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HoMOLOGY CYLINDER

@ For g,k >0, let X4 x:= oriented compact surface of genus g with k
boundary components.
@ A homology cylinder (M, iy,i_) over ¥ is a 3-manifold M together
with two embeddings i,/ : X, x — OM such that
(1) iy is orientation preserving and i_ is orientation reversing,
(2) OM =iy (Xg k) Ui (Xg.k) and
i (Xg) Nic(Xgu) = 4 (0Xgx) = i-(0Xgk),
(3) itlox, . = i-l|ox,
(4) i, i- t Ho(Xg 4 Z) = H(M;Z) are isomorphisms.
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HOMOLOGY CYLINDER: EXAMPLES

@ For a diffeomorphism ¢ of ¥, x which fixes 9%,  pointwise,
(Xgk x[0,1]/0% 4 « x [0,1],id x1,¢ x 0)

is a homology cylinder.

@ Let K be a knot of genus g such that Ak(t) is monic and such that
deg(Ax(t)) =2g. Let ¥ C S® — N(K) be a minimal genus Seifert
surface. Then (S3 — N(K)) — £ x (0,1) is a homology cylinder over

2 5g.1 in a natural way.
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HoMOLOGY CYLINDER

@ Two homology cylinders (M, iy ,i_) and (N, ji, j_) over X, are
called isomorphic if there exists an orientation preserving
diffeomorphism f : M — N satisfying jy = foi; and j_ =foi_.

@ (g x:= the monoid of all isomorphism classes of homology cylinders

over 2 g k.

@ The product operation on Cg k:

(Ma i—l—ai—) ’ (Naj-l-aj—) = (M Ui,o(j_,_)*1 N, i—l—aj—)'

The identity is (Zg.4 x [0,1]/0% 4.4 x [0,1],id x1,id x0).
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HoMOLOGY COBORDISM OF HOMOLOGY CYLINDERS

@ Two homology cylinders (M, iy, i_) and (N, ji, j_) over X, are
called homology cobordant if there exists a compact oriented smooth
4-manifold W such that

OW = MU (=N) / (is (x) = j+ (x), i (x) = j-(x), x € Tgu).

and such that the inclusion induced maps H.(M;Z) — H.(W;Z) and
H.(N;Z) — H.(W;Z) are isomorphisms.

@ H, := the group of homology cobordism classes of elements in Cg «
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@ For a diffeomorphism ¢ of ¥, x which fixes 9%,  pointwise,
(Xgk x[0,1]/0% 4 « x [0,1],id x1,¢ x 0)
is a homology cylinder.

® M, i:= the mapping class group of X x.

Mg« embeds into Cg i and Hg .
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o If g > 3, then M, is perfect.

For g > 1, Cg1 surjects to 7.°°, hence not perfect. I

@ ldea of proof: rank of sutured Floer homology SFH(M, i, (0% 1)).

«O» «F>r» «Z» « Q>

it
v



Are H, i perfect? Do they have nontrivial abelian quotients?
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Are H, i perfect? Do they have nontrivial abelian quotients?
Let g,k > 0 such that by ():g,k) > 0. Then there exists a surjective
homomorphism

He i = (Z)2).
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@ Define Reidemeister torsion of (M, i} (Xz4)).
@ Construct a homomorphism @, : Cp  — Z>q
@ Show that &, descends to W, : Hg ) — Z/2

@ Show that W, is nontrivial by realizing examples.
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@ For a homology cylinder (M, iy, i), let ¥ := ¥, 4, X4 = ir(X),
H= Hi(%;Z).

-1

o Consider ¢ : (M) = H (M) = Hi(X4) - H.
@ Q(H):= the field of fractions of Z[H].

T(M, iy, i) = 1(M, X1 Q(H)) € Q(H)"/{£h}heh-
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For any homology cylinder, we have

T(M) = ord Hi (M, X ; Z[H])€ Z[H]/{xh}hen-
@ |ldea of proof :

7(M) = [[(ord Hi(M, x4 Z[H]) D™,

and ord Hi(M, X ;Z[H])) =1 for i # 1.
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@ For (M,iy,i_), p(M) is defined to be the homomorphism

Therefore (M) € Aut(H)

i1

H=Hi(5Z) = H(i(2):2) S5 Hi(M: Z) S5 Hi (i (E); Z)

— H.
Then

Let M= (M,iy,i_) and N = (N,jy,j_) be homology cylinders over ¥ .

7(M - N) = 7(M) - o(M)(7(N)) € Z[H]/{£h}hen-
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@ For p,q € Z[H], define p ~ q if p = ¢(q) for some ¢ € Aut(Z[H]).
Let M= (M,iy,i_) and N = (N,jy,j_) be homology cylinders over ¥ .
Then

(M- N)=71(M)-7(N) € Z[H]/ ~

(M, iy, i)~ 7(M) induces a (monoid) homomorphism

Cg.x — Z[H]/ ~
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CONSTRUCTION OF HOMOMORPHISMS

@ For a prime polynomial p in Z[H], define a function
S, Z[H]/ ~ = Z>o,

as follows:

Given g € Z[H]\ {0}, we write g = g1 - --- - gx where qi1,...,qx are
prime elements in Z[H]. Define

®p(q) :=#{ilqi ~ p}.

o For each prime p € Z[H], ®,(M) := ®,(7(M)) induces a (monoid)
homomorphism

(Dp : Cg,k — Zzo.
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Let M= (M,iy,i_) and N = (N,j;,j_) be homology cobordant
homology cylinders. Then

(M) =7(N)-p-p € Z[H]/ ~
for some p € Z[H]*.

o Idea of proof:

e For0—-C' - C—=C"—=0,

(€)=

+7(CHT(C").
o For an n-manifold X,

(-1
T¢(X,8X):T¢(X) .
«O» «F>r «=» «E>» Q>
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@ p € Z[H] is defined to be self-dual if p ~p

Let p € Z[H] be a self-dual prime polynomial. Then &, : Cg ) — Z>q
descends to a group homomorphism

\Up : 'Hg,k — Z/Q.
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NONTRIVIALITY: REALIZATION

For a polynomial p € Z[H], define

Cp := {nontrivial coefficients of p}.

For each i > 1, choose a knot K; with the Alexander polynomial
Aj(t) such that Ca; # Ca, for i # j.

Let E; := S3 — N(K;) for i > 0, where Ko:= unknot.

Choose an embedding f : S? x D2 =2 Fy — M := ¥ x [0, 1]
representing g # 0 € H. For i > 1, define

M; = (M — f(int Eo)) f(anL)JzaE- E;.
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M;) = ) € Z[H].
v , .

summands.

@ |ldea of proof

If B1(X) > 0, the image of @y, V contains infinitely many 7./2

1 ifi=j
V) (M) = .

otherwise.
«O» «F>r «=» «E>» Q>
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. k>2 ]
If either { °r } then Hg x surjects to 7.°°.
k=2andg>0 ’

o Idea: Over ¥, satisfying the assumption, there exists a homology

cylinder (M, iy, i_) such that 7 (M, X)) =7(M,X_) » 7(M,X).
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