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Introduction

Fiver game

Fiver Game

"Is it possible to change from being completely full of white pieces
to entirely black pieces?”
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Introduction

A variant of Fiver game

2|0 0 00| 2 2/0(0 1] 1/1]0 2|00 |1 0
0o 11 1710 Oj1 |1 |2]1[1]0 011 11]|2 0
101 0|/1]|0 1/0(1[1]0|1]0 1,00 1 |1 0
2,0 |1 1,00 2|01 |0 |1|0]|0 0011 o0 1
200 2102 2/0(0|1|2|0]|2 0 0|01 0
0|00 0|10 0/0lo[2[0|1]o0 0/0|0]|2 0
022 2101 0O|l2(2|1]0 1|2 02|21 2

Elements of Z3 are located on 7 x 7 board
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Introduction

A variant of Fiver game

A variant of Fiver game

“Given a torus, is it possible to have 0 appear on the top face of
each square on the torus?”
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Dice Rolling games

A Dice Rolling Game on a set of Toruses

A Dice Rolling Game on a set of Toruses

o Given a positive integer n, an n-dice is a dice with n faces
such that element i of Z, is written on the ith face.

@ Given positive integers a1, ap, we arbitrarily locate ay
n-dice in an a3 X ap rectangular array, and glue the lower and
upper together and also the left and right edges.
= ajap n-dice on a torus
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A Dice Rolling Game on a set of Toruses

A Dice Rolling Game on a set of Toruses

@ D((a1,a2),n): the set of toruses on each of which ajarp
n-dice are located.

@ “(B1, B2)-rolling procedure”: For positive integers (1, 2,
01 < a1, B2 < ap and a torus belonging to D((a1, az), n), we
roll the dice which form a (31 x (3> rectangular array on the
torus so that we increase the number on the top face of each
of them by 1.
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A torus in D((19,8),3) and the torus resulting from going through

Example: “(31, 32)-rolling procedure”
a (2,4)-rolling procedure

)]
Q
(2]
-
]
T
Y
(=}
-
Q
(/)]
(0]
=
o
Q
S
]
O
o0
=
©
x
Q
2
(@)
<




Dice Rolling games
Dice Rolling games

A Dice Rolling Game on a set of Toruses

Definition of ((a1, a2); (51, 02); n)-DR game

“Given a torus in D((aq, ), n), is it possible
to have 0 appear on the top face of each of
a1 n-dice on the torus by repeatedly
applying (31, 32)-rolling procedures?”

We call this game the dice rolling game on D((a1, az), n) with

respect to (31, 32)-rolling procedures or the
(a1, 2); (81, B2); n)-DR game for short.

solution of the ((a1,a2); (01, 52); n)-DR game

We say that a torus for which the answer to the above question is
yes is a solution of the ((a1,a2); (81, 52); n)-DR game.
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Dice Rolling games
Dice Rolling games

((a1, @2); (B1, 52); n)-DR game

Basic Notations

o M((a1,a2),n): the set of g X ap matrices with elements in
Zn

@ For each element A € M((a1,a2), n), we denote by [A];; the
element of Zj, in the (i, )-entry.

e Given A, B € M((a1,a2),n),
[A+ Blij =[Alij +[Blij and [cA];j = c[A]i

foranyce R, 0<i<a;—-1,0<<ap—1.

@ E;j: aq X ap matrix with 1 in the (/,)-entry and 0 elsewhere.

v
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Dice Rolling games
Dice Rolling games

((a1, 2); (81, B2); n)-DR game

Basic Notations

@ For positive integers my, my and integers ki, ko
0<k<a1—-1,0<k <ar—1,

mi—1my—1

(m17m2
k1,k2 E E Ek1+l ko+j

i=0 j=0

(example) a1 =6, ap =8, f1 =2, 5, =2, n=5.

8P =

o|o|o|o|o| o
o|o|o|o|o| o
o|o|o|o|o| o
o|o|o|o|o| o
o|o|o|o|o| o
o|o|o|o|o| o

o|o|r|r|r|o

o|o|+| k|| o

@ Especially, we denote J,Elﬁl,fZ) by Ji -

Kang, Kim and PARK* (Seoul NU) A Dice Rolling Game on a Set of Toruses



Dice Rolling games
Dice Rolling games

((a1, 2); (81, B2); n)-DR game

Solution Matrix

@ Ais a solution matrix of the ((a1, a2); (01, B2); n)-DR game if
A can be O by adding a linear combination of J*..

@ Ais a solution matrix of the ((a1,a2); (01, 52); n)-DR game if
and only if there exist ¢;; € Z such that
A+332, D cijJi; = O. We call matrix (c;;) a solving
coeff:c:ent matrix of the ((oq, a2); (f1,52); n)-DR game
corresponding to A.
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Main Results solution matrices of the ((cv1, @2); (81, B2); n)-DR game

Main Results:
Characterizing solution matrices of the

((a1, 2); (B1, 52); n)-DR game
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Definitions for C;;, R;; and Q;;

@ gi = ged(ai, Bi) for i = 1,2 and i = sigi.
@ For integers i, j,
Jintegers tj, uj, vj, w; (0<u; < g1 —1,0<w; < g —1)
st. i =tig1+ ui, j = vig2 + w;.
3 positive integers (j, n;
st. tigt = Gif1 (mod a1), vige = ;B2 (mod az).

For integers i, j, (0<i< a1 —10<j<a—1)

nj—1

Gi=)_ (Ji*,vvj+mﬁ2 - Jifwmﬁm)

m=0
G=1

Rij =Y (Jismprj — Jiempr+1s)
m=0
¢i—1

Qij =Y (Cytmpyj — Cupmprini)

m=0

Kang, Kim and PARK* (Seoul NU)
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Main Results solution matrices of the ((a, @2); (81, B2); n)-DR game

Example
In the ((6,8);(2,4);5)-DR game, g1 =2 and g = 4,
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
— 0 0 0 1 0 0 0 —1
C277 - oo o010 |0]o0]-1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
_J* *
Cr=J3— )34
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
= 0 0 0 1 1 1 1 0 _ 0 0 0 0 1 1 1 1
0 0 0 1 1 1 1 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

| o
‘ \
|
N
g / 1
\ vy \.\ .
“‘ /,./— —7—“ ; / o= "\ (i, 7)-entry
(2, w; )-entry -
| T N
| : : (
1 -1| )
|
\
w; jth

(w;=j (mod g2))

Gj=0if0<j<g—-1
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Zﬁl_ ( i+a,w; — E/'Jra‘j)

gi = ged(ay, B;) for i = 1,2 and f3; = sig;.

nj—1
* *
Gj= >, (Ji,m/j-+mﬁz - -/i,mzj+mﬁ2+1)
m=0
nj—1 B1—1pBy—1 B1—1p6p—-1
= Z Z Z Ei+a,wj-+mﬁz+b - Z Z Ei+a.wj-+mB2+b+l
m=0 a=0 b=0 a=0 b=0
nj—lB1—18,—1
Z ( i+a,wj+mBy+b — Eita,w; +m/32+b+1)
m=0 a=0 b=0
nj—1p—1
(Ei+a,Wj+mﬁ2 - Ei+a,wj-+(m+1)[32)
m=0 a=0
B1—1 p1—1
= Z (Er'+a,wj- - Ei+a,Wj+njﬁ2) = Z (Ei+a,wj- - Ei+a,/)~
a=0 a=0

Kim and PARK™* (Seoul NU
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Main Results solution matrices of the ((a, @2); (81, B2); n)-DR game

Example
In the ((6,8);(2,4);5)-DR game, g1 =2 and g = 4,
0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1
— 0 0 0 0 0 0 0 0
Rsa = 0 [0[0[0[ 0[O0 00
0 0 0 0 0 0 0 0
0 0 0 0 [—-1]|—-1|-1]-1
_ * * * *
Rea = (J14— 534) + (54— Jia)
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
= 0 0 0 0 0 0 0 0 _ 0 0 0 0 0 0 0 0
0 0 0 0 1= =1=1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0| -1]—-1|-1]-1
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Main Results

2/32 1( Uanrb

i.,j+b)

solution matrices of the ((a, @2); (81, B2); n)-DR game

o
N //\.,, B
(<
92 - _
p— N\ )

p (s, J)-entry

f !11(\' —

| “I A 1 t; (u; =1 (mod gy))

o ,

\
/ 1
(1’1/ 3
\ . 2
\‘ I ~
(-1)-1 -1 ith . .
= (i, j)-entry
T _~
‘ B
|
\
N
jth

R,’J:OIfOSISgl—]_
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Example
In the ((6,8);(2,4);5)-DR game, g1 =2 and g» = 4,

0T 0000000

o 1o oo 00 ]=1

_ OO I I R I R B

@7 = 0o T]o]o oo o] 1
0o oo oo o000

COO I I O I O R
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Qi,j = Eu,-,wj 3 EI'.,WJ' . Eu,-,j S El',j

8 — gcd(oz,-,ﬁ,-) for i = 1,2 and ﬁ,‘ = 5/8i-

[P
S — ////\~—,, —
92
o
| @ { - -
| ‘ 1 (|-11) w; (u; =i (mod g;))
[N - -
o/
{
\
\ | (i.j)-entry
-1 1) ith
| —
|
\\
w; jth

(wj =j (mod g9))

Q;=0if0<i<g—lor0<j<g—1
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

¢i—1
Qi = 2 (Cuptmpy.i = Currmpy+1,)
m=
Ci—1[B1—-1
=X | > (Euitmpy+a,w; = Evitmpy+a,j)
m=0 | a=i

B1—1
- 2:0 (Euptmpy+ati,w; = Eujtmpy+at1,j)
=

> (Eujtmpy+a,w; = Euitmpy+ati,w;)

Gi=1[B1—1
a=0

m=0
B1—1

=Y Gyimesos = Eyimenscsid)
a=0

¢i—1 ¢i—1
=> (Eu,+mﬁlij - Eui+(m+1)ﬁ1ij) =X (Eujmpy i = Eupt(mt1)8y,4)
m=0 m=0

= Bujwj — Bujr¢iiwy — Bupi + By

= Eujw; — Eiw; — Euyj + Eije

PARK™ (Seoul N Dice Rolling Game on a Set of



Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Functions 7 and S

Q=0if0<i<g—1lor0<;j<g—1

Definition of the function 7

ar—1a;—1

TA) :=A=> > [Ali,;Q,
=0

i=0
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Main Results solution matrices of the ((a, @2); (81, B2); n)-DR game

T(A):=A—> 20" S0 Al Qi

J

[T(A)],"j =0 if 81 S i and 82 g_j
For example, in the ((6,8);(2,2);5)-DR game, g1 = gcd(6,2) = 2,
g =gcd(8,2) =2, 51 =5 =1. Let
1 1 0 4 4 1 1 0
2 2 1 0 1 2 1 1
— 1 1 1 0 1 1 3 4
A= 0 22001 4]3
2 2 3 1 0 1 1 2
2 0 1 0 4 0 0 2
A—[Al6@6 =
1 1 0 4 4 1 1 0 1 0 0 0 0 0 -1 0
2 2 1 0 1 2 1 1 0 0 0 0 0 0 0 0
1 1 1 0 1 1 3 4 _ 3 X -1 0 0 0 0 0 1 0
0 2 2 0 0 1 4 3 0 0 0 0 0 0 0 0
2 2 3 1 0 1 1 2 0 0 0 0 0 0 0 0
2 0 1 0 4 0 0 2 0 0 0 0 0 0 0 0
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Main Results solution matrices of the ((a, @2); (81, B2); n)-DR game

FA=A— 20 S0 ALQy

[T(A)],"j =0 if 81 S i and 82 g_j

For example, in the ((6,8);(2,2);5)-DR game, g1 = gcd(6,2) = 2,
g =gcd(8,2) =2, 51 =5 =1. Let

A—

W+~
o|~|o|o|o|~
ENFSIRSIEIEIEN
of k| =] =[] =
o|r| | wlr|+
N | w| s =o

[SENIE=1 =N
o NN [ o] =

p

>

~—

I

>

|
(]~
e

—

>

_—

&,

L)

o,

I
| [ =] == o
N = =] == o
o|o|o|o|o|o
o|o|o|o|o|o
o|o|o|o|w|w
o|o|o|o|o|o

o|o|o|ofr| -

o|o|o|o| & &
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

031—1
i=0 [A] IJ Q’.J
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Functions 7 and S

Definition of the function S

a;—-1 ar—1

S(A) =T(A)+ Y [T(A)o 2 T(Ri) + 3 [T(Ally; 2 T(Go)

=0 j=0

91

ay
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Main Results solution matrices of the ((a, @2); (81, B2); n)-DR game

S(A) = T(A) + X% " [T(A)l; 0 5T (Rio) + 7% ' [T (A)ly; T (Co.)-

2
1
T(A)= B
1
2

N =] =[ =] =[N
o|o|o|o|&[s
o|o|o|o|o|o
o|o|o|o|o|o
o|o|o|o| w|w
o|o|o|o|o|o

O|O|O| O —|

7 5
=D D ALy
j=2 =2
+ 4T (Co2) + 37 (Cos) +T(Co7) + T(Ro0)

+T(R30) + 7 (Rap) + 27 (Rs )

373000000
33 [0 0] 0] 0] 00

_ 00 [0 [0 0] 0] 00| _ 2/*

- 000|000 0[O0 _3J070'
o000 o0 000
00000000
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Characterizing the solutions

Theorem (Main)

A matrix A in M((ca,a2), n) is a solution matrix of the
((@1, @2); (B1, B2); n)-DR game if and only if for some d;, e;,
t € Zp,

-1

=5 Z diSee) 45 Z IS — sy5ptUe)

S(A) t51$2./(g1 ,82)

, Kim and PARK™ (Seoul NU)
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Main Results solution matrices of the ((a, @2); (81, B2); n)-DR game

For example, in the ((6,8);(2,2);5)-DR game, g1 = gcd(6,2) = 2,
g =gcd(8,2) =2, 51 =5 = 1. Let

N | of = |~
of NN = [Nof =
= wl | == o
o|~|o|o|o| »
sl o|o| =+~
of =| = =[of =
of | &l w[r| =
N | w| &= o

2
=
Il
>
|
M\.
.Mm
=
<
L
<
Il

o|o|o|ofo|o
o|o|o| o] =+

o|o|o|o|w|w

o|o|o|of & &
o|o|o|ofo|o
O|o|o|o|o|o
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Main Results solution matrices of the ((a, @2); (81, B2); n)-DR game

7 5
SA) =A=>" [Al,;Qi
= =
+ 4T( C072) + 3T( C0’5) + T( C0’7) + T(joo)
+ T(R&O) + T(R4’0) + 2T(R5,0)

0 0 0

o|o|o|o|o|o

o|o|o|o|o|o

o|o|o|o|o|o

O|o|o|o|wlw

o|o|o| o w|w

o|o|o|o|o
o|o|o|o|o
o|o|o|o|o

Therefore, A is a solution matrix by Main Theorem.
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

az—la;—1

A =A=>" > [ALQy

j=0 =0

S(A) ==T(A)

ar—1 az—1

+ Z [T(A)]io ¢ T(R: o)+ Z [7( A)]oj 7(Goy)-

az—laj—1 a;—1 ar—1
A- (Al Qiy + Z (T(A)i0 5 T(Rl o)+ > [T(A 10, T(Gy)-S(A) =0
j=0 =0 j=0

Computing a solving coefficient matrix

7 5
A= [AlijQij +4T(Co2) + 3T (Cos) + T(Cor) + T(Reo)
Jj=2 i=2

+T(R30) +T(Rap) +27(Rsp) — 3ng0 = 0.
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Main Results solution matrices of the ((a1, @2); (81, B2); n)-DR game

Then a solving coefficient matrix of ((6,8);(2,2);5)-DR game
corresponding to A is

4 0 2 1 0 4 0 0
4 0 4 0 3 1 4 0
0 001 00 2 0
0 30 40 400
3223 3 2 30
0 000 O O O0OTUO

Kang, Kim and PARK* (Seoul NU) A Dice Rolling Game on a Set of Toruses



Concluding remarks

1-dimensional case

Circles which are solution of dice rolling game

When a7 = 81 = 1, a matrix in M((a1, @), n) becomes an
ap-tuple, which are circles on each of which ay n-dice are located.

ST ST
e A

o e

Figure: Circles in ((1,12);(1,4);5)-DR game
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Concluding remarks

1-dimensional case

Case that a; = 31
R,-J:Oifogigglfl
CGj=0if0<j<gm—1
Qj=0if0<i<g—1lor0<j<g—1

ar—1
far=p0, T(A)=A SA)=A+> [Ao;C,
Jj=0

Suppose that g = 1. Then g1 = ged(as, $1) = a1 and so s; = 1.

Case that a1 = 1

A matrix A is a solution matrix of the ((a1, a2); (a1, 52); n)-DR
game if and only if

a;—1 ap—1
A= dJEE + 3 Ut — ey
i=0 j=0

for some dj, €j, t € Z, and S(A) = USQJ((S‘B’)gZ) for some u € Zp,.
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Concluding remarks

1-dimensional case

Case that a1 = 31

If S(A) = uszJ(g‘é)gQ) for some u € Z,, then it holds that

ay—1 aj—lay—1
A=—S(A)+ Y [AlojCoj = —us 5™ + D Y [Aloj(Ei, — Eis)
Jj=0 i=0 j=0
g—1 a;—1 as—1 a;—1
:Z “52)ZEIJ+ Z[A]OJ Z(Elw* )
Jj=0
g—1 a;—1 az—1 a;—1 a—1 a3-—1
= U52)ZE:J+ Z[A]OJ Z(Elw* i) = ODREL;
j=0 j=0 i=0

for some f; € Z,. Therefore for some f; € Z,,

a;—1 g—1 ar—1 a;—1
A=s Z <0' Z Ef»f) + Z <'§' Z Ei,j) —52~0~Jéf31’g2)
Jj=0 j=0 i=0

i=0
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Concluding remarks

1-dimensional case

Case that a; = 3

A matrix A is a solution matrix of the ((cu, a2); (a1, 52); n)-DR
game if and only if

S(A) = us, JoE)

for some u € Z,.

Circles which are solution of dice rolling game

An ordered ap-tuple v is a solution matrix of the

((1, a2); (1, B2); n)-DR game if and only if

S(v) = (usp, ..., us,0,...,0) for some u € Zj.
——

82

The 2-dimensional case can be generalized to the t-dimensional
case for t > 1 if we can find a way to use notations more efficiently.
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Concluding remarks

1-dimensional case

Case that a; = 3

A matrix A is a solution matrix of the ((cu, a2); (a1, 52); n)-DR
game if and only if

S(A) = us, JoE)

for some u € Z,.

Circles which are solution of dice rolling game

An ordered ap-tuple v is a solution matrix of the

((1, a2); (1, B2); n)-DR game if and only if

S(v) = (usp, ..., us,0,...,0) for some u € Zj.
——

82

The 2-dimensional case can be generalized to the t-dimensional
case for t > 1 if we can find a way to use notations more efficiently.

Thank you very much.
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