3 = 1/2, they are called Chebychev polyno-
mials of the second kind. In general, if o = 3, the Jacobi polynomials are often called Gegenbauer
or ultraspherical polynomials. For details and various properties of the Jacobi polynomials, we
recommend the classic treatises of [20, Chapter 16] and [24, Chapter IV].

The derivatives of the Jacobi polynomials satisfy the identity

i p(.5)
JPT‘ . a+j j .
(3.5 PE D _ 0l R @) (1 € No),
where
Cmmwj)::ﬁﬂ”aﬂa+ﬁ+r+l+ﬁfp G=0.1,... 1)
’ (r=NYV2(C(a+B+7r+1))1/2 R
JFrom (3.2) and (3.8), we see that
Ll (PP (1)) i (PP (1t
(3.9) [ DO 0

rilNa+6+r+1+j) 4
= - 1) r,n,j € Np).
et g ey (i€
We now turn our attention to discuss some operator-theoretic properties of the Jacobi differential
expression £, g 1;[-|; we recommend [18] for further details on this analysis as well as the classic texts
[2] and [19] for a general discussion of self-adjoint operators generated from Lagrangian symmetric
differential expressions.

The maximal domain A,ga’ﬁ) of Uy pl-] in Liﬁ(—l, 1) is defined to be

310) AP = {f e L2 5(=1,1) | £, 1" € ACioe(=1,1); (1/wap)lasrlf] € L2 5(~1,1)}.

Since A,ga’ﬁ ) contains P, the space of polynomials, we see that A,ga’ﬁ ) is a dense vector subspace of

Liﬂ(—l, 1). The mazximal operator Trgla’ﬁ) generated by {q g[-] in Liﬁ(—l, 1) is defined to be

ax,k’

D(T(avﬁ)) = A](Cang)

max,k

TP (f) = lagilf]:
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The minimal operator TI; f ) is then defined as T'%%) = (T(a’ﬁ ) )*, the Hilbert space adjoint of

min,k max,k

75 This operator Télm ,Z is closed, symmetric, and satisfies (T(a’ﬂ )) = T1%P) Furthermore, the

max,k " min,k max,k "

deficiency index d(T(a’ﬁ )) of '8 i given by

min,k min,k
(0,0) ifa,f>1
(3.11) AT =4¢ (1L,1) ifa>1land Be€(-1,1) or f>1and a € (~1,1)
(2,2) ifo,B€(—1,1).

Consequently, by the well-known von-Neumann theory of self-adjoint extensions of symmetric op-
erators [6, Chapter XII], Trgnnlz has self-adjoint extensions in L2 ( 1,1) for all o, 8 > —1; in fact,
when «, 3 > 1, there is a unique self-adjoint extension in Li’ (—1,1). The values of the deficiency
index in (3.11) can be seen from the fact that the singular endpoints t = =£1 of £, g 1[] satisfy the

following limit-point/limit-circle criteria:
(')t—lisinthelimitpointcaseinL2 (-1, 1) ifa>1if —1 <a<0,t=1Iisin the
regular case and if 0 <o < 1,t=11isin the limit-circle, non-oscillatory case in L? ( 1,1);

(ii) t = —1 is in the limit-point casemL2 LB >1if -1 <f<0,t=—1 1s1nthe
regular case and if 0 < g < 1, t=—11s in the limit- circle, non-oscillatory case in L ( 1,1);

for more information on the terminology for these singular point classifications, we refer the reader
to the documentation and references in [4].

(From the Glazman-Krein-Naimark theory (see [2] and [19]), the operator A]ga’ﬁ) . D(A;(fﬁ)) c
L2 5(~1,1) — L2 4(~1,1) defined by

(3.12) AP f = 0o 54lf)
for f € D(A,, Al )) where

Al ifa,3>1
{f € AP | im(1 — et f(1) = 0} if || <1and 8> 1
(3.13) DA™Y = @8 | o
' koo {fen™] i (1 + )8 # (1) = 0} if 8] <1anda>1

{f e AP Jim (1= )" (LM () =0} i ~1<a,f<L,

is self-adjoint in Li ﬁ(—l, 1); see also the comprehensive thesis [18] of Onyango-Otieno for further

information on this self-adjoint operator. We note that A](Ca’ﬁ )
except when —1 < a <0 or —1 < # < 0. The Jacobi polynomials {Pr(a’ﬂ )};?io are a (complete) set

of eigenfunctions of A( @8 in L2 ( 1,1) and the spectrum of A,(ga’ﬁ) is given by

is the so-called Friedrich’s extension

(A7) = (NG | r e No),
where )\fnc;c’ﬂ ) is defined in (3.5). In particular, we see that
(47 C [k, 00),

from which it follows (see [22, Chapter 13]) that Aéa’ﬁ ) is bounded below by kI in L? 5(—1,1); that
is to say,

(3.14) (APt Pas > k(f, Pap  (f € DAY

Consequently, the left-definite theory discussed in Section 2 can be applied to this self-adjoint
operator.
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For f,g € D(A,(f‘”6 )), we also have the well-known, and classical, Dirichlet identity for Aé,a’ﬁ ).

1
(315) (AP f, g)as = / Lol FOO0 — 071+

-/ 0T 0 @)+ K- 07+ 0870300 )

-1
we give another proof of this identity in Section 5 (see Remark 5.1). Furthermore, when k& > 0,
notice that the right-hand side of (3.15) satisfies the conditions of an inner product. Consequently,
we define the inner product (-, ‘)gak,:ﬁ) on D(A,ga’ﬁ)) X D(A,(Ca’ﬁ)) by

(3.16)  (f.9)\%”

1
-/ A= @ 9P @ @) + KO- 0N 050 e (.9 € DAST))
later in this paper, we extend this inner product to the set Vl(a”@ ) % Vl(a’ﬂ ), where Vl(a’ﬁ ) is a certain

vector space of functions (specifically, the first left-definite space) properly containing D(A,(fa’ﬁ )).

In the literature, this inner product (-, ')gak,ﬁ ) is called the first left-definite inner product associated

with (L2 5(—1,1), A,(ga’ﬁ )). Notice that the weights in this inner product are precisely the terms in
the Lagrangian symmetrizable differential expression ¢, g [-]; see (1.1) and Remark 2.1.

4. JACOBI-STIRLING NUMBERS AND POWERS OF THE JACOBI DIFFERENTIAL EXPRESSION

We now turn our attention to the explicit construction of the sequence of left-definite inner
products (-, ~)7(la,’f) (n € N) associated with the pair (Liﬂ(—l, 1),A,(€a’6)), where Al(f’ﬁ) is the self-
adjoint Jacobi differential operator defined in (3.12) and (3.13). As discussed in Remark 2.1, these
inner products are generated from the integral composite powers Egﬁk[] (n € N) of the Jacobi
differential expression ¢, g x[-], given inductively by

0 sxlv] = Cap iyl Cprly] = CapilapilV]): - 00510 = Lok (Engl,k[yD (n € N).

One of the keys to the explicit determination of these integral powers of ¢, 5[-] are two double

sequences of non-negative numbers, {P(Q’B)Sflj )} and {cg-a’ﬁ ) (n,k}}}_o, which are both defined in
the following theorem; connections between these numbers and the powers of the Jacobi differential

expression £, g [-] will be made in Theorem 4.2 below.

Theorem 4.1. Suppose k > 0 and n € N. For each m € Ny, the recurrence relations

(4.1) (mim+a+8+1)+k)"=> " (nk)
j=0

m(a+ B+m+1+7)
(m—NT(a+B+m+1)

have a unique solution (c(()a’ﬁ) (n, k), c(()a’ﬁ) (n, k), ... ,c&a”g) (n,k)), where each cga’ﬁ) (n, k) is indepen-
dent of m, given explicitly by

(o,8) _J 0 ufk=0
(42) o (na k) i { Lk ka; > O,

and, for j € {1,2,...,n},

plap) g\ fk=0 .
—{ v (G e{L....n}),

(0,0)
4.3 c; n, k) : . .
(4.3) J (n. }) >l (")P(aﬂ)Sg_)sks if k>0

S
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where each P(O"ﬂ)S}lj ) is positive and given by
zj:(_l)rﬂf‘(a—i-ﬁ—l—r—i-1)1“(044—5—1—27"—1—2) r(r+a+8+1)"

4.4 pleB) gl) —
(44) " rl(G—r)T(a+p+2r+ DN a+8+j+1+2)

r=0

for eachn € N and j € {1,2,...,n}. Moreover, P(a’ﬁ)S,gj) is the coefficient of t"~7 in the Taylor
series expansion of

(@) ’ 1 !
(4.5) ;07 = Hl_r(rﬂwgﬂ) (t’<j(j+a+ﬁ+1)>‘

Proof. Fix k > 0 and n € N; let m € Ny. Written out, the identity in (4.1) becomes

(m(m—+a+B+1)+k)" =" (k) + " (n, k)ym(a + B+m+1)
(4.6) + & ymm — 1)@+ B+m+2)(a+B+m+1)+ -
+ %) (n, k)P(m,n)P(a+ B +m +n,n),
where P(r,q) =r(r—1)...(r—q+1) for r € R and ¢ € N. If m = 0, (4.6) immediately yields

c(()a’ﬁ ) (n, k) = k™, which establishes (4.2). Similarly, when m = 1 and m = 2, we readily obtain from
(4.6) the values of cga’ﬁ) (n,k) and céa’ﬁ) (n, k):

a+fB+2+Ek)" -k

a, (
e, k) = atp+2

9

and

(a+B+2)(2a+28+6+k)"—2(a+B+3)(a+B+2+k)"+ (a+B+4)k"
2a+B+2)(a+B+3)(a+B+4)

céa’ﬁ) (n,k) =
In general, it is not difficult to see that each cga’ﬁ ) (n, k) is unique, independent of m, and given by

FNa+B+r+1)(a+ B+ 2r+2)
ri(j—r)T(a+8+2r+ D a+G+7r+j+2)

A (n, k) = Zj:(—nrﬂ'

] (r(r+a+06+1)+k)"
0

i
Il

3

I
M“‘

<> 1yt Fa+8+r+)Na+8+2r+2)(rr+a+5+1)""° |
rl(G—r)T(a+p+2r+ )N a+F+r+75+2)

Il
o

r S=

1)l (a+B+r+ D)+ B+2r+2) (r(r+a+8+1)""° <n>k5
rl(G—rT(a+p+2r+ ) a+F+r+5+2) s

I
M:

w
Il
o

r=0

o
S

This establishes (4.4) but not the identity in (4.3) (the sum in (4.3) has upper limit n — j, not n
as in (4.7)); we return to prove (4.3) after we prove the identity in (4.5). To prove the positivity of
cach P(@#)SY) and that f () ( ), defined in (4.5), generates the numbers {P(a’ﬁ)S,(lj)}, let j €N
and decompose

I
NE

(4.7)

@
Il

~—~ O

J

1-— mm+a+ﬁ+1)

m=1
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into partial fractions; that is, write

t

9 =@+ Ar 00— @a+ 23500 (=G Tat D
J A 1
:mzzl 1—m(m+a+ 3+ 1)t (It} < 1—j(j+a+ﬂ+1))'
Consequently,
t/=A1(1- (2a+28+6)t)(1 - (Ba+33+12)t)--- (1 —j(j +a+ B+ 1)t)

(4.9) + A1 = (a4 B+2))(1 - Ba+38+12)t)--- (1 — j(j + o+ B+ 1)t)

+...

+A4;1=(a+B8+2))1 - (2a+28+6)t)---(1—(j — 1) + o+ B)).
If we let t = _ in (4.9), we find that

a+[5+2

(—1) I (a+ B+ 2)T(a + 3+ 4)

Ay = :
TG - DI+ B+ 3)(a+ B+ +3)
Similarly, letting ¢ = 5% 12716 in (4.9), we obtain
4 (-1)T'(a+B+3)(a+B+6)
2 pr—

20 -2 (a+B+5)(a+8+7+4)

1
m(m+a+6+1)

In general, setting ¢t = yields

(=)™ (a+ B+m+ 1) (a+ B+ 2m+2)

Am:m!(j—m)!F(a+ﬁ+2m+1)F(a+ﬁ+j+m+2)

(1<m<yg).

Returning to (4.8), we find that

1
I-mm+a+pB+1)t

(S
.
.

3
I

t
I-mm+a+pB+1)t

I
:u.

3
Il

Am
l-m(m+a+pG+1)t

I
M~

3
1§

I
M~

00 . 1
ZAm(m(m+a+5+1))t (’t|<j(j+a+ﬂ+1)>

3
I
—
i
o

:n:O<ZAm(m(m+a+ﬁ+1)) )t <|t| <j(j+a+ﬁ+1)>'
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Hence
J 1
ngll—mm+a+ﬂ+1)t
00 J
:Z(Z_ m(m+a+ 6 +1))" )tn_j
B 0 J m—i—]F Oé+ﬁ+m+1) (a+ﬁ+2m+2)(m(m+a+ﬁ+l))n n—j
(4.10) —TLZ%(mZ: m)IT(a+ B+2m+ D) (a+ B+ j+m+2) "
_ Z p(a,ﬂ)kg?(lj)tn*j‘
n=0

JFrom this identity, it follows that
(4.11) PRl =0 (jeN; n=0,1,...,5—1);

consequently, from (4.3), we now see that

n—j

o (k) =% (”) peRgW ks (G =1,2,... n),
S
s=0

as claimed in (4.3). Lastly, since the coefficient of each term of the Taylor (geometric) series of
! (It < ! 1<
I—m(m+a+p+1)t mm+a+6+1)""

m < j)

is positive and each P(O‘”B)S,(f ) (j = 1,2,...,n) is a certain Cauchy product of these positive
coefficients, it is clear that each P(Q’B)S,(f ) is positive when j,n € N with n > j. In turn, we see
that cga’ﬁ) (n,k) >0 for j € {1,2,...,n} and c((]a’ﬁ) (n,k) = k™ > 0. This completes the proof of the
theorem. O

Definition 4.1. Let n,j € Ng. If n € N and 1 < j < n, we call the number P(Q’B)Sy(bj), defined
n (4.4), the Jacobi-Stirling number of order (n,j) associated with («,3). We extend this

definition by defining these numbers to be P(Q’B)S(()O) =1, P(a’ﬁ)S,(Lj) =0ifjeNmdI<n<j—-1

(see (4.11)) , and pA g — forn € N. In short, we refer to P@ASD g5 the Jacobi-Stirling
number of order (n,j), or simply as a Jacobi-Stirling number.

Observe, from (4.4), that the Jacobi-Stirling numbers {P(O"ﬂ)ng )} are symmetric in « and f;
that is,

pld)gi) = pBagl) (n j e Ny).

Remark 4.1. Why associate the name “Stirling” to this double sequence of real numbers? In
[16], Littlejohn and Wellman show that the classical Stirling numbers of the second kind sy (see,
for example, [1, pp. 824-825] and [5, Chapter V]) appear as the coefficients of the terms in the
Lagrangian symmetrizable form of the n” power of the classical second-order Laguerre differential
expression

(4.12) CLagly)(t) = ¢~ exp(t) (=t exp(—t)y/'(t))" (¢ € (0,00));
indeed, they prove that

n

(4.13) Lagl0)(8) = 1 exp(t) 3 (~199) (1 exp(~1)y ()" (n € ).

Jj=1
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This seems to be a new application of these important combinatorial numbers (a similar, previously
known, result states that the Stirling numbers of the second kind appear as the coefficients of the
operator identity

d n . o d7
_ a2\ — Gy _ N2 . )
((t—a)=) ;Sn (t—a) -5 (a€C neN)

see [21]). Similarly, the authors in [9] show that the Stirling numbers of the second kind also appear
in the powers of the Lagrangian symmetrizable form of the classical Hermite differential expression

Caly)(t) = exp(t?) ((~(exp(~#)y' (1)) + kexp(—2)y(t)) (¢ € (~00, ).

Moreover, in a recent paper [10], the authors develop the left-definite theory for the classical
Legendre differential expression defined in (1.5). In doing so, they discovered a new sequence of

numbers {PS,(Lj )} that they call Legendre-Stirling numbers. In fact, a key result in their left-
definite analysis is the explicit determination of the n‘* composite power of the Legendre differential
expression, namely

ool = > (-17PsY (1 - 20 @) e,

J=0

Moreover, in regards to the notation of this paper, these Legendre-Stirling numbers are explicitly
given by

PSG) = p0) g6,

In a subsequent paper [13], Gawronski and Littlejohn show that the Legendre-Stirling numbers have
many properties in common with the classical Stirling numbers of the second kind. Indeed, the
Legendre-Stirling numbers have a vertical, horizontal, and rational generating function, and they
satisfy vertical and triangular recurrence relations similar to the Stirling numbers of the second
kind; see [5, Chapter V] for notation and a compendium of results for the classical Stirling numbers
of the second kind. We discuss some of these properties below.

We list a few Jacobi-Stirling numbers P(aﬂ)&gj ) in the following table.

j/m |n=0|n=1|{n=2 |n=3 n=4 n=>5

j=0]1 0 0 0 0 0

=110 1 a+B+2 | (a+5+2)? | (a+5+2)3 (a+6+2)*
320+344a+124a°+150°3+

2 2

i=210 0 1 3a-+36+8 gg‘ﬁﬁiggﬁ; 3448+ 2480,8+4502 3+
12432 4+4505%+1533

. 250242532 +170a+

j=310 0 0 1 6a+63-+20 170545005+ 292

j=410 0 0 0 1 10a+103+40

j=510 0 0 0 0 1

Table 1: A List of Jacobi-Stirling Numbers (for example,
RSB — 9542 42582 4+ 1700 + 1708 + 5008 + 292)
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The numbers in the j* row demonstrate the identity in (4.5). For example, reading along the
row beginning with 7 = 2, we see that

2

1
Hl—r(r+a+ﬁ+1)t

r=1

=1+ (3a+ 38+ 8)t + (Ta® 4 38a + 73* + 38 + 14af + 52)t?

+ (320 + 344a + 12402 + 1503 + 3443 + 24806 + 450°% 6 + 124(% + 45a6° + 153%)3
+....

However, the main interest in these numbers from the point of view of this manuscript is seen
in the columns; indeed, the numbers in the n'® column of Table 1 are precisely the coefficients of
the n'" power of the Jacobi differential expression lop.0[]; see Theorem 4.2, Corollary 4.1, and the
examples considered below.

JFrom a purely combinatorial point of view, we note that there are several interesting properties
of these Jacobi-Stirling numbers; we mention some of these properties now but defer proofs and
an extensive study of these numbers to a future paper. For example, we note that these numbers
satisfy the following triangular recurrence relation:

P ) = p@Bgi-b 4 it o4 g+ 1)PedSY  (n jeN)
PR g0 = phgli) — o (n jeN)

see [5, Chapter V| where the reader will find that the Stirling numbers of the second kind satisfy a
similar-looking recurrence relation. The Jacobi-Stirling numbers also satisfy the following identity

(4.14) =Y P(“’B)Sflj)<x>§,avﬁ) (n € Np),
=0
where <x)§-a’ﬁ) is a generalized falling factorial defined, for z € C, by

s _ [ 1 ify=0
(4.15) () '—{ i@ —r(r+a+p+1) ifjeN

Notice the remarkable similarity of (4.14) with the well-known identity for the Stirling numbers of
the second kind:
(4.16) e =Y 8V (x); (neNy),
j=0

where (z); is the falling factorial (see [21]) defined, for any z € C, by

e if j=0

i\ [Poi@-r) ifjeN
In several texts, the identity in (4.16) is used to define the Stirling numbers of the second kind

{Sﬁbj)}. By ‘inverting’ (4.16), we obtain the Stirling numbers of the first kind {57(5)} as the solutions
of the equation

() = nglj)xj (n € Np).
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Consequently, using this strategy along with (4.14), we obtain the analogue of the Stirling numbers
of the first kind {P(*F) s )} for the Jacobi-Stirling numbers. as the solutions of the equation

(@8) — ZP (a.8) g

Consequently, it may be more natural to call the numbers { P(*# )Sg )} the “Jacobi-Stirling numbers
of the second kind”. Indeed, we see that there is an associated sequence of numbers {P(*?) s )},
the analog of the Stirling numbers of the first kind, which we could call the “Jacobi-Stirling num-
bers of the first kind”. However, we resist this temptation on the grounds of notational inconve-
nience. Indeed, as mentioned in Section 3, the Jacobi polynomials {Pr(fl/ 2= 2)} are often called

the “Chebychev polynomials of the first kind”; consequently, it might be natural to call the num-
bers { P1/2-1/2 5N the “Chebychev-Stirling numbers of the first kind of the second kind” and
their combinatorial counterparts {P —1/2.-1/2) 4 } the “Chebychev-Stirling numbers of the first
kind of the first kind”. Notation, sometimes, can be problem! We instead refer to the numbers

{P(O‘ﬁ)sg )} as the “associated Jacobi-Stirling numbers”. From the definition of these asso-
ciated Jacobi-Stirling numbers, we immediately obtain the following bi-orthogonality relationships

between {P(Q’B)Sflj)} and {P(aﬂ)sg)}:

max{n,m}+1
Y p@d) . pefst — 5, (n,m e Ny),
j=0

max{n,m}+1

Z pleB gl . p<a,ﬁ>s§m> = Opm  (n,m € Np).
j=0

The following table lists a few of these associated Jacobi-Stirling numbers { P(0) s )} :

j/n n=0|n=1|n=2 |n=3 n=4 n=>5
j=0]1 0 0 0 0 0
2880+43696+3696
5 -144-603-18a2 3-5402 +340803+10080:2 34100852
j=1]0 1 208 13:102‘ ﬁ;riol‘g; ~18032-108a,3-156 170402 +170432+33603
-633-5432-1563 +3363%4+24a* 42434
+9603 3+14402 3% +960,53

- - - 2_E00d
108 4+ 11a2 + 320 2304-1988a-554a=-50c

j=210 0 1 8-30-30 ) -19883-1108a,5-150a:2 3
BT+ 2205 +1088 | o) 32 1500,32-503°

o 508+350.2 43532

7=3]10 0 0 ! ~20-62-65 127004+-2708+70a3

j=4]0 0 0 0 1 ~40-10a-103

i=5]0 0 0 0 0 1

Table 2: A List of Associated Jacobi-Stirling Numbers (for example,
PR = 108 + 1102 + 32a + 11682 + 2203 + 1088)
We now prove the following key result which will allow us, in the next section, to obtain the

left-definite spaces associated with the pair (L2 5(—1,1), A,(f’ﬁ )). Recall the definition of P (see the
various notation at the end of Section 1), as the space of all polynomials p: R — C.

Theorem 4.2. Let k > 0. For each n € N, the n' composite power of the classical Jacobi dif-
ferential expression lo 5[], defined in (1.1), is Lagrangian symmetrizable, with symmetry factor
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wa 5(t) = (1 —)(1+1)?, and is given explicitly by
" e . @)
(417)  wap®h g aly®) = D (=17 (7 (L = )" (14 0 (1))
7=0

where cga’m(n,k:) is defined in (4.2) and (4.3). Moreover, for p,q € P, the following identity is
valid:

(4.18) (. skpl @ap =

1
Laplpl () wa s (t)at

- —

1
=3 P,k / P9 (7D (1) (1 — ) (1 + )P e,
g —1

J
Proof. We first establish the identity in (4.18). Since the Jacobi polynomials {P&a’ﬁ ) o°_ form a

basis for P, it suffices to show (4.18) is valid for p = P,(na’ﬁ) and g = PT(O"B), for arbitrary m,r € Np.
From the identity (which follows immediately by induction)

(4.19) 02 5 [P (t) = (m(m + o+ B+ 1) + k)"PA(t)  (m € Ny),

it follows from (3.7), with this particular choice of p and ¢, that the left-hand side of (4.18) reduces
to

(4.20) (mm+a+B+1)+k)" 5,
On the other hand, from (3.9), we see that the right-hand side of (4.18) yields

S o 1y / PP O) FEW) oty 4 g
j=0

o ap dti

(4.21)

_Z”:C(a,ﬁ)(n " mT(a+B+m+1+7)
=0 T =)Dt fm+ 1)

Comparing (4.20) with (4.21), we see from (4.1) and Theorem 4.1 that the identity in (4.18) is
valid.
To prove (4.17), first define the differential expression

(422) wapOm§ ) = 317 (D )1 - 7+ 0Py 0) (<1< o<,
=0

For p,q € P, integration by parts yields

1
GOt wa,st)dt

. +1
n i .
- , ; i ) (]—T)_T_
= | Y k) Y1 (b 0 - (147 ) T g
j=1 r=1 1
n 1
#3010,
Jj=0 -1

Now, for any p € P and integer r with 1 < 7 < j, (p)(£)(1 — £)*+ (1 + t)ﬁ"’j)(‘j_r) = pjr(t)(1—1?)
for some p;, € P; in particular,

v N | |
Jim (p(a)(t)(l - t2)g) ) =0 (pgeP;rjeN, r<j).
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Consequently, we see that

(4.23) / 11 S ] (17O wa s (D)t

n

1
D (n, ) / PP gV ()1 - t)* (1 + )P Hdt (p,q € P).
j=0 -

Hence, from (4.18) and (4.23), we see that for all polynomials p and ¢, we have

(o pilpl — (aﬁ [p], Q)a.p = 0.

JFrom the density of P in Liﬂ(—l, 1), it follows that

(4.24) O pilpl ) =mG 7)) (te (<1,1); peP).
This latter identity implies that the expression ¢, 5[] has the form given in (4.17). O

For general results on symmetry factors as well as necessary and sufficient conditions on the
Lagrangian symmetrizability of ordinary differential expressions with smooth coefficients, we refer
the reader to [14] and [15]. We also refer to [12] and [29] where more general results are obtained
for composite powers of ordinary quasi-differential expressions defined via Shin-Zettl matrices.

The following corollary lists some additional, and important, properties of the Jacobi differential
expressions {q g[-] and ¢4 50[-], as well as new orthogonality properties of the classical Jacobi

polynomials {P( a,6) 1> _o; as the reader will see, these properties are important in our left-definite
analysis of £, g 1[] that we develop in the next section.

Corollary 4.1. Let n € N. Then

(a) the n'" (composite) power of the classical Jacobi differential expression

Cagolyl(t) = —(1 =)y (t) + (. — B+ (4 B+ 2)t)y'(t)
B 1( ) (- -+ 07y @)

We,3(T

is Lagrangian symmetrizable with symmetry factor wq g(t) = (1 —t)*(1 +t)? and has the
Lagrangian symmetrizable form

Lol = s 31 (PP 591 - i+ 0Py 0) "

Wa,5(t) =
where P@B)SY) s deﬁned in (4.4);
(b) the bilinear form (-,- )7(”C , defined on P x P by
1

(4.25) (0, 0) :=ic§aﬂ><n,k> / PGV ()L — ) (L +t)dt  (p,q € P),

3=0 !

is an inner product when k > 0 (a pseudo inner product when k = 0) and, for each k > 0,

(4.26) (€2 5 1lp) Do = 0,0 (0.a € P;
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c) for each k > 0, the Jacobi polynomials { Py, "' }°_y are orthogonal with respect to (-,-), [’
for each k > 0, the Jacobi pol Is (P, hogonal with (@6)
n fact,
(00), plef))(@d) _ § fad) & (P (1) & (P27 (1) ot B

7=0
=(mm+a+B8+1)+k) " Omy.

Proof. The proof of (a) follows immediately from Theorem 4.2 and k = 0. The proof of (b) is clear
since all the numbers {c;(n, k)}_, are positive when & > 0. The identity in (4.26) is a restatement of
(4.18). Lastly, (4.27) follows from (4.19), (4.26), and the orthonormality of the Jacobi polynomials
in L7 5(=1,1). O

To illustrate Theorem 4.2 and Corollary 4.1, we list the following examples of powers of the
Jacobi differential expression:

2 5 lyl(t) = wa; = ey
(4.28) —(2k+2+a+p)(1 _t)a+1(1+t>ﬁ+1y/)/
+ B (1= 01+ 1)),
1 n\n
gi,ﬁ,k[y](t) = m[_((l — t)a+3(1 + t)5+3)y )

(4.29) +((B3k+8+3a+36)(1— t)a+2(1 + t)ﬁ+2y//)//
_ ((3k2 + 6k +4+ o + 3ka + 4o+ 208 + ﬂ2 1+ 3kB + 4/3)(1 _ t)oz+l(1 + t)ﬁ+1)y/)/
+ k31— )% (1 +t)5y),

and
éi,ﬂ,o[y](t) = walg(t) [(1—8)H (1 + t),@+4y(4))(4)
(4.30) — ((6a + 66 + 20)(1 — )3 (1 + )53y

+ (70 4 38a + 78% + 386 + 14a8 + 52)(1 — t)*T2(1 + £)B+2/1y
— ((a+5+2° 1 =) 1+ )7y,

Remark 4.2. We note a remarkable, and somewhat mysterious, point concerning the Stirling
numbers of the second kind, the Legendre-Stirling numbers and, now more generally, the Jacobi-
Stirling numbers. As mentioned in Remark 4.1, the Stirling numbers of the second kind appear in
the integral composite powers of the classical Laguerre differential expression {144 1[-]. The Stirling

numbers of the second kind {Sﬁbj )} may be defined (see [1, pp. 824-825]) as the coefficient of "~
in the Taylor series expansion of

(4.31) o) =] = (yty < %) .

r=1

Furthermore, the 7" Laguerre polynomial y = L(t) (r € Np) is a solution of

Craglyl(t) = 1y(?),

where the Laguerre differential expression fr44[-] is defined in (4.12); observe that this eigenvalue
Ar = 1 also appears in the denominator of the rational generating function g;(t) defined in (4.31).
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This is not a coincidence. Indeed, the same phenomenon occurs with the Hermite and the general
Jacobi equations. More specifically, powers of the Hermite equation, defined by

Crlyl(t) - = exp(t?) (—(exp(—t2)y/ (1)) (t € (—o00,00))
= —y"(t) + 2ty/ (1)

are given by

n

Bl)(8) = exp(t) 3 (<172 759 (exp(~2y D) (n e N);
j=0

the reader can check that 277 S7(Lj ) is also the coefficient of the Taylor series expansion of

T 1
(4.32) hj(t) == [:[1 o <|t| < Z) .

Moreover, y = H,(t), the r*" Hermite polynomial is a solution of £z[y](t) = 2ry(t); again notice
that the eigenvalue A\, = 2r and the denominator term in (4.32) agree. In the general Jacobi case,
which includes the Legendre case studied in [10], we see, from Theorem 4.1, that the Jacobi-Stirling

number P(®F) S7(Lj ) is the coefficient of #*~7 in the expansion of

J
@)y = I L :
£ (t)'_rzll—r(r+a+ﬁ+1)t <|t|<j(j+0<+ﬁ+1)>'

Moreover, the 7* Jacobi polynomial y = Pr(a’ﬁ ) (t) is a solution of

lapolyl(t) = r(r+ o+ B+ 1)y(b);
again, notice the agreement between the eigenvalue A\, = r(r+a+(3+1) and the denominator term

in f}a’ﬁ ) (t) above. These are intriguing results between the eigenvalues associated with the classical
Jacobi, Laguerre, and Hermite expressions and the corresponding generating functions (4.5), (4.31),
and (4.32) for the powers of these differential expressions. There is also some mystery concerning
this connection. Indeed, the problem of determining integral composite powers of these expressions
is completely an algebraic problem, independent of any functional or operator analysis. Why then
do the generating functions (4.5), (4.31), and (4.32) for these powers involve the eigenvalues of those
self-adjoint operators which have the corresponding Jacobi, Laguerre, and Hermite polynomials as
eigenfunctions instead of the eigenvalues for some other self-adjoint operator generated from these
differential expression? The answer could be that this is a new, and remarkable, property of these
classical orthogonal polynomials and the second-order differential equations that they satisfy.

5. THE LEFT-DEFINITE THEORY FOR THE JACOBI EQUATION

For the results that follow in this section, we assume k& > 0, where k is the parameter in the
Jacobi expression (1.1). We remind the reader of the definition of the space AC () (I) for n € N;

loc

see the notation at the end of Section 1. Notice that if f € AC’l(OZ)(—l, 1), then f("+1(¢) exists for

almost all ¢t € (—1,1). We also recall the Hilbert spaces ng+j 54;(—1,1) for each j € N (see (3.1),

(3.2), and (3.3)). Lastly, we remind the reader of the Jacobi self-adjoint operator A,ia’ﬁ ), defined
in (3.12) and (3.13), and its properties that are given in Section 3; in particular, from (3.14), this
operator is bounded below in Laﬂ(—l, 1) by kI.

Definition 5.1. Let k > 0. For each n € N, define
(5.1) V@D = {f:(-1,1) = C| fe ACT V(1,1 fD e L2, 5, ,(~1,1) (j =0,1,...n)}

loc
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and let (-, -)(a,’f) and HHfzakﬁ) denote, respectively, the inner product

n,

(5.2) mmﬁ@:f)?Wmm/U@@WWW—wﬁM+wﬂw (f,g € V@),
3=0 !

o 1/2 a
(see (4.25) and (4.26)) and the norm Hf||( ) ((f, f) ) , where the numbers cg- ’B)(n, k)
are defined in (4.2) and (4.3). Finally, let Wé%’ﬁ)(—l, 1) := (Vn( P, (-, )ilakﬁ))
The inner product (-, )glakﬁ ), defined in (5.2), is a Sobolev inner product and, in the context of
the theory of differential operators, is more commonly called the Dirichlet inner product associated
with the symmetrizable differential expression £ 5[] given in (4.17).

Notice, from the definition in (5.2) and the non-negativity of each of the numbers cga’ﬁ ) (n, k)
(] = 0,1,...77’7,)7 that

@) _ 3 o) Il
5.3 c; " (n, k)
(53) (11557 Z; i
&) 79 (G=0,1,...,n; fe VD),
atj,8+j
where [|-[| . ; 5, is defined in (3.7). In particular, from (4.2) and (5.3), we see that
(5.4) (7192 = k1512 (F € W21, 1)

see item (iv) in Definition 2.1.
We remark that, for each r > 0, the r** left-definite inner product (-, )fnc;g’g ) is given abstractly,
through the Hilbert space spectral theorem (see [22]), by

(f) ) o) = : / )\TdE( ﬁ)(k}) (f,g c V(a B8) ._ . D((A]E;a“@))r/2)),

where E(O‘ﬁ)(k:) is the spectral resolution of the identity for the self-adjoint operator A,ia’ﬁ ); see
[16] for further details connecting the left-definite theory with the spectral theorem. However, we
are able to determine this inner product in terms of the differential expression E;, 5k[] only when
r € N; see also Remark 2.1. Clearly, further work along this line needs to be addressed; perhaps
the theory of fractional differential expressions can be utilized to extend the results of this paper
as well those results in [9], [10], and [16].

One of our aims in this section is to show that W( ol )( 1,1) is the n'® left-definite space associ-

ated with the pair (Liﬂ(—l, 1), Agga,,@))’ where A,g ﬁ) is the self-adjoint Jacobi operator defined in
(3.12) and (3.13). From this, we are able to obtain, for each n € N, an explicit representation of the

nt" left-definite operator Bfla,f ) as well as an explicit representation of each integral (composite)
n
power (A(a’ﬁ)) of A(a’ﬂ).

We begin by showing that W( o )( 1,1) is a complete inner product space.
Theorem 5.1. Let k > 0. For each n € N, W( ”8)( 1,1) is a Hilbert space.

Proof. Let n € N. Suppose {fm}o_; is Cauchy in Wé‘jﬂ’ﬁ)(—l,l). Since c%a’m(n, k) is positive,
we see from (5.3) that {fm }oo_, is Cauchy in L?

LiJrnﬁHL( 1,1) such that

o ﬂ+n( 1,1) and hence there exists g,41 €

f?gr?) — gn+1 10 LiJrn,ﬁJrn(_la 1)7
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$0 gni1 € Li (—1,1). Fix t, tg € (—1,1) (tp will be chosen shortly) and assume ¢y < t. From

loc
Holder’s inequality, we see that as m — oo,

[
_ /t
<(/,
]

It now follows, since ﬁg?*l) € AC\pe(—1,1), that

FE(E) = gusa (1) dt

m

Fim) () — gn+1(t)) (1 — ) @tm/2(1 4 g)(B+n)/2(1 — py=ladn)/2(q 4 )= (Bn)/2 g4

) 1/2 " 1/2
00 - 0] (=00 ([ oTems g o)

to

9 1/2
£ - gn+1(t)‘ (1—t)**"(1+ t)ﬂ+”dt> —0.

t t
(5.5) P = 1) = [ SR 0dt = [ gnia(t)dt.
to to
Furthermore, from the definition of (-, -)7(3,;6), we see that {fﬁ_l)}fg’zo is Cauchy in L?)z-l—n—l,,@—l—n—l(_l’ 1);

hence, there exists g, € L2, _, g1n—1(—1,1) such that

fr(r?_l) — gn in LiJrnfl,/BJrnfl(_l’ 1)

Repeating the above argument, we see that g, € LL (—1,1) and, for any ¢,#; € (—1,1),

loc

t t
(5.6) FoD) - fo D) = [ frY@)dt — | ga(t)dt.
t1

t1

Moreover, from [22, Theorem 3.12], there exists a subsequence { f%_nl_)l} of { fé? _1)}$:1 such that
FD (#) = gn(t)  (ae. te(=1,1)).

Choose tp € R in (5.5) such that fr(r?,:nl,)l(to) — gn(to) and then pass through this subsequence in
(5.5) to obtain

gn(t)_gn(to):/ gni1(t)dt (ae. t € (—1,1)).

to

That is to say,

(5.7) gn € ACloe(—1,1) and ¢, (t) = gne1(t) (ae. t € (=1,1)).
Again, from the definition of (-, -)Sf,’cﬁ), we see that {fr(,?_z)}gjzl is Cauchy in L§+n_2ﬂ+n_2(—1, 1)

so there exists g,_1 € L3+n_2 B+n—2<_1’ 1) such that

fr(r?_m — gn—1 10 Li+nf2,ﬁ+nf2(_17 1)'

As above, we find that g,_1 € L{ (—1,1); moreover, for any t,ty € (—1,1)

loc
t t
5500 — 1) = [ 1520t~ [ gr (0,
to

t2

and there exists a subsequence { f?%_nQL} of { féf _2)} such that

o (6) = gaa() (ae. te (~1,1)).
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In (5.6), choose #; € (~1,1) such that f 7(7711k,_n2—)2(t1) — gn—1(t1) and pass through the subsequence
{f(nk n2 ,} in (5.6) to obtain

gn_l(t)—gn_l(tl)—/ Bt (ae. t € (—1,1)).

t1

Consequently, g,—1 € ACl(l)( 1,1) and g/ _4(t) = gn(t) = gn+1(t) a.e. t € (—1,1). Continuing in
this fashion, we obtain n + 1 functions g,— ;41 € La+n ipin—;(—1,1) (7 =0,1,...,n) such that

(1) fé? 7 = gn—j+1 10 La—i—n —5,8+n— ]( 1’1) (] =0,1,..., )7

(ii) g1 € ACTV(=1,1), g2 € ACL P (=1,1),..., gn € ACioe(—1,1),
(iii) g)_;(t) = gn—js1(t) ae. t€ (—1,1) (j =0,1,...,n— 1),

(iv) g7 = g1 (G =0,1,...,n).

In particular, we see that f,g{) — gg D in Liﬂ 5+J( 1,1) for j =0,1,...,nand g1 € Vn(a’ﬂ). Hence,
we see that

(”fm g”(aﬂ) ic§a’ﬁ)(”’k>/ ’fu() (J)()’2(1—t)“+j(1+t)ﬂ+jdt
=0

= > k) £ - o
j=0

— 0 as m — oo.

‘ ‘ a+j,8+j

Thus Wfﬁcﬁ )(—1, 1) is complete and, consequently, so is the proof of this theorem. O

We next establish the completeness of the Jacobi polynomials {P(a’ﬁ Jyo _o in each W(a g )( 1,1).

Theorem 5.2. Let k > 0. The Jacobi polynomials {P (@.6) _o form a complete orthogonal set in
the space Wé 0 )(—1, 1). Equivalently, the space P of polynomzals is dense in Wéc;cﬁ)(—l, 1).

Proof. Let f € W(a’ﬁ )( 1,1); in particular, f e L2 +ng +n(=1,1). Consequently, from the com-

?lﬁtenessh and orthonormality of the Jacobi polynomials {P O‘ML’ﬁ +”) o in L2 tng n(=1,1), it
ollows that
T
(5.8) Z cﬁgf)P,SfJf"ﬂJf”) — f™ asr — 0o in Li+nﬁ+n(71, 1),
m=0
7B) OO

where the numbers {cm n —o C ¢2 are the Fourier coefficients of f (n) , relative to the orthonormal
basis {Pp, (atn,B4n) oo, of La+n ﬂ+n( , 1), defined by

(5.9) / FO () PlatnBtm) (1) (1 — yotn(1 4 1B g (m € Ny).
For r > n, define the polynomials

: isﬁzn<<m—n>!>1/2<r<a+ﬁ+m+1>>”2p<a,m<t>
2 ) Cas gm0

(5.10) pr(t) =



22 W. N. EVERITT, K. H. KWON, L. L. LITTLEJOHN, AND G. J. YOON
Then, using the derivative formula (3.8) for the Jacobi polynomials, we see that
()

ZT: i (m =)D (Dt B+m+j + DY s

(5.11) ot emins D (= PRI (@) (j=0,1,...,n),

and, in particular, from (5.8),

n) B Z Joh)  plotn,f+n) F™) i Li—s-n,,@—s-n(_l’ 1) (r— o0).

m—n,nT m—n

Furthermore, from [22, Theorem 3.12], there exists a subsequence {p,(n?)} of {p&n)} such that
(5.12) p(E) — () (ae. t € (—1,1)).

(m =) (T(a+ B +m+j+ 1))
(C(a+ B +m+n+ 1Y) ((m— )

Returning to (5.11), observe that since — 0asm — o
for j=0,1,...,n — 1, we see that

{cﬁi"_@n((m—n)!f”( (a+B+m+j+ ))1/2} o

(D(a+ B +m+n+ DY ((m — )2
Hence, from the completeness of the Jacobi polynomials {Pp, (@t f+5)y o0 _p in La 45,8 ﬂ( 1,1) and
the Riesz-Fischer theorem (see [22, Chapter 4, Theorem 4.17]), there ex1sts g;j € Laﬂ gi(—1,1)
such that

(5.13) PP —giin L2 5 (—1,1) asr — 00 (j =0,1,...,n — 1).
Since, for a.e. a,t € (—1,1),

B0 2@ = [ ot — [ 7= 1000 - 0Dy = o0),

we see that, as j — oo, )
(5.14) pIE) = frV () + e (ae t € (—1,1)),
where ¢1 is some constant. From (5.13), with j =n — 1, we deduce that

gn1(t) = FO V@) + ¢ (ae te(=1,1)).
Next, from (5.14) and one integration, we obtain

P2 () = f () +at+ e (- o00),
for some constant ¢z and hence, from (5.13),

gnot) = fT D)+ it +¢r (ae te(=1,1)).
We continue this process to see that, for j =0,1,...n — 1,
6;() = FO) + gu 1) (ae. te(—1,1)),
where g,—j_1 is a polynomial of degree < n — j — 1 satisfying
Gp—j—1(t) = qn—j—2(t).

Combined with (5.13), we see that, as r — oo,

P — f9 4 g in L2, 5,,(-1,1) (j=0,1,...,n).
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For each r» > n, define the polynomial
T (t) == pr(t) — qn-1(t),
and observe that, for j =0,1,...,n,
"0 = )~ gl
— pgj) _

— f9in L2 5 5(-1,1).

qn—j—-1

Hence, as r — oo,

(1 =l 2)" = 3 D k) / 1
§j=0

. . 2 . .
] FO@) — 7D @] (1 = 01+ 1)PHdt — .
-1

This shows that P is dense in Wéojﬁﬁ )(—1, 1) and completes the proof of this theorem. O

The next result, which gives a simpler characterization of the function space V,nfa’ﬁ ), follows from
ideas presented in the above proof of Theorem 5.2. Due to the importance of this theorem (which
can be further seen in the statement of Corollary 5.1 below), we provide the following proof.

Theorem 5.3. For each n € N,

(5.15) VR = {f:(-1,1) = C | f € ACV(=1,1); f™ € L2, 5., (~1,1)}
—{f:(-1,1) > C| feACIV(=1,1); (1 —¢2)"2 M € L2 4(~1,1)}

Proof. On account of (3.4), it is clear that the two sets on the right-hand side of (5.15) are equal.
Let n € N and recall the definition of V,®® in (5.1). Define

VR = (f:(-1,1) = C | f e ACV(=1,1); f™ € L2, 5, (-1, 1)}.

loc
It is clear that Vn(a’ﬁ) C f%aﬂ). Conversely, suppose f € Vn(o"ﬁ) so fM e ng-i-n ﬁ+n(—1,1) and
fe AC&fl)(—l, 1). As shown in Theorem 5.2, as r — oo,

.
STdepplmm — i L2 0 (-1,1),
m=0

where {cg,f,f)} are the Fourier coefficients of f(™), defined in (5.9), relative to the orthonormal basis

+n,8+
{Pr(na o m=0 Of Lz+n,[3+n'
For » > n, let p,(t) be the polynomial that is defined in (5.10). Then, for any j € Ny, the j%*

derivative of p, is given in (5.11) and, as in Theorem 5.2,

(n

Dy

moreover, as shown in Theorem 5.2, there exists polynomials g,,—;—1 of degree < n — j — 1, for
7=0,1,...,n—1, satisfying q;,_; 1(t) = gn—j—2(t) with

) N f(n) as r — o0 in Li-}-nﬂ—&-n(_l’ 1)7

p&j) _ f(j) + gn—j—1 s — 00 in Li_,_jﬂ_m(—ly 1),

Consequently, foreach 7 =0,1,...,n—1, {pfnj)—qﬁﬁl}ﬁin converges in Lzﬂ ﬁﬂ-(—l, 1) to f(j). From
the completeness of Li+j7/3+j(—1, 1), we conclude that ) e Liﬂﬂﬂ(—l, 1) forj=0,1,...,n—1.
That is to say, f € Véa’ﬁ ). This completes the proof. O

We are now in position to prove the main result of this section.
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Theorem 5.4. For k > 0, let A,ga’ﬁ) : D(A,(fﬂ)) C L2 s(—1,1) — L2 5(=1,1) be the Jacobi

self-adjoint operator, defined in (3.12) and (3.13), having the Jacobi polynomwls {P RRES _o as
eigenfunctions. For eachn € N, let ASSR given as in (5.1) or (5.15) and let (-, )T(Zk ) denote the

inner product defined in (5.2). Then W:ﬁ;’ﬁ)(—l, 1) = (Vn(aﬁ)’ (, )gla];ﬂ)) is the n'" left-definite space
for the pair (Liﬂ(—l, 1),A,(€a’5)). Moreover, the Jacobi polynomials {P&a’ﬁ)}ﬁzo form a complete
orthogonal set in Wéogm(—l, 1) satisfying the orthogonality relation (4.27). Furthermore, define
B p(B57) c Wi (11 - WP (-1,1)
by
B = tapalf] (F € DB = V55,

where o g 1[-] is the Jacobi differential expression defined in (1.1). Then Bgflf) is the nt" left-
definite operator associated with the pair (Liﬁ(—l, 1), A,(Ca’ﬁ)) Furthermore, the Jacobi polynomials

) )

{P,%a’ﬁ) _o form a complete set of eigenfunctions of Bia,; and the spectrum ofB s given by

o(B%)) = {m(m +a+ B+1) + k | m € No} = o(A™7).

n?
Proof. Let n € N; in order to show that Wfﬁf )(—1, 1) is the n'* left-definite space for the pair
(Li (—=1,1), A( @, )) we must show that the five items listed in Definition 2.1 are each satisfied.

(1) WT(L kfﬁ)(—l, 1) is complete:

The proof of the completeness is given in Theorem 5.1; see also Theorem 5.3 where an alternative

characterization of the underlying vector space Véa’ﬁ ) i given.

(i) DAYy c WGP (—1,1) € L2 5(-1,1):

Let f € D((A( o )) ). Since the Jacobi polynomials {Pr(na’ﬁ ) _o form a complete orthonormal set
in Li (—1,1), we see that

(5.16) pj — fin Laﬂ( 1,1) (j — o),
where '
j
pi(t) =Y P PI(t) (te (-1,1)),
and {cﬁ,‘i"ﬁ)}OO_o are the Fourier coefficients of f in L2 o.5(—1,1) defined by

(0B) (5, plo-d) ﬂ_/ FOPCA 1)1 — 1)1+ 1)Pdt  (m € Ny).

Since (A,(Ca’ f e Laﬂ(—l, 1), we see that

DB (DN 12(11) (G o),
m=0

where, from (4.19),
A = (A P as = (1 (AP PR o
= (m(m +a+B+1) +k)"(f, P )a,s
= (m(m+a+B+1)+ k)",
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that is to say,
(APDynps s (ALY in 12 4(~1,1) (j — 00).

Moreover, from (4.26), we see that
(Hpg prll(aﬁ) = (A" [pj = pelps = Pr)as
— 0 as j,r — 0o0;
that is to say, {p] o is Cauchy in W( )( 1,1). From Theorem 5.1, we see that there exists
ge WGP (~1,1) € L2 4(~1,1) such that
pi— g in W7 (=1,1) (j = o).
Furthermore, from (5.4), we see that

1 = 9ll s < K2 1p; — gl 7
and, hence
(5.17) p; — g in L 5(—1,1).
Comparing (5.16) and (5.17), we see that f =g € Wéi’ﬁ)(—l, 1); this completes the proof of (ii).

(iii) D((A(a”g)) ) is dense in W( ’ﬁ)( 1,1):

Since polynomials are contained in D((A( o )) ) and are dense in Wéojf )(—1, 1) (see Theorem 5.2),
it is clear that (iii) is valid. Furthermore, from Theorem 5.2, we see that the Jacobi polynomials
{PT(,LOC”B)}Oo form a complete orthogonal set in W(a 6)( 1,1); see also (4.27).

(i) (£, )P > k(. fays for all fe V@7

This was observed in (5.4).

() ()i = (A7), g)as for £ € D((AL")") amd g € V™7

Observe that this identity is true for any f, g € P; indeed, this is seen in (4.26). Let f € D((A,(CO"B))")
C Wéi’ﬁ)(—l, 1) and g € Wé?,:ﬁ)(—l, 1); since polynomials are dense in both Wrgf;f”g)(—l, 1) and

L? 5(—1,1) and convergence in W(a’ﬁ)( 1,1) implies convergence in L2 5(—1,1) (from (iv) above),
there exists sequences of polynomlals {pj}720 and {g;}32, such that, as j — oo,

pi = 1 in WP (1), (A7) — (A7) i L2 p(-1,1)
(see the proof of part (ii) of this Theorem), and
¢; — ¢ in W57 (~1,1) and L2 4(~1,1).
Hence, from (4.26),
(A1, 9)ap = Jin (ALY 3], )0 = Jimm (0 03),57 = (£,0),%.

J—00

This proves (v). The rest of the proof follows immediately from Theorems 2.1, 2.2, and 2.3. O
Remark 5.1. Observe that, for n = 1, the identity given in part (v) of the above proof, namely

(195" = (A L g)as  (F€DALT), ge ™),

extends the Dirichlet identity for A,(f’ﬂ ), given in (3.15).
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Remark 5.2. Theorem 5.4 generalizes the left-definite theory of the Legendre differential expres-
sion £y x[-] developed in [10]; see also [27], where the first left-definite theory is developed in a
different manner.

The next corollary follows immediately from Theorems 2.1, 5.3, 5.4 and the observation made in

(3.4). Remarkably, it characterizes the domain of each of the integral composite powers of A(a’ﬁ ),

Furthermore, the characterization given in (5.18) below of the domain D(A( b )) of A( ) is new

and generalizes the results in [3] and [8] for the special case of the Legendre differentlal operator
k

Corollary 5.1. Let k > 0. For each n € N, the domain D((A,ga’ﬁ))”) of the n'" composite power
(A;f’ﬂ))" of the self-adjoint Jacobi operator A(a’ﬁ) defined in (3.12) and (3.12), is given by

DA = Ve = {f 1 (-1,1) = C| f € ACEV(=1,1); £ € L2 550 0n(~1,1)}
={f:(-1,1) > C| f e AC"" 1)(—1,1); (1— )" fCm e 12 5(~1,1).
In particular,

(5.18)  D(AYD) = VP = {f: (~00,00) = C| f € AC(~1,1); (1 — £2)f" € L2 4(~1,1)}.

loc

Lastly, we note, from Theorems 2.2 and 5.4, that the domain of the first left-definite operator

B(O‘ A s given explicitly by

DB = Vi) = {f: (-1,1) = C| f € AC(~1,1); (1 — 122" € L2 5(~1,1)};

this characterization, as well, extends results in [3] and [8] for the Legendre differential operator

A0
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