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2 VICTOR M BUCHSTABER

Preface

Toric topology is a new and actively developing field gaining a constantly in-
creasing interest from the specialists in algebraic topology and related fields (see
[27]). An invitational overview to the subject can be found in [9].

These lecture notes aim on introducing the reader to several aspects of toric
topology where a significant progress has been achieved very recently. The exposi-
tion appeals to a broad audience and contains the necessary definitions, statements
of results, and examples. Proofs are given only when they are short and illustrative.
Many details may be found in [3].

I take this opportunity to express my gratitude to the Korea Advanced Insti-
tute of Science and Technology (KAIST) and particularly to Professor Dong Youp
Suh for organising a Toric Topology Workshop in June 2008, where these lectures
were delivered, and providing excellent work conditions. The atmosphere during
the workshop was especially creative and inspiring, and the numerous informal
discussions of talks greatly influenced the contents of these lecture notes.

I am grateful to Dong Youp for his work on preparing these lecture notes for
publication.

My thanks also go to Taras Panov for the valuable discussions of these lectures

and preparing Appendix A on certain important problems in toric topology.



LECTURES ON TORIC TOPOLOGY 3

Lecture I. Face-polynomials of simple polytopes and applications

[Abstract] A convex n-dimensional polytope is called simple if
there are exactly n facets meeting at every vertex. For many
decades simple polytopes have been studied in convex geometry
and combinatorics. Recently it has become clear that they play im-
portant role in algebraic and symplectic geometry, in applications
to physics. They are also main objects in toric topology. There is
a commutative associative ring & generated by simple polytopes.
The ring & possesses a natural derivation d, which comes from the
boundary operator. We shall describe a ring homomorphism from
the ring £ to the ring of polynomials Z[«, t] transforming a simple
polytope to the face-polynomial and the operator d to the partial
derivative 9/0t.

This result opens way to a relation between theory of polytopes
and differential equations. As it has turned out, certain important
series of polytopes (including some recently discovered) lead to fun-
damental non-linear differential equations in partial derivatives.

We shall discuss constructions of important series of simple poly-
topes, and transformations of these series into non-linear differential
equations. Particular examples of the transformations link Stash-
eff polytopes (also known as associahedra) to the E.Hopf equation,
and Bott-Taubes polytopes (cyclohedra) to the Burgers equation.

In the next series of lectures, I will discuss in details many ideas

from this lecture.

1. INTRODUCTION

Definition 1.1. A convex polytope P™ of dimension n is said to be simple if every

vertex of P is the intersection of exactly n facets, i.e. faces of dimension (n — 1).

It is easy to check that each k-face of a simple polytope P™ is again a simple

polytope and is the intersection of exactly (n — k) facets.
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n = 2. Any polygon (2-polytope) is simple

n = 3. Simple polytopes

Non simple polytope

Definition 1.2. Two polytopes P; and P, of the same dimension are said to be
combinatorially equivalent if there is a bijection between their sets of faces that

preserves the inclusion relation.

Definition 1.3. A combinatorial polytope is a class of combinatorially equivalent

geometrical polytopes.

The collection of all n-dimensional combinatorial simple polytopes is denoted
by &5,. An Abelian group structure on £y, is induced by the disjoint union of
polytopes. The zero element of the group s, is the empty set. The direct product
P* x Pj" of simple polytopes Pj* and Pj" is a simple polytope as well.

t@:ZgZQn

n>=0

The weak direct sum
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yields a graded commutative associative ring. The unit element is a single point.
Let m be the number of facets. Set v(P") = m —n and v(P;" + Py?) =
max (V(le), V(P2”2)>. We obtain a multiplicative filtration in 22:

PcypcyiPc..crc,
where v(P?) = 0 and P" € 2% if v(P") < k. We have 2% 2! ¢ 2%+ because
v(P" x Py?) = v(P) + v(By).

Let P" € P, be a simple polytope. Denote by dP" € P5(,_1) the disjoint

union of all its facets.

Lemma 1.4. We have a linear operator of degree —2
d: P — P,
such that
d(Pl" Py") = (dP) Py + P (dBy").

and v(P") > v(dP"™), where v(dP™) = maxv(P""1). Here P"~ ! runs over all
facets of P™.

Example 1.5.
dA™ = (n+ 1A p(A") =1,
dI" = n(dDI"* =2nI""t, v(I™) =n,

where A" is the standard n-simplex and I = I x --- X [ is the standard n-cube.

2. FACE-POLYNOMIAL
Consider the linear map
F: 2 —Z[tq,
which send a simple polytope P™ to the homogeneous face-polynomial

F(Pn) =" + fnfl,lan_lt 4+ fl,n—latn_l + fO,ntn7

where fxn—k = fin—k(P") is the number of its k-dimensional faces. Thus, fn—11

is the number of facets, and fy 5 is the number of vertices.

Theorem 2.1. The mapping F is a ring homomorphism such that

F(dP") = %F(P”)
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Corollary 2.2. The face polynomials of the standard n-cube I"™ and the standard
n-simplex are
F(I™)=(a+20)"

and

(Oé + t)n+1 _ t’n+1
o .

F(A™) =

Example 2.3. (1) Simple polytope P} (tetrahedron)

AP} = 4A?

F(P}) = a® + 4ta® + 6t + 4t

%F(Pf) = 4a” 4 12ta + 1212
F(dP}) = 4F(A?) = 4(a? + 3ta + 3t?)
)
F(dPy) = QF(PE’)

(2) Non simple polytope P3 (octahedron)

dPj = 8A?

F(P3) = o® + 8ta® + 12t%a + 6t°
9]

ot
F(dP3) = 8F(A?) = 8(a? + 3ta + 3t%)

F(Py) = 8a” + 24ta + 1812

F(E}) # S F(P)
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Set

Ult,z;a, 1) ZFI" ntl
n>=0

Ut,z; o, A) ZFA" ntZ,

n=0

Lemma 2.4. We have the following:
(1) The function U(t,z;a,I) is the solution of the equation

gU(t x) = 23:23U(t,x) with U(0,x) =

ot Oz 1—oax’
(2) The function U(t,z; «, A) is the solution of the equation
0 5 0 , x?
—U(t =z°—U(t th = .
atU( x) == OIU(’:E) with  U(0,x) T—on
We have
)= (a+2t)z’
2
Ut,z;a, A) = x

(1—tx)(1—(a+t)x)

Theorem 2.5. Let F': & — Z[t,a] be a linear map such that

ﬁﬁ(Pn) and F(P™)|i—o = a™.

F(dP™) = o

Then F(P™) = F(P™).

Proof. We have F(P%) =1 = F(P°). Let, by induction, it be true for all k < n

Then
F(dP™N(a,t) = F(dP" ) (o, t)
for all simple (n + 1)-dim polytopes. We obtain

0

~ 0
-~ n+ly _ 2 n+1
Gl (P"7) = 5 F(P™)

Thus,
F(P" ) (a,t) = F(P" ), t) + c(a).

Setting t = 0, we obtain

a™ =" 4 e(a),

ie. c(a) =0.
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3. DEHN—SOMMERVILLE RELATIONS
Theorem 3.1. For any simple polytope P™ we have
F(P")(a,t) = F(P")(—a,a + t).
Proof. We have
F(P%)(a,t) = 1= F(P")(—a,a + ).
Let, by induction, it be true for all kK < n. Then
F(dP" ") (a,t) = F(dP" ™) (—a,a + ).

Thus

g n—+1 _g n+1y/_
S PP (@ t) = 2 PP (—aa+ 1),

Hence,
F(P" ™ (a,t) — F(P"")(—a,a + t) = c¢(a).
Setting t = 0, we obtain
an-i—l [1 _ ((_1)n+1 + (_1)nfn’1 4+ fO,n+1):| = C(Oé).

The boundary OP"*! of a simple polytope P"t! is n-dim sphere S™. Using the

classical Euler—Poincaré formula for the sphere S™ we obtain
Jo+1 = fin+- -+ (=1)"fo1 =14+ (-1,
ie. ¢(a) =0. O

The classical Dehn—Sommerville relations

fk,nfk - Z(_l)n_j (i) fj,nfj

=k

are equivalent to the formula
F(P")(a,t) = F(P")(—a,a +t).
Thus we obtain a new proof of Dehn—Sommerville relations.

Corollary 3.2. The function F(P")(«a, 3(z — a)) is an even function of a.

Proof.
F(P") (a, %(z - a)> — PP <—a,a + %(z - a))
= F(P") <—a, %(z + a)> .
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Example 3.3. n =3
1
8F(P%)(a, 5(3 —a)) =8a’ +4f1(z — a)a’+
+2f12(2 = @)?a + foa(z — ).
Coefficient at o*, k = 1 and 3 must be zero. Hence,
2f12 =3fo3 fork=1,
8—4fo1+2fi2—foz3 =0 for k = 3.
Thus fi2 =3(f2,1 —2), fo3=2(f21 —2).
Set
h(Pn)(OL,t) = o 4 hltanfl R hn_ltnfla + tn7
where
h(P")(a,t) = F(P")(a — t,t).

For example,

h(I™) (o, t) = (a + )" i( )tk n=k

n
an tn—i—l

h(A™)(a,t) = —at kZ:: than=Fk,
From Dehn-Sommervile relations we obtain
h(P™)(a,t) = h(P™)(t, ).
The mapping
h: & — Zla,t] : P* — h(P")(a,t)
is the ring homomorphism such that

= an7

h(dP") = Oh(P™), h(P™)],_,

where 0 = % + %.
Theorem 3.4. The ring homomorphism h satisfies the following:
(1) Image of h is generated by
R(AYY =a+t and h(A?) =o® + ot + 2.
(2) Let
H: P — Zo,t]
be a linear mapping such that

= an7

H(dP™)=0H(P"), H(P")|,_,

where 0 = 3% + %. Then H(P™) = h(P™) for any simple polytope P™.
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4. GRAPH-ASSOCIAHEDRA

The faces of a polytope P of all dimensions form a poset with respect to inclusion.
Given a finite graph I". The graph-associahedron P(I') is a simple polytope

whose poset is based on the connected subgraph of T' (see details in Lecture IIT and

[33]).
When T is:
a path o
D B n
a cycle
1 d n+1

a complete graph

n+1

an n-star graph

. . -

The polytope P(T") results in the:
associahedron (Stasheff polytope) As™; cyclohedron (Bott—Taubes polytope) Cy™;
permutohedron Pe™; stellohedron St™, respectively.

As? = St? is 5-gon and Cy? = Pe? is 6-gon.
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Associahedron As® and 3-path
The Stasheff polytope K5

Cyclohedron Cy? and 3-cycle
Bott—Taubes polytope

Permutohedron Pe? and 3-complete graph
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Stellohedron St and 3-star graph

D

Theorem 4.1 (see [24, 33]). For a connected graph I' on n + 1 nodes, we have

dP(T) =Y P(Tg) x P(Tge)
G

where
(1) GCA{L,...,n+ 1},
(2) T'q is the subgraph of T' with the vertex set G,
(3) Tge is the graph with the vertex set {1,...,n+ 1}\G and arcs between two
vertices i and j if they are path connected in U'gug; ji,

(4) G runs over all proper subsets of {1,...,n+ 1} such that T is connected.
We have these formulas for d(P(I)) (see [24])
dAs"™ = Z (i +2)As" x As’

i+j=n—1
dCy" = (n+1) Z As' x Cy?
i+j=n—1
1 ) )
dPe" = Z <n+ )Pe” x Pe?
A 1+1
i+j=n—1
n—1 n
dst" =n - St St' x et~ !
n + ; (z) X Pe

For example (see pictures)
dAs® = 245" x As® + 3As' x As' + 445 x As®
dCy? = 4(As® x Cy? + As' x Cy* + As? x Cy°)
dPe’ = 4Pe® x Pe? + 6Pe' x Pe' 4+ 4Pe* x Pe

dSt3 = 35t% + St° x Pe? + 3St! x Pel + 352 x Pe?
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Application to the associahedra.

Consider the series of Stasheff polytopes (the associahedra)

As = {As" = Ky 42,n 2 0}.

Set
Ul(t,z;a, As) = Z F(As™)z" 2.
n=>0
Using that
5 F(As") = | Z (i + 2)F(As)F(As?)
i+j=n—1
we obtain

Theorem 4.2 (see [5]). The function U(t,z; o, As) is the solution of the Hopf

equation

0 0 _ x?
aU(t,a:) = U(t,m)a—xU(t,a:) with  U(0,z) =

The function U (t, z; a, As) satisfies the equation

1—az’

ta+ U — (1= (a+2t)2)U + 2 = 0.
5. QUASILINEAR BURGERS—HOPF EQUATION AND SOLITONS
The Hopf equation (Eberhard F.Hopf, 1902-1983) is the equation
U, + f(U)U, = 0.
The Hopf equation with f(U) = U is a limit case of the following equations:

U +UU, = pU;,  (the Burgers equation),
Ui+ UU, = €Uy, (the Korteweg—de Vries equation).

The Burgers equation (Johannes M.Burgers, 1895-1981) occurs in various areas of
applied mathematics (fluid and gas dynamics, acoustics, traffic flow). It is used for
describing of wave processes with velocity v and viscosity coefficient p. The case
w1 = 0 is a prototype of equations whose solution can develop discontinuities (shock
waves).

K-d-V equation (Diederik J.Korteweg, 1848-1941 and Hugo M. de Vries, 1848
1935) was introduced in 1895 as equation for the long waves over water. It appears
also in plasma physics. Today K-d-V equation is one of the most famous equation
in soliton theory. The discovery that gave birth to the modern study of solitons
was made in 1834 by John Scott Russell (1808-1882).

Let us consider the Burgers equation

U, = UU, — pUsq.
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Set U = Uy + Z ,ukUk. Then
E>1

Uit i Use = Uo+ Y iUk || Uow + Y 1" ko | = 100,20 — > ¥ Uk .
E>1 E>1 E>1 E>1

Thus we obtain:
Uo,t = UgUp a,
Ure = (UoUt)s — Uo -
Consider the series of Bott-Taubes polytopes (the cyclohedra)

Cy={Cy"™ : n>0}.

Set
Ut,z;a,Cy) = Z F(Cy™)z".
n=0

Using that

0 n ; .

PGy =(t1) > F(CY)F(AS),

i+j=n—1

we obtain

Theorem 5.1. The function U(t,z;«, Cy) is the solution

of the equation

0 0 . 1
a U1 = %(U()Ul) with U170(O,l‘) = 1— am’
where Uy is the solution of the Hopf equation
0 0 x?

a U() = UO% UO with U()(O,ZL') =

1—oax



LECTURES ON TORIC TOPOLOGY 15

Lecture II. Toric Topology of Stasheff Polytopes

[Abstract] The Stasheff polytopes K,, n > 2, appeared in the
Stasheff paper [35] (1963) as the spaces of homotopy parameters
for maps determining associativity conditions for a product a...a,
for n > 2. Stasheff polytopes are in the limelight of several research
areas. Nowadays they have become well-known due to applications
of operad theory in physics. We will describe geometry and combi-
natorics of Stasheff polytopes using several different constructions

of these polytopes and the methods of toric topology.

1. EULER’S POLYGON DIVISION PROBLEM

In his letter (1751) to C.Goldbach (1690-1764) L.Euler (1707-1783) provides a
guessing formula for computing the number of triangulations of a polygon with
n + 2 sides. In 1756 J.Segner (1704-1777) gave the solution of this problem by
the recurrence formula: F, = FEsF, 1 + F3FE,,_ o+ -+ E,_1FEs,n > 3, with
E, = E; = E5 = 1 and E, 12 is the number C, of triangulation of (n + 2)-
gon G,. However Segner’s method did not establish the validity (or invalidity)
of Euler’s guessing formula. This problem was posed as an open challenge to the
mathematicians in the late 1830’s by J.Liouville (1809-1882). He received a lot of
papers with solutions. The most elegant from them (by Liouville’s opinion) was
communicated in a paper of G.Lame (1795-1870) in 1838.

In how many ways can one partition a convex (n + 2)-gon G,, into triangles

by means of diagonals?

n=1
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N N

The number of triangulation of (n + 2)-gon G,, is equal to the Catalan number

c - 1 (2n>
n+1\n

For example,

Ci=1,Co=2 Cy=5, Cy=14,....

The sequence {C,} is named in honour of E. Catalan (1814-1894) who discovered

in 1844 the connection to bracketings of (n + 1)-monomials.

n=1 aiag
n=2 (ara9)as a1 (agas)
n=23 ((ab)c)d (a(be))d (ab)(cd)

a((be)d) a(b(cd))
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Plane trees

The connection between bracketing and plane binary trees with one root and
(n+ 1) end points was known to A. Cayley (1821-1895) (see [12]).

A

AN/
N

The number of sequences of whole numbers ay,...,a, such that

1<a; £ <ay, where a; < 4, is equal to C,,

n=1 1

n=2 1,1 1,2

n=3 1,1,1 1,1,2 1,1,3
1,2,2 1,23

and such that a1 =0 and 0 < a;4+1 < a; + 1 is equal to C,
The number of ways to obtain a product of n + 1 factors in a non-commutative

and non-associative algebra is equal to C),
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n=1 0
n =2 0,0 0,1
n=23 0,0,0 0,0,1 0,1,0
0,1,1 0,1,2
n=1
ai,a — ap - az
n=2
ap, az,as
ai,az - ag ay - az,a3
ay - (az - az) (a1 - az) - a3
n=23
a,b,c,d
ab,c,d a,be,d a,b,cd
(ab)c,d a(be),d ab, cd a, (be)d a,b(cd)
((ab)c)d (a(be))d (ab)(cd) a - ((be)d) a(b(cd))

You can find a lot other examples where arise C,, in [34].

2. OPERADS AND STASHEFF POLYTOPES

A geometric realization of an A, _s-operad is given by the Stasheff polytope
K,, n > 2, where dim K,, = (n — 2) and the number of vertices of K, is the
Catalan number C,,_5. The boundary of K,, n > 3, has the subdivision

n—1 1

0K, = ) | Ki*,

1=2 k=1

where dim K};k =n—3 and K}'{k =K; x Ky_jy1 COK,.



LECTURES ON TORIC TOPOLOGY

Example 2.1. (1) K» is a point.
(2) K3 is an interval I and K3 = K3' (J K37

2 3
(3) Ky isa5-gonand 0K, = |J K2F U U K>*.
k=1 k=1

A, -structure.

19

An A,,_o-structure on a topological space X is a sequence of continuous maps

12y« .y fn, where each p,: K, x X" — X is appropriately defined on 0K,, x X,

in terms of u; for i < n.

For example, an Ag-space is an H-space X with
po = p: X? — X; K5 = (point).
An A;-space is a homotopy associative H-space X with
po=p: X2 — X and ps: I x X® — X,
where I = [0, 1] = K3 such that

DX X x X xX —>Ix XxXxX <[] xXxXxX

that is

w3(0; 1, 22, v3) = (1, v2), 3),

p3(l; 21, 22, 03) = p(w1, p(w2, 73)).

So, ps gives the usual condition of the homotopy equivalence of the maps p(u x 1)

and p(1 x p).

In general, for n > 3 the restriction of p,: K, x X™ — X on the 0K,, x X"

gives the maps
pik s Ky x Ky i x X" — X, 2<i<n—1,1< k<4,

such that

:u"iik(tv’r;'rla o ,CCn)

=i (G2, The1, it 1 (T35 Tk, oy Tpit k) T it bt 1, - - -

where t € K; and 7 € Kj,_;11.

71’7,,),
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For example, in the case n = 4 we obtain the conditions on five functions:

b, T2, .., 2h) = po(t us(Ty 21, 22, 23), 24),

L, TT1,...,24 wa (t; o1, ps(T; 22, 23, 24) ),

8

taT;xla"', 4 3 taxla,u'QT‘Tan:S X4),

' ) = ha )
% ) = ha )
pyt (T, wa) = s (b o (75 w1, m2), 3, 74),
l ) = hs( z4)
Pt ) = ns(t; )-

6, TT1,..., 24 ws (t; 1, o, po(T; 23, T4)

3. EQUIVALENT WAYS TO DESCRIBE STASHEFF POLYTOPES

We will use four equivalent ways to describe the combinatorics and toric topology

of Stasheff polytopes K,,: bracketing, polygon dissection, plane trees and intervals.

The language of brackets.

Definition 3.1. The set I';, 0 < ¢ < n — 2, of i-dimensional faces of the Stasheff
polytope K,, of dimension n — 2 is the set of correct bracketings of the monomial
aj - ...-ap with n —2 — i pairs of brackets. The outer pair of brackets (a; -...-ay)

is not taken into account.

The incidence relation is defined as follows. Let v € T'y, and § € 'y, where k > [.
The cell ¢ lies at the boundary of the cell v (i.e., § C 9y geometrically) if v C J (as
sets of bracketings).

The set of 0-dimensional faces of the polytope K,, i.e., the set of its vertices,
is the set of correct bracketings of the monomial a; - ... - a, with n — 2 pairs of
brackets.

Two vertices in K, are joined by an edge if and only if the bracketing corre-
sponding to one vertex can be obtained from the bracketing corresponding to the
other vertex by deleting a pair of brackets and inserting, in a unique way, another

pair of brackets different from the deleted one. For example, in the case Kjs:
(a1a2)as oo ai(azas)
The language of diagonals.

Definition 3.2. Consider a convex (n + 1)-gon G,,—1. Theset I';; 0 < i <n — 2,
of i-dimensional faces of the Stasheff polytope K, of dimension n — 2 is the set of
all distinct sets of n — i — 2 disjoint diagonals of G,,—1. (That is, each face of K,

is associated with a set of disjoint diagonals of G,,_1, and vice versa.)
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The incidence relation is defined in the same way as in the preceding definition.
Let v € Ty, and 6 € Ty, where k > I. The cell § lies at the boundary of v (i.e.,
d C Oy geometrically) if v C 0 (as sets of diagonals).

Corollary 3.3. The dihedral group D,,+1 of symmetries of a regular (n + 1)-gon
Gp—1 is the transformation group of the Stasheff polytope K,,.

The number of diagonals

of G,—1 is equal to the number m of (n — 3)-dimensional faces (facets) of K,,. Thus
v(K,)=m—dimK, = (";1) for n > 3.

Example 3.4. (The Stasheff polytope K3)

(a1a2)as

ajaz0a3

a1 (azas)

The languages: diagonals, brackets and plane trees.
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Example 3.5. (The Stasheff polytope Kj)

((a1 . (12) . a3) cayg

(a1 -az-a3)-ay @ @ (a1 -ag) - a3 -ay
(a1 (a2 - a3)) - as @ @ (a1 -az) - (a3 - as)

a1~(a2-a3)~a4® @01'02‘(%'“4)
a1~<<a2~a3>-a4>@ 7 @a1-<a2-<a3~a4>>

ay - (a2'a3 -a4)

The languages: correct bracketings and disjoint diagonals.

Example 3.6. (The Stasheff polytope K,)
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The language of plane trees.

The language of intervals.

To each pair of brackets of the form

ai - @i (@it - Qi 41) il 42 -+~ Gl

we assign the interval I;; = [¢ +1,--- ,i+1] C [1,--- ,n], where 0 <i<n—1and
1<li<n—1.

For example:

K3 (a1 - az) - ag — Io1, ar - (as-az) — I .
Ky (a1 -a2-a3) as — lo2, a1-(az-as)-as— Iq,
a1'(02'a3‘a4)ﬂfl,2, (11'(12'(03'(14)%[2,17

((ll . GQ) -ag - aqg — I(),l.

4. A REALIZATION OF THE STASHEFF POLYTOPE K, 11
AS A SIMPLE POLYTOPE IN R"
WITH INTEGER VERTICES LYING IN A HYPERPLANE

Consider the formal monomial a; -...-an41. Let us label all multiplication signs
“” in this monomial from left to right with the numbers 1,2, ..., n, so that the i-th
multiplication sign, 1 < ¢ < n, is between a; and a;41, i.e.

1

3 n
al.a2...ai.ai+1...an

cQAp41-

To each correct bracketing of this monomial with n — 1 pairs of brackets, we
assign the n-dimensional vector J = (my, ..., m,) whose coordinates m; are defined
as follows: each multiplication sign stands for the multiplication of two smaller
monomials. Set m; = [;r;, where [; and r; are the lengths of the right and left
monomials corresponding to the ¢-th multiplication sign. For example, in the case
n = 3, the bracketing

ax ! ((a2 ?ag) ?a4)
gives rise to the vector (3,1,2), because my =1-3, mg =1-1, and mg =2-1; and
the bracketing (aq - a2) - (as - a4) gives rise to the vector (1,4,1).
This defines a map from the set of vertices of the (n — 1)-dimensional Stasheff

polytope K, 11 into R™. Extending it by linearity, we obtain a mapping

J: Kpp1 — R™
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For example, in the case n = 2 we obtain

J: K3 — R2.

J((a1 - as) -ag) —(1,2), J(a1 (as .ag)) — (2,1).

Let 1

<i<n—-1, 0<i<n—1I Take the linear function p;; : R* — R, where
forl1<i<n—-1

1 1
po’l(x):T(xl"_""’_xl)_n_l(xl+1+"'+xn)7

1
Prn—1,1(X) = 7(%7”1 +Fzy,) — (14 +zn)

n—1

= _pO,n—l(X);

and forO<l<n—-1,0<i<n-—1

o~ =

1
Pip(x) = 7(Tiv1 o Tigt) = (@1 Ti ot Ty + o+ T).

Set

Liy={x€R":p;(x)+ 3n >0}

Theorem 4.1. The mapping J : K41 — R™ is an embedding. Its image is the

intersection of the hyperplane

n+1
$1+"'+xn): }

1
H={xeR": 5

p

with the half-spaces L;;, 1<I<n—-1,0<i<n—1.

For each vertex of K, 1, its image lies in the intersection of the n — 1 half-
spaces L;; determined by the pairs of brackets occurring in the correct bracketing
corresponding to this vertex. This result is some improvement of the main result
of J.-L. Loday (see [29]), who used the language of plane binary trees.

Set B={xeR": =2 <pou(x)< 5, I=1,...,n—1}

Corollary 4.2. The image of K41 in R™ is the intersection of the (n — 1)-
dimensional cube H N B with the half spaces L;;, where 0 <l <n—1, 0 <7 <
n—1. Thus, K,y1 is a truncated (n — 1)-dimensional cube with (";1) truncations.
N.B. (";") = v(Ky).
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5. A REALIZATION OF THE STASHEFF POLYTOPE K,
AS A SIMPLE POLYTOPE WITH INTEGER VERTICES IN R"~!

Set
1
ny; = l(n —1)po,1(x) + inl(n -0,l=1,....,n— 1L
We have for x € K41 C R™:

0<y <l(n=1).

Let
z=x1+ - -+ax,l=1,...,n.

Using that z, = gn(n + 1) for x € K, 11, we obtain:
1
ny =m—10z -1z, —2) + inl(n =1)

= n(zl - %l(l + 1))
So,

We have for 0 <l <n—-1,0<i<n-—1

ln = Dpia(x) = (n = (241 — 21) = Uzi + 20 — 2ig1)

=nlziq — 2z — %l(n + 1)].

Thus

l(n—Dpii(x)+ %nl(n =) =nlzip — 2z — %(l + 1)

= n[yiy — yi +il].
Theorem 5.1. There is the embedding
J: Kpyp — R
with the image
{y=(1yn) : 0SSy <Un—1), yi —yiq <il},
wherel=1,...,.n—1,i=1,...,n—1—1.
Set yo = y, = 0 and take

Liai={yeR" " iy —yin <il}, 1<I<n—-1,0<i<n—L

25

Any vertex vy € Kpt1, ¢ =1,...,C,, gives a set {I;;, (i,1) € s(¢q)} of intervals

determined by the pairs of brackets occurring in the bracketing corresponding to

this vertex v,.
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Corollary 5.2. We have

LiaNJ(Knt1) = Kjp1 X Kp—p41.
For each vertex v, € K, 1 we have

- N 0%,
T = P

Example 5.3. (The Stasheff polytope K3)
n=2= l=1,K;={yeR! : 0<y<1},
(01 'az) a3 — Io,h aj - (a2 '613) I I1,1
vy ={0€R'}, vy ={1eRY}.
Example 5.4. (The Stasheff polytope K,)
n=3 =— 1<1<2 0<i<3—1
Ky={(y1,92): 0<y:<2,i=1,2, y1 —ya < 1},

A

Y2

(0,2) Y1

Ky~1°nN 21
((a1 - as) '(13) cay = v1 = 0%p,1 N0L,2,
(al - (ag - ag)) cay = v =02 N0L 1,
ay - ((a2 -ag) - a4) — vy = 041 NOL1 2,
ay - (a2 (as a4)) — 0y =042 N0L,

(a1 . ag) . (a3 . a4) — VU5 = 8.,?271 n 83071.
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Example 5.5. (The Stasheff polytope Ks)
n=4 — 1<1<3,0<i<4—I
Let I° = {(y1,92,43) : 0< 9 <3, 1=1,3, 0< y2 <4}

Ks~DPnNA1NLranLsy,
where
La={yeR® : y—y2 <1},
Lra={yeR® : y —y; <2},
Lo1={yeR® : yp —y3 <2}
Consider the 5-monomial a1 - as - a3 - a4 - a5. We have 9 pairs of brackets
(a1 -az) — Ioa;(az - a3) — I 1; (a3 - as) — T2 15 (as - as) — I3 1;
(a1 -az-a3) — loo; (az-as-as) — I 2; (as-aq-as) — Iz o;
(a1-az-as-as) — Ios; (az-ag-as-as) — I3

and Cjy vertices vq,...,v14.

For example
(((a1 . ag) . (lg) . a4) - a5 = 8.,%0’3 N 6.,%72 n (r“).,go’h
((a1 . (12) . (a3 . CL4)> - a5 — 8.,%,3 n 6.,%71 n 8.,%71,

a1 (a2 as) -01) -05) = 0.4, 1 0420 0405,

27
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Proposition 5.6. The Stasheff polytopes are simple.

You can find all details about simple polytopes in [3]
Theorem 5.1 provides an explicit description of the (n — 1) facets whose inter-

section is a given vertex of the (n — 1)-dimensional polytope K, 11.

Definition 5.7. An n-dimensional polytope P* is said to be dual to P if for each i,
0 <7 < n—1, there exists an one-to-one correspondence between the i-dimensional
faces ; of P and the (n — ¢ — 1)-dimensional faces v)_, ; of P* such that the
embedding v, C;_;_ corresponds to the embedding v; C ;.

Each facet of As™ is As’ x As?, i >0, i+j = n— 1, where embedding 1 : As’ x
As? — 0As™, 1 < k < i+ 2, corresponds to the pairing

(a1 aipa) X (b bjpa) —> a1+ agp_1(by -~ bjyn)ahss - dita.
Lemma 5.8. The boundary of the associahedra is

i+2

dAs™ = Z ZLk(Asi x As?)

itj=n—1k=1
= Z (i +2)(As' x As?).
itj=n—1
Each pair of brackets in the monomial a; - ... - a1 determines a facet of the

polytope K, 1. Thus, in terms of the dual polytope, it corresponds to a vertex of

the polytope K, ;. The number of vertices of K, is %

Definition 5.9. A polytope S is said to be simplicial if every face of S is a simplex.
The dual P* of a simple polytope P is simplicial and vice versa.
Proposition 5.10. The dual K, of a Stasheff polytope K, is a simplicial polytope.

Proposition 5.11. The boundary of the polytope K is a triangulation of the

(n — 3)-dimensional sphere.

Example 5.12. Construction K (the fragment) via stellar subdivision (see [3]).
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Octahedron (I3)* is dual to cube I3.

Definition 5.13. A polytope P is called a flag polytope if each set of vertices of P

pairwise joined by edges forms a simplex.
Proposition 5.14. The dual K of a Stasheff polytope K, is a flag polytope.

Proof. To each set of k vertices of K, there corresponds a set of k diagonals of a
convex (n+ 1)-gon G,,_1. These vertices are pairwise joined by edges if and only if
the corresponding diagonals are disjoint. By definition, this collection of diagonals
determines a face of K,, and hence a face of K. Since K is a simplicial polytope,

it follows that this face is a simplex. O

6. STANLEY—REISNER RING OF STASHEFF POLYTOPES

Let P be a simple polytope with m facets Fi,..., F,,. Fix a commutative ring

k with unit. Let k[vy,...,v,] be a polynomial graded k-algebra, degv; = 2.

Definition 6.1. The face ring k(P) (or the Stanley—Reisner ring) of a simple
polytope P is the quotient ring

k(P) =k[v1,...,vm]/Jp,

where Jp is the ideal generated by all square-free monomials v;, - v, - - - vi,, @1 <
-++ < g, such that F;, N---NF;, =0 in P.

Corollary 6.2. k(K,) = Kk[v1,...,vm]|/J Kk, where the set {vi,...,vm} corre-
sponds to the set of diagonals {dy,...,dn}, m = % of a convezr (n+ 1)-
gon Gn_1 and Jg, is the ideal generated by all monomials v;vj, i < j, such that
dinNd; #0in Gp_1.

Example 6.3. k(K3) = kv, va]/(v1v2).
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Corollary 6.4. A generator in Jg, corresponds to a set of four vertices in a convex

(n+1)-gon Gp_1, that is the number of generators § in Jg, , n > 3, is ("Il).
For example,
n=4:m=506=5
n=5:m=9,6=15
Let k[D,,11] be the group ring over k of the dihedral group D, 41.
Corollary 6.5. The face ring k(K,,) is a k[D,,+1]-module.
Example 6.6.
k(K3) = k[v, mv]/(v - Tv),
where 7 is the generator in Zs.
k(Ky) =k[r'v,i=0,...,4]/(T"w, i = 0,...,4),
where 7 is a generator in Zs and w = v - Tv.
k(Ks) = Kk[r'vy,i=0,...,5, 70, i =0,1,2]/ K.,
where 7 is a generator in Zg, Jx, = (T"wj7 i=0,...,5,7=1,2 Tlws,i=0,1,2),

and wy; = vy - TV, Wo = V1 - Vg, W3 = Vg - TU2.

7. THE SOLUTION OF THE E.HOPF EQUATIONS

It follows from the theory of partial differential equations that the quasilinear
Hopf equation
U+ f(U)U, =0
with the initial condition U(0,x) = ¢(x) has the solution U = ¢(¢), where & =
&(t,z) is determined by the relation z = £ + f(p(€))t.
We consider only the case f(U) = —U. The transformation ¢ — —t takes this
equation to the equation U; +UU, = 0. For the initial condition p(z) = 22/(1 —z),

the function &(t, x) is given by the quadratic equation
(t+1E —(1+2)f+2=0.

By solving this equation, we obtain a closed-form expression for the solution of

the Cauchy problem in a neighborhood of the point (0,0): U(t,z) = 15—_25, where
— 2z

¢= a1/ (e+1)2—4(t+ 1)z
For a general initial condition, the relation z = £ — ¢(&)¢ implies that

1

e(§) = E(f — ).
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Thus, £(t,x) = tU(t,x) + x; i.e., we can eliminate the function £(¢,z) from the
equation U = ¢(&).

Corollary 7.1. The solution of the equation Uy = UU,, with U(0,x) = ¢(z) is a

solution of the functional equation (equation on the characteristics)
U=op(x+1t0).

In particular, if (x) is a rational function, then U(t, z) satisfies an algebraic func-

tional equation of the form
n
Z ap(t,z)U* =0,
k=0

where ay(t,x) are polynomials in t and x.

8. THE CASE RELATED WITH THE FAMILY OF STASHEFF POLYTOPES
In our case, p(z) = 2%/(1 — z), and the function U(t, z) satisfies the equation
t(1+tU? + (22t + 2 — 1)U + 2> = 0.
It can readily be seen from this equation that U has the symmetry
Ult,z) =U(—-(t+1),—x).

Let us treat £(t,z) as a function of x with parameter ¢. Then it is the inverse
of the function = — ¢(z)t. Hence we can apply the classical Lagrange formula for

computing the inverse function:

£(t,x) = ﬁ /Z_E ~In <1 - §(1 - ‘piz) t) _l)dz

-

where [y(z)]; is the coefficient of z* in the series v(z). By substituting the initial

condition p(x) = 2%/(1 — x) into this formula, we obtain

§lta) = n[(l ! 1—(2§+1>H

n>1

Hence

where
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Note that this formula readily implies the identity
Ut 2) = U(~(t+1), —a).

Moreover, if we use the identity

k
n k n+k
Z;(Hrl)(l) <k+1>’ O<ksn—2

then this formula for V;,(¢) implies the classical result

1/n—-2\/n+k
= = <k<n-—2.
Jeo1(K) n( ] )(k+1), O<k<n_2

Here fj,—1(K,) is the number of (n—k—2)-dimensional faces of the Stasheff polytope
K,.
Another way to obtain the solution is to consider conservation laws. Let U(t, x)

be the solution of the Cauchy problem for the Hopf equation
U, =UU,, U(0,2) = ¢(x).
This equation has the conservation laws

UkJrl Uk
() (%) mrae

Hence for any k and [, 1 <k <[, 1=1,2,...,
we have dk /U d-1 /7t dk [ ikt
d;z:k(z+1) T dakl (z)t - dtk(lk+1>
Let us define Ux () as the coefficient of t* in the expansion

Ut,x) = Z Z ukmtka:” = Z Up ()t~
n k

Then ) N .
d d* (U™ (x)
— =kl - - (0 7
ar V) ~H Unl@) = g ( k+ 1 )
for | = k. Therefore,
Up(z) = 1 ik k+1(x)
M= ey )l dak '

By using the binomial expansion

k+1)--(k+1
(1) & = 1 (ot 1) oo B l,( L) SV

— k

Thus we have computed the number

we obtain

fim1(Kp), n>=23,1<k<n-—2



LECTURES ON TORIC TOPOLOGY 33

with the help of conservation laws for the Hopf equation.

We can find the first computation of this number in the Cayley’s paper (1891),
where he also used the function Uy (z). Note that Cayley obtained the above form
of Uy (z) by using the recursion formula

n . )
fkon) = o Hm;ﬁ iﬂ;lf(z,l)f(mm),
where f(k,n) = ugn—1 = fr—1(Kn—1) (see details in [25]).
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Lecture III. Minkowski sum and simple polytopes
1. MINKOWSKI SUM

Let M7 and Ms be subsets in R™.
Definition 1.1. The Minkowski' sum of My and M, is the set
M1+M2:{$€Rn tx=x1 + o, 1 € My, 29 GMQ}.

Lemma 1.2. If My and Ms are convex polytopes then My + My is again a convex

polytope.

The collection of all convex polytopes in R™ is denoted by .#,,. The Minkowski
sum gives an abelian monoid structure on .#,, where zero 0 is the point 0 =
0,...,0) € R™

Proposition 1.3. The following hold:

(1) There is the canonical homomorphism R" — M, :
the image of a vector v € R™ is the one point polytope.
(2) A, has the structure of R-module: for given A € R and M € A,

MM ={ z eR", z € M}

(3) In M, we have My + M = My + M = M; = Ms for any M € M,,.

(4) Any linear map L: R™ — RF induces the homomorphism
L.: M, — M.
Denote by conv(vs,...,vy) the convex hull of the points vy,..., vy in R™.
Lemma 1.4. The Minkowski sum of convex hulls is the convexr hull:
conv(vi, ..., vg) + conv(wi,...,wy) = conv(vy + wr, ...,V +wj, ..., v+ w).

Proof. Set M; = conv(vy,...,v;) and My = conv(ws,...,w;). Then v; +w; €
My + My for any 1 <7< kand 1 <5 <I[. Take

k 1
T = E tivy, T2 = E T; Wy,
i=1 j=1

IHermann Minkowski, 1864—1909
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k I
where > t; =1, ¢, >0and ) 7; =1, 7; > 0. Then

i=1 j=1
k l l k
nan =33 n ) Yo )

i=1 j=1 j=1 =1
k l

= ZZ &ij(vi + wj),

ko1

where fij = tiTj 2 0 and Z Z gij = 1. [l
i=1j=1

2. MINKOWSKI SUMS IN R! AND R2
For example, when My = [-1,2] CR!, M, =[1,2] C R!,
My + My = [-2,4] = 2M;q,
M1 + (_Ml) = [_172] + [_2, 1] = [_3a3]7
M1 +M2 = [0,4], and
My + (=Ms) = [-3,1].
In general, if M; = [a;,b;], a; < b;, i =1,2,
My + My = [a,b], where a = a1 + ag, b = by + b,
My — My = [d, V'], where a’ = a1 — b, b/ = by — as.
So,
Ml — M1 = (bl — 0,1)[71, 1]

Let M; = conv((O7 0), (1,0)) CR? and My = conv((O7 1), (1,0)) C R%

M + My is the convex hull of the set {(1,0), (0,1), (2,0), (1,1)}.
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Set eg = (0,0), e; = (1,0), e2 = (0,1). Let M; = conv(eg,e1,e2) and My =

conv(eg, ), where & € R?, x # 0. Then
(M + My)[x] = conv(eg, e1, €2, 2,1 + x, €2 + T).

For example, we obtain 5-gon if x = e; + e and 4-gon if z = e;. Moreover, if Ms
is parallel to one of the edges of M; then M; + M, is 4-gon, otherwise M7 + Ms is
5-gon.

3. SUPPORT FUNCTIONS

The support function of M € .4, is the function

sp:R" — R : spy(x) =max < x,y >,
yeM

n
where < z,y >= > xpy is the scalar product.
k=1
It is easy to chek that:

o sp(Ax) = Aspy(x) for any non negative A € R. So, if |z| # 0, then sy (z) =

elsae (7).

e s, is a piece linear function.
® s,y is a linear function iff M is a point in R™.

e s,/ is a convex (concave up) function, that is
sa(tzy + (1 —t)we) < tspr(zr) + (1 —t)sp(x2)
for any z1, zo and t € [0,1].
Lemma 3.1. For any My, Ms € .# we have
SMy+My = SM; + SMy-
Proof. Let M(z) be the image of M on mapping R® — R : y —< z,y >. We
have M(x) = [a,b], where a = max < z,y >= sp(x) and b = qml]\r} <z,y>. Ttis

yeEM yeE
clear that

Ml(l') + Mg(.’L‘) = (Ml + Mg)(l‘)
Using that in R!
[a1, b1] + [az2, bo] = [a1 + a2, b1 + ba),

we obtain the proof. O
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4. FAN OF A CONVEX POLYTOPE

Consider the set {v1,...,vn} of all vertices of convex polytope M. For any

x € R™ there exists such v; that sp(x) =< z,v; >. Set
Vi={z e R" : sy () =< z,v; >}.

N
We have R" = V; and any V; is the convex polyhedral cone with vertex O € R™.
i=1

The set {V;, ¢

1=

1,..., N} gives the fan of convex polytope M.

Example 4.1. M = conv((1,0),(0,1)) C R?. Then

V; ={x = (z1,22) € R? : max < 2,y >= x;},
yeM

<mzy>= try +(1—1¢ .
< o >= e+ 0= 0e)

T2

Vs

Vi

A ! i

5. MINKOWSKI SUM OF SIMPLE POLYTOPES

A zonohedron is a convex polyhedron in R? where every face is a polygon with
point symmetry or, equivalently, symmetry under rotations through 180°. Any
zonohedron may equivalently be described as the Minkowski sum of line segments
in R3, or as the 3-dim projection of a hypercube. Zonohedra were originally defined
and studied by E. S. Fedorov (1853-1919), a Russian crystallographer.

More generally, in R™ the Minkowski sum of line segments forms a polytope
known as a zonotope. Set vy = (0,0,0), v1 = (v/3,0,0), vo = (0,4/3,0), vg =
(1,1,1), v4 = (1,1,—-1). Let M; = conv(vg,v;). Then My + My + M3 + My is
the well known rhombic dodecahedron. It is a convex polyhedron with 12 rhombic
faces, 24 edges and 14 vertices. Some minerals such as garnet form a rhombic
dodecahedral crystal habit. Honeybees use the geometry of rhombic dodecahedra
to form honeycomb. It gives an example when a Minkowski sum of the simple

polytopes forms a nonsimple polytope.
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Problem 5.1. When does Minkowski sum of simple polytopes give a simple poly-
tope?

Let Al = I' = {(t1,t2), t; = 0, t1+t2 = 1}. Consider a collection {(vy 1,v1.2),.- -,
(vn,1,vn,2)} of pairs of vectors in R™ and the mapping

N
p: IV —R" w((tlmtm),---7(tN,1,tN,2)> =Y (tiavi + tiovi2).

i=1

The image of ¢ is a zonotope in R™.
Problem 5.2. When does ¢ give a simple polytope?

For more general problem, consider a collection {(vi 1,...,v14,+41),..-,
(UN1,-.-,UN,iy+1)} Of the finite sets of vectors in R” and the mapping

N ip+1
O: A" x - X AN 5 R” : B(ty,...,tN) =Z Z L, iUk,

k=1 j=1

where A% = {t = (k15 tripr)s teg = 0, 30ty =1},

Problem 5.3. When does ® give a simple polytope?

6. BUILDING SETS

Consider a collection B of non-empty subsets of the set [n] = {1,...,n}. Let
e, 1 = 1,...,n, be the endpoints of the standard basis vectors in R™. For any

I € Bset A; =conv(e;]i € I) and Pg = > A;. Convex polytope Pp is the image
I€B
of the map pp: [[ A; — R™.
IeB

Problem 6.1. When does ¢p give a simple polytope?

Definition 6.2. A collection B of non-empty subsets of the set [n] = {1,...,n} is
called a building set if:

e[, JeBandINJ#0=1IUJ€eB

e {i} € Bforallic [n].

Theorem 6.3 ([33]). The convex polytope Pg C R™ is a simple polytope.

Definition 6.4. Let I' be a graph with the vertex set [n] = {1,...,n} and no
loops or multiple edges. The graphical building set B(T') is the set of all non-empty
subsets I C [n] such that the graph T'|; is connected.
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For example, for the graph T’

4
we have 1 2 3
4
r {2,3,4}
2 3
4
r 1,3,4}
[ ]
1 3

that is {2,3,4} € B(I'), and {1,3,4} € B(I).
It is easy to obtain the following result.
Lemma 6.5. The graphical building set B(T") is a building set.

You can find a lot of results concerning the building sets and graphical building
set in [33].
Given a finite graph I'. The graph-associahedron P(T") is a simple polytope
Pp(ry. We have obtained (see Lecture I):
e associahedron (Stasheff polytope) As™ is the graph-associahedron P(T")
where T' is an n-path;
e cyclohedron (Bott-Taubes polytope) Cy™ is P(I") where T is an n-cycle;
e permutohedron Pe™ is P(I") where I" is an n-complete graph;

o stellohedron St™ is P(I") where I' is an n-star graph.

Lemma 6.6. Let [n| € B. Then for any I, € B such that I, # [n], the equation

Z zi = p(lk) (%)

i€},



40 VICTOR M BUCHSTABER

gives a facet of Pg in the hyperplane Y x; = u([n]), where u(ly) is the number of
i=1

I; € B such that I C Iy,. Any facet of Pg can be described by equation (x) for some
I, € B.

Corollary 6.7. The polytope Pp is result of successive truncations of the simplex
{z eR": > @ = pu(ln])}-
i=1

Example 6.8.
(1)

r: 4 . . P(T) = As? = St? is 5-gon

The graphical building set B(T') is B = { {1},{2}, {3}, {1,2},{2,3},{1,2,3} }.
We obtain that the equations

x1:1; $2:1; 1’3:1; .’E1+$2:3; 1'2+£L'3:3

give the facets of As? C L, where L is the hyperplane {z € R® : 21 + 22+ 23 = 6}.

Thus, the equations
1=l xo=121+a2=5,21+x2=3; 1 =3
give the facets of As? C R2.

(2)

r: P(T) =Cy? = Pe? is 6-gon

1 3

The graphical building set B(T") is B = { {1}, {2}, {3},{1,2},{2,3},{1,3},{1,2,3} }.
We obtain that the equations

11:1; 1’2:1; $3:1; £C1+1'2:3; £L‘2+(£3:3; 1’1+ZL'3:3

give the facets of Cy?> C L, where L is the hyperplane {x € R® : x1 + x5+ 23 = 7}.

Thus, the equations

1’1:1; .’EQZ].; SC1+ZL'2:6; .’£1+.’E2:3; 1’1:4; .’£2:4
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give the facets of Cy? C R2.

Corollary 6.9. The equations

2
give the facets of As™ C L, where L is the hyperplane

2
{xeR”“ Tt F Ty = (n—2|— )}

k+2
xi—l—...—l—kaZ( - >, i=1,....n+1, k=0,...,n4+1—1,

41
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Lecture IV. Moment-angle complexes and applications
1. SIMPLICIAL COMPLEXES AND MAPS.
An abstract simplicial complex on a set V = {vy,...,v,,} is a collection
A ={o}

of subsets in V such that for every o € % all subsets in o (including ) also belong
to . By definition:
e 0 € & — (abstract) simplex.

e One-element subsets — vertices.

e dimo = |o| — 1, where |o| — the number of elements.
e dimf) = —1.
e dim ¥ = maxdimo.

oceK

A simplicial map ¢ : | — J# is a mapping V; — V5 such that the image of
every simplex from J#] is a simplex in 5.
A simplicial map ¢ is said to be non-degenerate if |p(o)| = |o| for any o € J.

Geometric simplices A* in R™ for n > k are convexr hulls of sets of affinely

independent points ag,...,ar+1 € R"
k+1 k+1
x:ZxJaj, ijzl, ) >0,
j=1 j=1
where (x!,..., 2%*1) are called barycentric coordinates of a point z € A*.
A face of A is the simplex determined by a subset of vertices a1, ..., az;1. The

empty subset of vertices determine the empty face. A face of dim(k — 1) (a facet)
is given by A?‘l =(a1,...,05,. .., Q1)

A geometrical simplicial complex is a set K of geometric simplices of arbitrary
dimensions lying in R™ such that every face of a simplex from K lies in K and

intersection of any two simplices from K is a face of each of them.

Example 1.1. The boundary of an n-dim simplex A" is the union UjA;hl of its
(n — 1)-dim facets, together with all their faces. This is an (n — 1)-dim simplicial

complex, the standard simplicial subdivision of the sphere S™~1.
A map of simplices
A} — AT
is a map from the vertices of A} to the vertices of AL’ extended linearly to the

whole of AT. A simplicial map

f: K1 — Ky
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of simplicial complexes is a map whose restriction to each simplex is a map of

simplices.
Example 1.2. Let K be any simplicial complex on the vertex set {vi,...,vm}
and A™~! the standard simplex on the vertices {a1, ..., a,, }. Then there exists a

canonical simplicial map (inclusion)
fiK =A™ fu) = aj.

Let S be an arbitrary partially ordered set. Order complex ord(S) is the set of
all chains 51 < s9 < -+ < 8, 8; € S. Complex ord(S) is a abstract simplicial
complex.

The barycentric subdivision K’ of a simplicial complex K is defined as order com-
plex ord(K\() of the partially ordered (with respect to inclusion) set of nonempty
simplices of the complex K.

The barycentric subdivision of an abstract simplicial complex K is the simplicial
complex K’ on the set {o € K} of simplices of K whose simplices are chains of
embedded simplices of K. That is {o1,...,0.} € K'ifand only if 01 C oy C ... C

o, (after possible re-ordering).

Example 1.3. For any (n—1)-dimensional simplicial complex K™~ on {v1, ..., v}
there is a non-degenerate simplicial map K’ — A"~! defined on the vertices by
o —|o|+1, 0 € K" . Here 0 € K is regarded as a vertex of K’ and A"~ ! as the

standard simplex on the set {1,...,n}.

2. MAIN CONSTRUCTION.

Let K be a simplicial complex with the vertex set V.= {vy,...,v,,}. For a pair

(X, W) of topological spaces W C X and a subset ¢ C V set
Z, ={ec XV | &) =ap €W, if vy €V \o}
Here, XV = X™ is the space of maps from V into X.
Introduce

(X, W)=UZ, CcX™,
where o ranges over all simplices in K.
Example 2.1. Let D" = {z = (z1,...,3,) €R" : Y} 27 <1} and S"~! = §D".
Then

a1 (D", 8" = D™ x D,
Zoar (D™, 8"y =D" x S tu STt x D* = 9(D" x D) = §*" L.
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In general case

P pms (X, W) = X™,
D@%Al(X, W) = (X X W) U (W X X)

Example 2.2. We have

0, ifk#£AT,

Zx(W,0) =
Wm i k=AML

and
Zx (W, W) =W,

The canonical inclusion (W, W) — (X, W) induced the inclusion W™ «— Z5 (X, W).
Thus the construction of 2% and map Gk for a fixed simplicial complex K with
m vertexes gives rise to a covariant functor (X,W) — (Zx(X,W),W™) on the

category of pairs of spaces.

Let g: (X1,W;1) — (X3,Ws2) be a map of pairs of spaces. Then we have the

induced map

GK: ffK(Xl,Wl) — QFK(XQ, VVQ)7

where G(§): V x-S X,
Let K; and Ky be simplicial complexes with the vertex set Vi = {v1,..., v}
and Vo = {v{,...,v] .}, respectively. Let us fix a point w. € W. A simplicial

inclusion ¢ : K7 — K> induces the inclusion

(I)(X)m—>(X)m7 (I)(zla"'axm):(yla-”aym/)v

where
w, @ (v}) =0,
Yk = i
Tj, ¥ (vk) = vj.
Thus we obtain the inclusion ¢ : 2k, — Zk, such that

Py, ——— X™

oz | o

!
Py, —— X™

The inclusion Zx C X™ = Zxm-1 is the map of moment-angle complexes induced

by the canonical inclusion f: K — A™~L
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3. MOMENT-ANGLE COMPLEXES
et ={ze€C: |z < e a unit disk in C. e space
Let D? = { C:lz|<1}b it disk in C. The sp
Pk = Zx(D?,0D*) C (D)™

is called a moment-angle compler. The action of S = 9D? = {z € C : |z| = 1}
on D? (multiplication of complex numbers) defines (coordinate-wise) the action of
torus T™ on (D?)™ and induces the canonical action on 2. Many important
examples of manifolds in topology and geometry are factor spaces of Zx over a

free action of T%  T™, for some k.

Example 3.1. Sphere

S+l — L(z1,... 2np1) € (C"“,Z |2|* = 1}

is Zoan, where A™ is the n-simplex.
For n =1, A'is an interval I' with boundary
OI' = S% = oy U 3. We have
S3 = (D? x SY) U (S* x D?) ¢ D? x D?
and
1
CP(1) = $*/T',  CP(1) > Al

For n = 2, we have

S% = (D? x D* x SY)U (D? x S* x D*) U (S' x D* x D?) C (D?)?

and
2
CP(2) = $°/T',  CP(2) = A2
Let K7 and K5 be simplicial complexes with the vertex set Vi = {v1,..., v}

and Vo = {v},...,v}, }, respectively. A simplicial map ¢ : K1 — K3 induces the

map
: (DQ)m I (DQ)mlv ‘1)(331, e 7xm) = (yh .. 7ym’)a
where
1, (,0_1(1}2) =0
yk = _1 / .
[Tz, o7 (vp) ={v;, j € J}
jeJ

Thus we obtain the map o : Zx, — %k, such that

gKl # (D2)m

ox | |0

gKQ ;) (DQ)m/
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The construction of 2% and map g : Zx, — Zk, gives rise to a covariant
functor from the category of simplicial complexes to the category of T™-spaces and

equivariant maps.

4. BIGRADED CELLULAR COMPLEXES

The T'-space Zao0 = D? has the following bigraded cell decomposition:

==

T D 9‘1 Cells: [1], [T], [D]

Set the bidegree (bdg) of the generators by

bdg[l] = (0,0), bdg[T] = (_172>7 bdg[D] = (072);

Then
C.((D*)™;0) = ®C*(D2;3),

and 2% C (D?)™ is a bigraded cellular subcomplex!

Thus the cellular chains C,.(Z%) are defined.

The functor K — Z% induces a homomorphism between the standard simplicial
chain complex of a simplicial pair (K, K’) and the bigraded cellular chain complex

of (QfK, ,ffK/).

5. PROPORTIES OF THE FUNCTOR K — Zk

The functor takes a simplicial Lefschetz pair (K, K') (i.e. a pair such that K\ K’
is an open manifold) to another Lefschetz pair (of moment-angle complexes) in such
a way that the fundamental cycle is mapped to the fundamental cycle. For instance,
if K is a triangulated manifold, then the simplicial pair (K, @) is mapped to the
pair (Zk, Z%), where 2% = T™ and Zk \ %5 is an open manifold. Studying the
functor K — Z%, one interprets the combinatorics of simplicial complexes in terms

of the bigraded cohomology rings of moment-angle complexes. In the case when K
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is a triangulated manifold, the important additional information is provided by the
bigraded Poincaré duality for the Lefschetz pair (%%, 2%).
Let us consider a map
g: (D%, 8%) — (X, W)
of pairs and a simplicial map
p: K1 — Ky
of simplicial complexes. Then we obtain the commutative diagram of the induced

maps:
Q{)Kl —_— 39](2

l l

"Jle (Xv W) - D@FKQ(Xa W)

The important case: Consider the map

p: (D?,SY) — (I,1) : p(2) = |2,

where I = {t € R, 0 <t < 1}. Thus the canonical inclusion f: K — A™~! gives

the commutative diagram:
Y —— (D)™
| |
Zx(I,1) —— I™
Lemma 5.1. (see ch. 4 in [3]) The space Zx(1,1) is
cce(K'") = cone(K'),
i.e. the cubical subcomplex of I™, where K' is the barycentric subdivision of K,

and (1,1,...,1) is the vertex of the cone K'.

Example 5.2.
Zoar(I,1) = (I x 1)U (1 x I) = cc(0AY) = cone(0A").

Let P be a simple convez polytope of dimension n with m facets and K = (9P)*
is the (n — 1)-dimensional simplicial m-vertex complex dual to the boundary P of
P (see Lecture II, Definition 5.7). Set 2p(X, W) = Z5py- (X, W).

Lemma 5.3. (see ch. 4 in [3]) The space Zp(1,1) is the canonical cubical subdivi-
sion of the simple polytope P into cubes, one for each vertex v € P. The resulting
cubical complex embeds canonically into canonical cubical subdivision of the bound-
ary of I™.
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Corollary 5.4. (see [3]) There is the commutative diagram

ffp N (DZ)m

| !

P —s ™
where T 1is the projection map on the orbit space Zp/T™ = P of the canonical

action of T™ on Zp.

Theorem 5.5. (see [7]) The following hold:

(1) Zp is an (n + m)-dimensional smooth manifold with the action of T™.
(2) The quotient Zp/T™ is P.
(3) There is a realization of %k as a complete intersection of real quadratic

hypersurfaces.

Theorem 5.6. (see [7]) Manifold Zp is the following framed (m + n)-dimensional
submanifold of R?™:

(@190 s @oyyen)) © > ol +3E —bi) =0, 1< j <m—n}.

k=1
The importance of the real quadratic viewpoint has been emphasized in the work
of Bosio and Meersseman [1] who considered a specific class of complete intersections
of real quadrics in C™, called link. They shown that all links (taking products with a
circle in odd-dimensional cases) can be endowed with the structure of a non-Kéhler
complex manifold, generalizing the wellknown class of Hopf and Calabi-Ekmann
manifolds (see [13]).

Theorem 5.7. (see [1]) The class of links coincides with the class of moment-angle

complex Zp arising from simple polytopes.

6. BUCHSTABER’S INVARIANT OF SIMPLICIAL COMPLEXES

Let K be a simplicial complex with the vertex set {v1,..., v, }. Define s = s(K)
to be the maximal dimension for which there exists a subgroup H = T% in T™
acting freely on the moment-angle complex Zx.

The number s(K) is a combinatorial invariant of K. This invariant was intro-
duced by the author in 2002 (see [3]).

Problem 6.1. Find a combinatorial description of s(K).

Lemma 6.2. Let K be an (n — 1)-dim simplicial complex with m vertices. Then
1< s(K)<m-—n.
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Proof. Every subtorus H = T® of T™ for s > m — n intersects non-trivially with
any n-dimensional isotropy subgroup, and therefore cannot act freely on 2% . Thus
s(K) <m—n. O

Let Sq := {(e?™% ..., e?™¥) € T™} ¢ € R, be the diagonal circle subgroup.
Every isotropy subgroup for Z% is a coordinate subgroup, and therefore intersects
Sg4 only at the unit. Thus Sy acts freely on any Z%. Thus s(K) > 1.

Let P™ be a simple convex polytope with m facets. Set s(P) = s(K), where
K = (0P)* is the (n — 1)-dim simplicial complex with m vertices dual to the
boundary P of P.

Let F = {Fy,..., F,} be the set of facets of P™. A surjective map ¢ : .F# — [k]
(where [k] = {1,...,k}) is called a regular k-paint coloring of P™ if o(F;) # o(F)})
whenever F; N F; # (.

The chromatic number «(P™) is the minimal k for which there exists a regular
k-paint coloring of P™. Thus v(P™) > n and the equality is achieved if and only
if every 2-face of P™ is an evengon. Note also that v(P3) < 4 by the Four Color

Theorem.

Definition 6.3. A simple polytope P is called k-neighborly if any k facets of P

have non-empty intersection.

Example 6.4. Suppose P is a 2-neighborly simple polytope with m facets. Then
Y(P") =m.

Proposition 6.5 (I.Izmestev). The following inequality holds:
s(P™) = m —~y(P™).

Proof. The map ¢ : .# — [k] defines an epimorphism of tori g : 7™ — T*. It is

easy to see that if g is a regular coloring, then Ker g = T~ acts freely on Zp. O
Let P™ be a simple convex polytope with m facets and v(P) = m — n.

Theorem 6.6 (see [22, 23]). The invariant s(P) satisfies the following:

(1) s(P)+5(Q) < s(P x Q) < s(P)+s(Q) +min(v(P) — s(P),v(Q) — 5(Q))-

(2) s(PEQ) = s(P) + s(Q), where t is the connected sum of polytopes along the
vertices.

(3) s(P) =14 P = A"

(4) s(P) =m—~+s(A)"]), where v = y(P) is the chromatic number and AL

is k-dim skeleton of l-dim simplex AL
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(5) s(P)—v(P) < s(F)—v(F)+1, where F is a facet of P.
(6) One can not calculate s(P) if it is known only f-vector f(P) and y(P).

7. BIGRADED COHOMOLOGY RING OF MOMENT-ANGLE COMPLEXES

Let k[vy, ..., v;] denote the graded polynomial algebra over a commutative ring

k with unit, degv; = 2.

Definition 7.1. The face ring (or the Stanley—Reisner ring) of a simplicial complex

K on the vertex set V = {v1,..., v, } is the quotient ring
k(K) =k[v1,...,vm]/ K,
where Zi is the homogeneous ideal generated by all square-free monomials v, =

Vi Uiy -0, (11 < -+ < ig) such that o = {i1,...,4s} is not a simplex of K.

Theorem 7.2 (see [2]). Let k be a field and K, K’ be two simplicial complezes
with vertices V.= {v1,...,o;m}, V' = {v],...,v. . }. Suppose k(K) and k(K') are

rYm

isomorphic as k-algebras. Then there exists a bijective mapping V. — V' which

induces an isomorphism p: K — K'.
Problem 7.3. Find description of s(K) in the term of k(K).
Let K be a simplicial complex on m vertices.

Theorem 7.4 (Hochster, see [3]). The following additive isomorphism holds:
Totku,....0 (K(K), k) = GH* (K. k),
where w ranges over the subsets of [m| and the K, are induced subcomplezes.

Theorem 7.5 (Buchstaber-Panov, see [3]). The following isomorphism of algebras
holds:

H**(Z5;K) 2 Torygy, .o, (K(K), k).
In particular,

HY(Zic;k) = Y Torg® (k(K) k).
—i+2j=p
The following additive isomorphism holds:

H* (Qf'fK; k) @ Afug, ..., U] = Torkxy (k, k).
Rely on theorems 7.2 and 7.5 we put

Problem 7.6. Suppose H**(Zk; k) and H**(%%; k) are isomorphic as bigraded
k-algebras. When there exists a bijective mapping V' — V' which induces an

isomorphism ¢: K — K'?
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The above question arose during our discussion with Dong Youp Suh of the
recent work [16], where the bigraded cohomology of moment-angle complexes plays
an important role in the study of cohomological rigidity of simple polytopes. In
the preparation of these lectures for publication I asked Taras Panov to write a
survey of different rigidity properties of polytopes and quasitoric manifolds. It is
now included to the text (see Appendix A).

Theorem 7.5 was used also in [20] for computation of the ranks of the homotopy

groups of Z¥ in terms of the homological algebra of k(K).

8. TORAL RANK CONJECTURE

A T*-action on a topological space X is almost free if all isotropy subgroups are
finite. The toral rank of X is the largest k for which there exists an almost free
T*-action on X. (Denote it by trk(X).)

Proposition 8.1. If K is an (n—1)-dimensional simplicial complex on m vertices,

then trk Z > m — n.
S. Halperin in 1985 conjectured that
dim H*(X;; Q) > 2tk(X)
for any finite dimensional space X.

Corollary 8.2 (see [4]). Assuming that the toral rank conjecture is true, we come
to the following inequality:
dim o H*(K,; Q) > 2" " — 1,

where w ranges over the subsets of [m] and the K, are induced subcomplezes.

When K is the boundary of A", the right hand side is 1 and equality holds.
When K is the boundary of an m-gon, then

dim H*(Z%;Q) = (m —4)2™ 2 4+ 4 > 2m~ 2,
Define the moment curve in R™ by
z:R—R"  txt)=(tt* ... ") € R"

For any m > n define the cyclic polytope C™(t1,...,t,) as the convex hull of
m distinct points x(t;), t1 < t2 < ... < tm, on the moment curve. C™(m) =
C™(t1,...,ty) is a simplicial n-polytope. From all simplicial n-polytopes S with
m vertices the cyclic polytope C™(m) has the maximal number of j-faces, 0 < j <
n — 1. Computer calculations confirmed the exponential growth required by the

corollary for cyclic polytopes (Gadjikurbanov).
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Lecture V. Quasitoric manifolds

[Abstract] Our aim is to bring geometric and combinatorial meth-
ods to bear on the study omnioriented toric manifolds M, in the
context of stably complex manifolds with compatible torus action.
We interpret M in terms of combinatorial data (P, A), where P is
the combinatorial type of an oriented simple polytope, and A is an

integral matrix whose properties are controlled by P (see [7]).

1. NOTATION AND AGREEMENTS

We denote by R™ the standard real n-dimensional Euclidean space with the
standard basis consisting of vectors e; = (0,...,1,...,0) with 1 on the j-th place,
for 1 < 5 < n; and similarly for Z™ and C”. The standard basis gives rise to the
canonical orientation of R™.

We identify C™ with R?™ by means of the real vector space isomorphism C"* —
R?" sending e; to eg;—1 and (v/—1)e; to eg; for 1 < j < n. This provides the
canonical orientation for C™.

Since C-linear maps from C™ to C™ preserve the canonical orientation, we may
also regard an arbitrary complex vector space as canonically oriented.

We denote by T™ the standard n-dimensional torus R™/Z"™ which we identify

with the product of n unit circles in C™:

T" = {(e*™V7 19 ¥V ey e Y,

where (¢1,...,pn) runs over R”. The torus T™ is also canonically oriented.
Let H C T™ be a subgroup of dimension r < m — n. Choosing a basis, we can

write it in the form

H = {(627ri(511901+-~+51r<,0r)7 . 627ri(sm1<pl+---+smrwr)) c Tm}7

*

where ¢; € R, ¢ = 1,...,r. The integer (m x r)-matrix S = (s;;) defines a
monomorphism Z" — Z™. For any subset {i1,...,i,} C [m] denote by S;  : the
(m —n) x r submatrix of S obtained by deleting the rows 41,. .., .

Write each vertex v € P™ as an intersection of n facets.

Lemma 1.1. Subgroup H acts freely on Zp if and only if for every vertex v =
FiyN...NF;, in P" the (m —n) x r submatriz S;  ;  defines a monomorphism

7" — Z™™™ to a direct summand.
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Proof. The orbits of T™-action on Zp corresponding to the vertices of P™ have
maximal (rank n) isotropy subgroups. The isotropy subgroup corresponding to a
. C T™. Subgroup H

acts freely on Zp if and only if it intersects each isotropy subgroup only at the

vertex v = F;, N... N F;_ is the coordinate subtorus T7,
unit.
This is equivalent to the condition that the map

HxT: . —T"

seeln

is injective for any v = F;, N...NF; . This map is given by the integer m x (n+r)
matrix obtained by adding n columns (0,...,0,1,0,...,0)" (with 1 at the place
ij, 7 =1,...,n) to S. The map is injective if and only if this enlarged matrix
defines a direct summand in Z™. The latter holds if and only if each matrix Sil,...ﬁn

defines a direct summand.

Corollary 1.2. The subgroup H of rank r = m — n acts freely on Zp if and only
if for any vertex v =F;, N...NF;, of P" holds

detS; ; = =l.

sy

Definition 1.3. An (m x n) matrix A gives a characteristic map
0:{Fy,...,Fp} — 7"

for a given simple polytope P" with facets {F1, ..., F,, } if the columns Aj,, ..., \;

n

of A corresponding to any vertex Fj;, N...N F};, form a basis for Z™.

Theorem 1.4. A simple polytope P™ admits a characteristic map if and only if

s(P™) =m —n.

We consider a simple n-dimensional polytope P given as a bounded intersection

of m closed half-spaces in R™:
P={zeR": (a;,z)+b; >0 for 1 <i<m},

where a; € R™ and b; € R.

We assume that there are no redundant inequalities, that is, every hyperplane
bounding a half-space intersects P at an (n — 1)-dimensional facet. It follows that
there are m facets Fi,..., I}, in total; and we further assume that they are finely

ordered, in the sense that Fy N --- N F,, defines the initial vertex v, of P.
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We associate to a simple n-dim polytope P an integral (n x m)-matrix of the

form
1 0 0 At Am
0 1 0 /\2,n+1 )\2 m
A= ,
00 .ov 1 Mpmtt -or A
in which the column A\; = (A1, ..., Ay;) corresponds to the facet F;, j=1,...,m,
and the columns A;,, ..., A;, corresponding to any vertex F; N---NF} are required

to form a basis for Z".

In other words, the associated (n x n)-submatrices (A ..,Aj,,) have determi-

VRN
nant +1. We partition A as (I, | Ax), where I,, is identity (n x n)-matrix. Thus

A, is n X (m — n)-matrix, and refer to it as the refined submatriz.

Definition 1.5. The combinatorial quasitoric data (P, A) consist of an oriented
combinatorial simple polytope P and integer (n x m)-matrix A with the properties

above.

We may specify P by a matrix inequality Apz+bp > 0, where Ap is the (m xn)-
matrix of row vectors a; € R™, and bp € R™ is the column vector of scalars b;.
We may interpret the matrix Ap as a linear transformation R™ — R™. Since the
points of P are specified by the constraint Apxz + bp > 0, the intersection of the
affine subspace Ap(R") + bp with the positive cone RY is a copy of P in R™. The

formula ip(z) = Apx + bp defines an affine injection
ip: R" — R™,
which embeds P as a submanifold with corners of the positive cone.
2. SIGN AND WEIGHTS OF AN ISOLATED FIXED POINT

We consider smooth 2n-dimensional manifolds M, equipped with a smooth ac-
tion o of a k-dimensional torus T*. We may choose an action of T* on C! and
a T*-equivariant embedding i: M — C' for suitably large I. Let we can choose a

T*-equivariant unitary structure ¢, on the T*-equivariant normal bundle (i) of i.
Definition 2.1. Normally complex T*-manifold is a triple element (M, a,c, ).

We interpret M as a tangentially stably complex T*-manifold (M, a, ¢, ) whenever

an equivariant complex structure ¢, is chosen for its stable tangent bundle. So

cr: T(M) @R ¢
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is a real isomorphism for some complex vector bundle £, and the composition

—1

r(t): € o (M) @R O () g RO 7

is a complex transformation for any t € T*, where da(t) is the differential of the

action by «a(t). So r(t) corresponds to a representation
p: TF — Home (€, €).

Let € M be an isolated fixed point of the T*-action o on a tangentially stably

complex T*-manifold (M, a, c,). The representation
pr: TF — GL(1,C)

associated with ¢, decomposes the fibre &, =2 C! as C" @ C'=", where p, acts
without trivial summands on C", and trivially on C!=".

Moreover, the isomorphism c,, induces an orientation of the tangent space
To(M).

Definition 2.2. The sign o(x) of an isolated fixed point = is +1 if the map
(M) 128 (M) @ R2-™ T8 ¢ > Cn g €I T

preserves the orientation, and —1 otherwise, where 7 is projection onto the first

summand.
The representation p,: T* — GL(n,C) decomposes as
P21 D D Pan,
where p, ; is a non-trivial one-dimensional representation of T* given by
(e%\/?hm o 6277\/?1%)1} — 2V —T(w;(x), 9),,

Px,j

where ¢ = (p1,...,¢k) € R, wj(z) = (wi,(2),. .., wx;(z)) € ZF and

k
(w;(z), ¢) = quj(m)ﬁaq-
q=1

Definition 2.3. The sequence {w;(x),...,w,(z)} is said to be the sequence of

weight vectors of an isolated fixed point x.
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3. QUASITORIC MANIFOLDS

The moment-angle manifold %p (see Lecture IV) is defined by the pull-back
diagram

Zp 2, Cm

Qpl lg
j LN Rg‘
Here o(z1,...,2n) is given by (|z1]2,...,|2m|?), the vertical maps are projections

onto the quotients by the T™-actions, and i is a T™-equivariant embedding.

There is a T™-equivariant decomposition
T(Zp) Driie) =2 Zp xC™,

where 7(Zp) is the tangent bundle of Zp and v(ig) is the normal bundle of the
embedding 7 4.

Matrix A defines a surjective homomorphism ¢: T™ — T". The kernel of /¢
(which we denote K (A)) is isomorphic to T™~ ™. The action of K(A) on Zp is free
due to the condition on the minors of A. So its quotient M = Zp/K(A) is a 2n-
dimensional smooth manifold with an action of the n-dimensional torus T™ /K (A).
We denote this action by «a. It satisfies the Davis—Januszkiewicz’ conditions:

(1) « islocally isomorphic to the standard coordinatewise representation of T™
in C",
(2) there is a projection m: M — P whose fibres are orbits of «.
We refer to M = M(P, A) as the quasitoric manifold associated with the combina-
torial data (P, A).

Additional structure on quasitoric manifold M is associated to the facial sub-
manifolds M;, defined as the inverse images of the facet F; under 7w, for 1 < i < m.
Every M; has codimension 2, and its isotropy subgroup is the subcircle ¢(T;) C T",

where T; C T™ is the i-th coordinate subcircle. The quotient map
f‘fp XK Ci — M

defines a canonical complez line bundle p;, whose restriction to M; is isomorphic to
the normal bundle v; of its embedding in M. The submanifolds M; are mutually

transverse.

Definition 3.1. An omniorientation of a quasitoric manifold M consists of a choice

of an orientation for M and for every facial normal bundle v;, i =1,...,m.

Theorem 3.2. Every pair (P, A) determines a 2n-dimensional omnioriented qua-

sitoric manifold.
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Proof. An interior point of the quotient polytope P admits an open neighborhood
U, whose inverse image under the projection 7 is canonically diffeomorphic to U xT"™
as a subspace of M. Since T"™ is oriented by the standard choice of basis, orientations
of M correspond bijectively to orientations of P. Since the homomorphism ¢: T™ —

T" determines a complex structure on each p;, it encodes equivalent information.
O

Theorem 3.3. Any omnioriented toric manifold admits a canonical stably complex

structure, which is invariant under the T™-action.

Proof. We obtained an embedding

ip: P — RY
which respects facial codimensions and gives a pullback diagram

Fp —Z Cm

epl l@

P —T RY
of identification spaces. Here iz is a T™-equivariant embedding. So, there is a
K-equivariant decomposition (K = ker {)

T(Zp)Dv(iz) ~ Zp x C™,
obtained by restricting the tangent bundle 7(C™) to Zp. Factoring out K yields
(M) @ ({/K) ® (v(iz)/K) = Zp xg C™,

where £ denotes the (m — n)-plane bundle of tangents along the fibres of

e Zp — M.

Zp xxg C™ is isomorphic to € p; as GL(m,C)-bundles. This is an example of
i=1

Szczarba’s Theorem. The embedding iz : Zp — O™ ~ R?™ is T™-equivariantly

framed, so v(iz)/K is trivial. The bundle /K canonically isomorphic to the adjoint

bundle of the principal K-bundle, which is trivial, because K is an abelian group.

So, we obtain an isomorphism
T(M)®&R* ™™ ~ ) & ... B pp,

although different choices of trivialisations may lead to different isomorphisms.
Since M is connected and GL(2(m —n),R) has two connected components, such
isomorphisms are equivalent when and only when the induced orientations agree on

R2(m=n)  We choose the orientation which is compatible with those on 7(M) and
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P1D ... D pm, as given by the omniorientation. The induced structure is invariant

under the action of T™, because iz is T™-equivariant. O

Every T™-fixed point « € M = M(P,A) can be obtained as the intersection
M;, N ---NMj, of n facial submanifolds. The tangent space to M at = therefore

decomposes into the sum of normal subspaces to M;, for 1 <k < n:
T2(M) =v; |, ® ... &Vl

Lemma 3.4. Let x = M;, N...NM;, be a fizred point.
(1) We have o(x) = 1 if the orientation of 7,(M) determined by the orientation

of M coincides with the orientation of v;, | @ ... ®v;, |, determined by the
orientations of vj, for 1 <k < n, and o(x) = —1 otherwise.

(2) In terms of combinatorial data (P, A), we have
o(z) =sign(det(N;,, ..., Aj,)det(a;,, ..., a;,)).

Let T"-fixed point € M = M(P, A) be the intersection M;, N --- N M;, of
n facial submanifolds. Denote by A, the (n x n)-submatrix of A formed by the
columns Aj,, ..., A;, (note det A, = £1).

Lemma 3.5. The weight vectors {w1(z),...,w,(x)} of the tangential T™-represent
ation in 7,(M) are given by the column vectors py, ..., u, of the matrixc M,
satisfying

MEA, =1,.

In other words, {w1(x),...,wy(z)} is the basis of R™ conjugated to {\;,,..., \j, }.

4. TORIC MANIFOLDS

Every nonsingular projective toric variety (toric manifold) M is determined by
the normal fan of a simple polytope Q C R™; it is integral, insofar as its vertices lie
in the lattice Z™.

We may assume that the origin is a distinguished vertex, that its incident facets
lie in the respective coordinate hyperplanes and the remaining facets Fi41,..., Fin
are ordered.

For any such M we let P be the oriented combinatorial type of @) and the
columns of A be the primitive integral inward pointing normal vectors to Fy, ..., Fy,
respectively. So A = Af,.

We can identify the stably complex structure associated to the combinatorial

data (P, A) with the canonical complex structure on M.
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Corollary 4.1. For any fixed point x of the canonical T"-action on toric manifold
M:
o o(x)=1;

e the weight vectors are given by the column vectors of the matriz (Ag )~ .

Definition 4.2. A polytope P™ C R" is called Delzant if and only if at each vertex
the normal vectors of the facets through the vertex may be chosen to be Z-basis
for R™.

Thus, Delzant polytope P™ is a simple polytope.

Using our description of the Stasheff polytope K, .1 as the simple polytope in
R"~! one can obtain immediately that K, is the Delzant polytope.

Let L(T™) = R™ be the Lie algebra of T".

Definition 4.3. A Hamiltonian T"-manifold is a triple (M?", w, 5#), where (M?", w)

is a symplectic manifold and 5#: M?" — L(T™)* — the moment map.

A Hamiltonian toric manifold is a compact connected Hamiltonian T"-manifold

M?" such that T™ action is effective.

Theorem 4.4 (see [19]). There is a bijective correspondence between Delzant poly-

topes and Hamiltonian toric manifolds.

Let T" be a connected graph on the vertex set [n] = {1,...,n} and without loops
or multiple edges.
Consider the graphical building set B(I").

Theorem 4.5. The mapping
R* —R" ! : e —e—e,i=1,...,n,
transform the simple polytope Ppry in the Delzant polytope.

Proof (see [22]) use that any facet of Pg(ry in the hyperplane {z € R : Y x; =
1([1,n])} can be described by the equation
> wi= p(ly)
i€l

for some I, € B(T") (see Lemma in Lecture III). O
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Appendix A. Cohomological rigidity for polytopes and manifolds
by Taras E. Panov

We fix a coefficient ring k (usually Z or a field).

Definition A.6. We say that a family of closed manifolds is cohomologically rigid
over k if the manifolds in the family are distinguished up to homeomorphism by
their cohomology rings with coefficients in k. That is, a family is cohomologically
rigid if the graded ring isomorphism H*(Mj;k) = H*(Ma; k) implies a homeomor-
phism M; & Ms whenever M, and Ms are in the family.

A manifold M in the given family is said to be cohomologically rigid if for any
other manifold M’ in the family the ring isomorphism H*(M;k) = H*(M’;k)
implies a homeomorphism M = M’. Obviously a family is cohomologically rigid

whenever every its element is rigid.

There is a smooth version of cohomological rigidity for families of smooth man-
ifolds, with homeomorphisms replaced by diffeomorphisms.

The cohomological rigidity property for families of manifolds arising in toric
topology has been studied by several authors, whose results we briefly review below.

In general, cohomological rigidity remains open for the class of quasitoric mani-

folds (see [18], [3] or Lecture V for definition):

Problem A.7. Assume that M; and M, are quasitoric manifolds with isomorphic

integral cohomology rings. Are they homeomorphic (or even diffeomorphic)?

Bott towers constitute an important family of quasitoric manifolds, for which
a machinery has been developed to attack the cohomological rigidity problem. A

Bott tower B,, is the total space of a tower of fibre bundles
(1) B, —B,_1—-— By — By

with base B; = CP! and fibres CP!, where each bundle in the tower is obtained
as the projectivisation of a sum of two line bundles over the previous stage. Every
Bott tower supports an action of the torus 7™ turning it into a quasitoric manifold,

or even into a complete non-singular toric variety, see [26] and [17].

Theorem A.8 ([31, Th. 5.1]). Assume that the integral cohomology ring of a Bott
tower B,, is isomorphic to H*((CPY)";Z), where (CP')™ denotes the product of
n copies of CPY. Then every fibration in (1) is topologically trivial, i.e. B, is
diffeomorphic to (CPY)".
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In other words, (CP!)™ is cohomologically rigid in the family of Bott towers (in
the smooth category). Another result of [31] states that (CP!)™ is cohomologi-
cally rigid in the wider family of quasitoric manifolds, but only in the topological

category:

Theorem A.9 ([31, Th. 5.7]). If the integral cohomology ring of a quasitoric man-

ifold is isomorphic to that of (CPY)™, then the two are homeomorphic.

The orbit space of the T"™-action on a Bott tower is a combinatorial cube I™.
Theorem A.9 reduces to theorem A.8 by establishing the following two facts:

(i) A cohomology isomorphism H*(M;Q) = H*((CPY)™;Q) for a quasitoric
manifold over a cube I" implies that M is homeomorphic to a Bott tower.

(ii) If M is a quasitoric manifold, and N a quasitoric manifold over a cube,
then a cohomology ring isomorphism H*(M;Z) = H*(N;Z) implies that
M is also a quasitoric manifold over a cube.

Statement (i) above has been generalised in [14] to quasitoric manifolds over
arbitrary products of simplices (note that the cube is a product of segments) and
generalised Bott towers. The latter means the total space of a tower of fibrations (1)
with base B; = CP*, where each bundle in the tower is obtained as the projec-
tivisation of a sum of line bundles over the previous stage. These towers where
considered in [21], and the main result there is a criterion of decomposability of
a quasitoric manifold over a product of simplices into such a tower of fibrations.

Theorem A.8 has been also generalised in [15] as follows:

Theorem A.10 ([15, Th. 1.1]). Assume that the integral cohomology ring of a
generalised Bott tower (1) is isomorphic to H*([];_, CP*; Z). Then every fibration

in (1) is trivial, i.e. By, is diffeomorphic to the product of complex projective spaces.

In other words, the trivial generalised Bott tower is cohomologically rigid in the
family of generalised Bott towers (in the smooth category). Another result of [15]
states that the families of 2- and 3-stage Bott towers are cohomologically rigid.

Statement (ii) above leads to the following combinatorial counterpart for the

notion of cohomological rigidity for manifolds.

Definition A.11. A simple polytope P is cohomologically rigid (over Z) if its
combinatorial type is determined by the integral cohomology ring of any quasitoric
manifold over P. In more detail, P is cohomologically rigid if there exists a qua-
sitoric manifold M over P, and whenever there exists a quasitoric manifold N over
another polytope @ with a graded ring isomorphism H*(M;Z) = H*(N;Z), there

is a combinatorial equivalence P ~ Q.
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The above mentioned result of [31] implies that the cube I"™ is cohomologically
rigid. The rigidity of an arbitrary product of simplices has been established in [16],
alongside with the rigidity of a number of low-dimensional polytopes. The proofs
use the bigraded cohomology and Betti numbers of moment-angle complexes (see
Theorem 7.5 in Lecture IV).

Although no examples of cohomologically non-rigid quasitoric manifolds are
known, there are non-rigid simple polytopes. The first examples of these were
constructed in [32, Ex. 4.3] by applying a “vertex cut” operation to a 3-simplex
tree times. There are three combinatorially non-equivalent ways to do so, and each
of the resulting 3-dimensional polytopes P;, P,, Ps arises as the orbit space of a
quasitoric manifold homeomorphic to the connected sum of three copies of CP3.
Actually, all known cohomologically non-rigid polytopes are obtained as multiple

vertex-cuts.

The above considerations have an R-analogue, with quasitoric manifolds replaced
by small covers [18], Bott towers replaced by real Bott towers, and the cohomology
rings taken with Z/2-coefficients. A small cover over an n-dimensional simple poly-
tope P is a manifold M with an action of the “R-torus” (Z/2)™ whose orbit space
is P. The quotient projection M — P is a ramified covering of P by a manifold,
with smallest possible number of leaves. A real Bott tower is defined similarly to
the complex tower, with complex projectivisations replaced by the real ones.

Cohomological rigidity over Z/2 holds for the family of real Bott towers [28], but
fails for generalised real Bott towers [30] (it is open for complex Bott towers). Also,
every small cover over a product of simplices is a generalised real Bott tower [14]

(this fails for quasitoric manifolds).

Finally, moment-angle manifolds (see [3] and Section 7 of Lecture V) constitute
another important family for testing the cohomological rigidity property. A related
question is stated as Problem 7.6 in Lecture IV. We note that there exist combina-
torially non-equivalent simple polytopes for which the corresponding moment-angle
manifolds Zp are diffeomorphic (in particular, their bigraded cohomology algebras
are isomorphic). This was first observed in [1]: according to [1, Th. 6.3], the
moment-angle manifolds corresponding to the above described 3-dimensional poly-

topes obtained by applying a vertex cut to a 3-simplex 3 times are all diffeomorphic.
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