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1. Introduction '




Basic notations '

)\:<)\17)\27”' 7)\l)7 )\12)\222)\[20&Hd )\ZEZ

For ) . A\; = n, we denote |A| = n.

If there is not any part in A, define A = 0.
[, a(A) = A1 and s(A\) = N




e Lor ¢-series identities
A A A
>\<_>(aflq 17a2q 27"'7alq l)7

where a1, as, ..., a; are coefficients which imply some properties of
A

e \ & i : a partition with parts {)\7; -+ ,uz-}
AW a partition with parts {A;, p;}

e P : the set of partitions
D : the set of partitions whose parts are all distinct
For S C P

SF={\e S| =k (mod?2)} (k=1,2)







Young diagram ()] for [\ =n

e A collection of n 1 x 1 squares (4,j) on a square grid Z?, with
1<i<I(\),1<j<M\

e The first coordinate 7 increasing downward, while the second

coordinate j increases from left to right

e We assume \ = [)].




2-modular diagram [)]s

A Young diagram with the integers 1 or 2 written in squares, such
that 1 can appear only in the last square of a row, and no 1 can

appear above 2




Vahlen’s involution '

(A 1) < (@)oo, N
sign(A, 1) = (=1)'M
e Combinatorial interpretation
(i) s(A) < s(p) : move s5(A) to p
(ii)) s(A) > s(u) : move s(u) to A.




2. Basic identities'
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First identities '

o0

SEret =Y

q2n
(@)2n (9) oo

o0 o0 2n+1

S (—prgrt )t =3 A

2 @anrs
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Identity (1) I

ST = (@670 (@6D)0o— Y () (@ 6o (62 6o

n=0

e The right hand side

e Equivalent form

where s(A) < s(\?)
e The left hand side

(_1)nqn2 - (_qz(n—1)+17 _q2(n—2)—|—17 .
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For A with [ = [(\1)
)\1 _ )\11 D )\12

where

AL (_qz(z—1)+1’ _q2(l—2)—|—1’

A2 = (qA}—(2(5—1)+1)7qf\g—(z(l—z)ﬂ), L

(M2, \2) € P2 x D?, sign(\'?, \?) = (_1)Z(A2)
Apply Vahlen’s involution to (A2, \?)

Exceptional case : |A¥2| =0, \2 =10
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Identity (2) I

e Equivalent form

oo

, 00
Z(_l)nq(n—l-l) _ Z an—l—l(q2n—|—3;qZ)Oo(q2n—|—2;q2)oO

n=0 n=0
e The right hand side

)\1 PN q2n—|—1(q2n—|—3;q2)oo c Dl

N = (7"2¢%) o € D
where s(A) < s(\?)
e The left hand side

2 _
(_1)nq(n—|—1) PN (_q2n—|—1’ _qQ(n 1)—|—17 o
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General forms '

Counting the number of parts

2 (-1

0
n=0
00

:Z e DD, (2¢: 4%) oo (4% 0% o

Z( 1)n2n—|—1q(n—|—1)

Zq2n—i—1

— (2¢;¢%)n+1(0%; ¢°

» (24;4%) o0 (475 47 ) o
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Second Identities '
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Identity (3) I

e Equivalent form
e n(2n—|—1)

> (-1 Z 167 oo

n=0 —

e The right hand side

PPN an(q2n+1;q2)oo c D1

qn(n+1)

e The left hand side

(—1)"q" — (=g, A
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For A with [ = [(\1)
)\1 _ )\11 D )\12

where

)\11 _ (q2l—17 q2l—37 e ql) c Dl

A3 —(21-3)
Y

A2 = (_qA}—(2l—1)

—q .
(M2, \2) € P2 x D?, sign(\'?, \?) = (—I)Z(Au)
Apply Vahlen’s involution to (A2, \?)

Exceptional case : |A¥2| =0, \2 =10
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Identity (4) I

e Equivalent form
00 o0 q(n—|—1)(2n—|—1)

_1\rg(nt1)?
2 (1) 2 (4% ¢*)n

n=0 n=0

(*" 5 ¢*)

e The right hand side

2 mn
PUIDN q(n—l—l) (q2 +3;q2)oo c D!

n(n+1)
)\2 s q2 - c D2
(4% @*)n

e The left hand side

(_1)nq(n+1) <—>(—q2”+1 _qZ(n—l)—l—l o

Y

19



Derived identity I

e Combination of (1) with (3)

- q

e Equivalent form

o
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oy (m+1)@m+1)

(9)2m+1

we have

oy (m+1)@m+1)

)

(9)2m+1
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e Cancelling common terms
oo @)
NSO
n=0 m=0

e [ and R : the Lh.s. and the r.h.s. of (5) respectively

(m-l—l)(2m—|—1) q o qn(2n—|—1)

— (9)2m+1 —0 (9)2n

()

L= {()‘17 :ul) | ()‘17 :ul) € Px D}

R={(\* 1) | (\*, u*) € P x D}

(0, 1) (mod 2)
(1, 0) (mod 2)

e Vahlen’s involution to (A, p!) — (A%, p?)
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General forms '

e Counting the number of parts

x©  _2n 2n X Z2m—|—1q(m—|—1)(2m—i—1)

> o

(Q)Qn

(Q)Zm—l—l

m=0

2m+1 2m+1 ©°

> q Zann(Qn—l—l)

0 (@)2m-+1 — (@)2n

equivalently

> Z2nq2n o Z2nqn(2n—|—1) 1

n—0 (Q)Zn (_zQ)OO :n:0 <q>2n (ZQ)oo

o0
Z2n—i—1

2n+1 o Z2n—i—1q(n—|—1)(2n—|—1) 1

L (~20) =
—0 (@)2n41 >~ =0 (@)2n+1 (29) 00
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3. Ramanujan’s identities'
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The first identity in Ramanujan’s lost notebook.

oo qn
77,2::0 (_CLQ)n(_bQ)n
n(n+1) n(n+1)

IR VL R win G 710
BERIRD Py (—a)oo(~b0)

n=0

e Equivalent form

3 ag™ (—ag™ ) oo (—bg" ) oo
n=0
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n(n+41)

A" (~a)oor A% (~bJa)"g""

e The right hand side

n(n+1)

(=b/a)"q = < ((=b/a)g", (—=b/a)g" ™", ..., (=b/a)q")
Either A* # 0 or \° #£ ()
a(X/%) < s(A%)

e The left hand side

A= s(A) < s(\D)
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o For A/ w \b with I, = [(\Y/¢ W \?)

)\b/a o )\b _ )\bl D )\b2

A= ((=b/a)g", (—b/a) "l (<b/a)g')

A2 = (—qgM Tl —qgs =D _qq Aly— n (L))

o ()\a7 )\b2) c D % P7 S?:g'fL()\a, )\bQ) _ (_1)[()\b2)
e Apply Vahlen’s involution to (A%, )\52)

e Exceptional case : [(A%1) = [(A\*2), s(\%) < s(A\PT @ \b2)
Equivalently
A= s(\) < s(\P)
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Other identities in Ramanujan’s lost notebook.

:(1+b)z (=0)"g

n=0 (—bQ)n

Equivalent form

Zb —1 n—}—l)oo(_bqn—l—l)oo

oo

n(n+1) n _{\p nlntD)
OOZ —b/p! (=g oo — S (=b/b~ )"

n=0
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n(n+1)

—a/b)"q ™ 2
(_CLQ)n

1 (00/b)oe(ba/a) ()
T e (b

n(n+1)

(—bfa)"q™
(_bQ)n

—(1+a™)

Equivalent form
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oC 2n-41

I

— (—aq; ¢°)nt1(—a7 "¢ ¢%)nta

2
_ia?m—l—l 3n2—|—2n(1 4 2n—|—1) B ZZOZO(—l)"a%“q” +n
B 1 q 2 (=12
(—a4; %) o (—a71¢; ¢%) o

Equivalent form

Z AN A B N C A A I

—a~ q) Z n 2n n(n—l—l)( aq2n+3;q2)oo

_ Z n a2 n(n+1)
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